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PllEFACE 


Tiiit luathuiuaticui probleuiB which urine in dealing with 
numerkal data arc attruutive and hu|Kirtuul. Boiue know- 
ledge regarding them ie required by workers in many dill'er- 
enb fields-HUtronomere, meteorolugistB, phyeicietB, engineers, 
naval arohiteota, actuaries, biumetrioiaus. and statisbioiaus, 
as well as pure mathematicians; but until recently there 
has been very little instruction on the subject in the 
mathematical duiiartmoiits of the British universitiea Of 
btUi, however, llicro has been a great awakening of interest 
in it; and it is now included in the syllabus for the Open 
Competitive Uxamination for appointments in the Home and 
Indian Civil Sorvioos, the Colonial Service, etc. 

The present volume represents courses of lectures given 
at diRbrenb times during the years 1913-1923 by Professor 
Whittaker to undergraduate and graduate students in the 
Mathematical Laboratory of the University of Edinburgh, and 
may be regarded as a manual of the teaching and practice 
of the Laiioratory, oomplete save for the subject of Descriptive 
Geometry, which a separate text-book is desirable. The 
manuscript of the lectures has been prepared for publication by 
Mr. Bobinson, who has performed the whole of the work of 
numerical verification and has contributed additional examples. 

The exposition has been designed to make each chapter, 
as far as possible, intelligible to those who have not mastered 
the preceding chapters ; so that any one who is interested in 
some special problem may, by the help of the Table of Contents, 

T 
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find and undentand what is aaid about it without baiug ohliKml 
to lead from the beginning of tlie book. 

One feature which |)erha]M oalla for a wonl of QX|ilanalinn 
is the prominence given to arithuielical, iw dintiiiguwhm) front 
graphical, methods. When the Kdinburgh {.alNimuiry wm 
established in 1913, a trial was iiiwle, as far as pcawililii, uf 
everjr method which had been proposed for thn soliition of Uie 
problems under oonaidoration, and niany of those molhiMlM wore 
grapliioaL During the ten years which have alaiwml simw 
then, the graphical methods have almost all been abandnnmi, as 
their inferiority has become evident, and at Ute imwoni linw 
the work of the Laboratory is almost exclusively arithmetical. 
A rough sketch on squared paper is ofUm usnftil, but (exoapt in 
Descriptive Qeometry) graphical work porfurined oarofttlly with 
instruments on a dimvdngdioard is generally less rapid and leas 
accurate than the arithmetical solution of the same pndilora. 

The material equipment essential for a student's maiho* 
matical laboratory is very simple. Bach student should Itave 
a copy of Barlow's tables of squares, etc., a oopy of (‘rsllo's 
"Calculating Tablea," and a seven-place Ubie of logarithms. 
Further, it is necessary to provide a stock of oiimpnting |«por 
(is. paper ruled into squares by rulings a quarter of an inch 
apart t each square is intended to hold two digits; the nilings 
should be very fUnt, so as not to oatoh the eye more 
is necessary to guide the alignmmt of the oaioulatloa), and 
lastly, a stock of computing forms for praotioal Fourier analysis 
(those used in Chapter X. of this book may ba purahaaed). 
With this modest apperatus nearly all tba oonpntatioM hei«> 
after described may ba perfotmad, although time and labour 
may often ba saved by the uie of multiplying end adding 
maohines when these ere available. 

Attention may be drawn to tba oppertonitiae whioh the 
subject presents to the reseeroh worker in Mathom a t ioe. Ibeie 
is an evident need for new and improved methods of 
with many of tbs proUsms disoussad in the later ohaptan. 



PKEFACE 


vii 


The authors wish to acknowledge their indebtedness to 
Mr. 1). J. Lidstone, F.I.A., F.ll.S,E., whose unique knowledge 
of ootuarial litorature has been of constant value to them. 
To him mainly it m duo that the book is so rich in theorems 
and methods derived from actuarial sources, with which mathe- 
mntioians are not usually well acquainted. Mr. Lidstone and 
1 )r. John Dougall, F.R.a.E., have read the proof-sheets ; hy their 
suggestions many references have been added, many demon- 
strations simplified, and many obscurities removed. 


E. T. W. 
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CHAPTER 1 

INTERmUTION WITH KyllAH INTBUVALH OB TUB AIKiUMKNT 

1. latrodaotios.— MiiliiiiinaliuH Ih nuuupiud liU'guiy with thu 
idi»i <»f etirrespandinee ; e.g. u» ovury uuiulior » tlioru oorre- 
a{iiH]dii a vttluu *>!' os*, Ihtui 

*- 1, 2, 3, 4, 6, . . . 

I, 4, 9. 10. 20, , . . 

Onv Ilf thu twu varinblnti butwiwn wliioii oorrespoudenoe 
holilN in oallmi tho anjumml and tho utlinr ia oaUud thti/wno^^n 
Ilf tlial arguiiii'iit. 

If a functiiiii of an arguuumt x ia duilnud by an uquation 
whi<ni/l(j-) i« an alguiiraioal nxprumuun involving only 
arilhniiitioat iiiteradiinii huvIi aa aquaring, dividing, oto., tiion by 
parfiirniing tliiiw' uperaliona wo oan find aooumtely the value 
of y, whioli tx)rn«|)ondB to any value of a. But if y-logu® 
(aay), it ia not {HMaibtn to oalculato y by porfoming aimplo 
aritiiniiitioal oporatinna on a (at any rate it ia dot poaaible to 
oaloulata y aoouratoly by porforniing a finite number of auoh 
operatiooa), and wa are oompelled to havo reoourae to a tahU, 
which givea the valaea of y oorroaponding to certain aeleoted 


valuae of a ; ay. 

Inn A 

1 «« 

to**- 

74) 

0>84r) 008 

74 

0-889 232 

7-1 

0-Bfil 2riR 

7-n 

a-876 061 

7«2 

0-8fi7 332 

7-6 

0-880 814 

7*3 

0-803 328 

7-7 

0-886 491 

•■Tlio qiioation then urioiw oa 

to how we can 

find the values 


of tiiR function log a for valuoa of the argument a which are 

eii4M* * 
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intennediate lietween the tabulated valuea, t.g. aueh a value na 
»-7'162. The anewer to thw qiieitioii ia furniahiHl by the 
theory of Interpolation, which in its m<»l oleiuentary 
may be described as the scionoe of " reodiit^i Iwtwwu the Utiiw 
of a mathcmatioal table." 

In the further development of the theory of inl4<r]K)lntiuii 
it will 1)6 shown how to Hnd the dilTonmtial ooelhcionl of n 
function which is speoiflud by a table, and abm to (itnl ite 
integral taken tietween any Ixmnds of iiitegmtiun. 

A kind of interpolitinn wm tuwil liy HriRg*,* bnl iiiior)wilAtl<in nf 
the kind hereafter (•xjitained, liMod nii llie ri’|»r<«Hnuli<iii of fiitirunn* 
by polynominli, was fint intrndumt by JaniM (iregnry f in 1070. 

2. Difference Tablei.— SupiMim a funotion/I«) ia given in 
a table for the values n, a-f2«e, a4 3 te, ... of its 

argument «. It is required to And the value of the fuiKition 
when the argument has the value a-t-av, where «e ia a franiion. 

Before this problem can lie solved by the method of Inter* 
polation, it is first necessary to form wliat are called the i/ijfm*. 
«nm of the tabular values. The quantity 

/][« +«>)-/(«) 

is denoted by A|/1[a) and is called the Jlret tUferenre nf /(a). 
The first difRsrenoe of /{a+w) is + 2V) -/(o + w). which is 
denoted by iVl(a 4 -v). Moreover, the quantity 

is denoted by 6k*/{a) and ia oallod the sseoiuf dijffkrtnte of /{a), 
while the quantity 

AVto+v)-AVto) 

is denoted by and ie called the tMrd dijbnne» of /To), 
and so on. 

It is convenient to amngo the tabular viUum and their 
differences for inoreasiDg values of the argument in what in 
called a dipnnee table, as follows ; 

* Brlggi’ method wm, however, elamly related Ui tlm mmlrrti 
diffeMHo® formulate Ofa tila ArUhmHim liil,* «ikI tiia 

iWtaHMifaa, oh. all. Cf. «/ /naO««/« ^ AthHtri0i, 

IS, pp. 1, 78, 84, 68 j 18 , l>. 813. 

t Elgand'a Oorre^mlttm tfSeitnUfie nih Oimiitrp, t, |a SO*. 
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a 

Bnitf/, 

A. 

lV(") 

A*. 

a 4* 

/{a + «’) 

A/(" + «’) 


a 4^ 2w 

/(« + 2m’) 

iV (« + 2w') 

Ay(rt + lo) 

ti 4 

/(if + '.hr) 

6j\a + 3tt») 

Ay(a + 2w) 

n 4 

/{a + 4tr) 

AV’(« + 3w) 


. A>. 

A»/(a) 
Ay{a4-w) 
Ay((ii + 2?/)) 


mill aimilarly for diffowncoB of order higher than the third. 
Thn iimt entry /(«) is oalled the lending term, and the differenoes 
uf J\n), that ia to aay AVi(«)i ... are called the leading 
difference*. Evidently each difference in the table is the number 
{vnih it* pmjHr algehraie sign) obtained by eubtracting the 
number immediately above and to the left from the number 
^meditUely below and to the lefft. 


The enm of the entriei in any ootnmn of diffenmcee ii equal to the 
tiilfi'tt'noa iHttwuen the flint and laat entrien of the preceding column. 
Tin* aifiinl* a nnmcrioal check on the accuracy of the table. Thut in 
Uiu alHivc tahii' wo have 

AVI'* + 3ir) -i AV1<») + A»yi;o) + A*/[o + v) + A*/(« + Sw). 

An l•xnmpin of a difTerenco table ii the following, which repreaente 
the natural ninea of angle* from 96* 40' 0* to 96“ 48' 0* iiiolueive at 
interval* of 90*. 


95*^400* 

Knlrit. 

0>48313 47868 60063 

90* 

0*43399 91701 79430 

40* 

0*43880 06684 04869 

96* 410* 

0*48880 69636 63401 

90* 

0*48348 48846 47948 

40* 

0*48867 17116 66666 

96* 49' 0* 

0*48366 B0Q46 87644 

90* 

0*48874 64634 49860 

40* 

0*43388 88189 10189 

96* 48' 0* 

0*43809 11780 17919 


A. A*. A*. 

8 73B83 06478 

-40 73068 

8 73889 39490 - 899 

- 40 73878 

8 73861 58649 - 899 

- 40 74700 

8 73810 83849 - 890 

- 40 76690 

8 73770 08399 - 898 

- 40 78343 

8 78798 31079 *• 891 

-40 77184 

8 73688 64816 -891 

- 40 77088 

8 78647 76830 - 899 

- 40 78807 

8 78608 08093 
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It wilMm «-en tl«t Iti this «uh‘ tHinl 
oon«t«nt when quantiti.* Wond tin- «rieentb J.la... a«. te.1. ,„y 

departim, fwm oon.Uney in llie h..l l-lm*.' n^ll) -Im- |.. .he 

neglect of the eixtmmth place of .Icinmli in ihe ..„H.nal e„.r..» 8- 

the fourth tUlIereitcw are xero. 

It will be found that t» Uis mat of praettroUy oil lahuior 
/uneiionit the diffmntea of a crrtoin i>r,ier ou oil sero , ,.r, f.. 
epeak more iteouraietif, they are molUr thnn one imtf »n fAc laM 
deeimni }dnce retained in the tahlee in yueelion. Thin ftMil Inm 
at thu baaiB of th« method of inleriK.lntion, na wo ahull now an.., 
3. Symbolic Operatow.— Thn formuliu* of ihn mlimlua «f 
differenoes tuay Iw very aiinply ropreaenled hy the uao of what 
are oalleil symbolic operntora. Of tboae wo havo already intro- 
duced A, and we shall now consider another ojwrator donoUHl 


by E. 

Let V) represent the interval laitween a.icwsaiva valuiw of the 
argument of the function yli*). and lot K donnUs the o|wration 
of increasing the argument l.y m, ao that l^o) -/('» • »^) ; in 
general we shall write EV(«)“yl“ + “*’)• ***«'* ^ ““ ‘‘“‘•F***’- 

Now by definition we had A/{rt + mr) ~/(a + mt + tr) -f{n ^ rw). 
so A/(o + {«f)“ evident that 

the operators E and A are mnneeUxl by tlie relation A •» K ■ 1 or 

K** I + A. 

When symbolic operators olwy the onlinary laws of Algebra 
they inay be separated from the aymlada repreaeiiling the 
functions to which they refer and treaUnl independently in 
much the same way as symbols of ({uantity. Now it way lie 
easily shown that the following rations are true for the 
operator A : 

A{/(a) +/(«) + . . .)-AA«) + M») + W ♦ • . 

Ai^a) > kttf{tt), where A is a constant faetor. 

A"A"/(«)"A"'+*^«), whore m, a are positive 
integera 

The corresponding identities for R an. : 

E{/(«) +yi[6) +/(«) + . . .1 - %f(») + KlftA) * K/tr) 4 . . .. 

E“E"/l(rti-E’" +"/(«). 

Thus in many resptv.tH the njx'mlors K and A N'liave tike 
algebraic symbols and may Iw oomliimwi like them. 


INTEEPOLATION 


6 


The fidlowiiig examples illustrak! tlie use of those operators: 

l.—To f-xpruu the nth differeneee of a tabulated function in term 
of the eticemive mtriu* 

A"/((0 -/(tt + nw) - nf{a ^ nw - «>) I- ^ V('‘ I ww - 2w) - . . . 

Kx. i.—To exitren the function /(it + sw) in temt of f(a) and the 
tueceuive differencee of /(«), when it a jiniitive intiyer. 

-(l+Af/Ca), 

Ro that 

/(a + xw) -/(a) + xAA'*) + 1 ^^AS/(a) + . . . + A*/(8). 

4. The Difiterenoea of a Polynomial.-— Wo fiml without 
(liflloulty that the dilforonco talilo ft»r the function 7/-a:® is 



y. 

h. 

A*. 

A», 

A*. 

0 

0 

1 




1 

1 

7 

6 

0 


2 

8 

19 

12 

G 

0 

a 

27 

87 

18 

G 

0 

4 

64 

61 

24 

6 

0 

5 

126 

91 

30 



6 

216 






It will \w Been that the third diffljronoea of this funotion are 
rigorniiHly constant anti the fourth difforoiujos uro xero. This is 
a jHirliniilar case of a genentl pro|K!i'ty winch wo sliall now 
CHtahlish. 
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Note that the table may Im axtt^nclecl IndeSnitaly when wo know iho 
third diiiVrentieft to lie comtaiit. Fur !»y doflntiion, when we add to an 
entry in a cohutm of diiferencHW the oorroM|K>nding fin*t dilTeriMire, iln^ 
»um 80 formal give* the next entry in the itilumin It follow* tlml the 
column of aeoond differenctw can be fonned from the Imilitig tonn 6 by 
repeatedly adding tlie oonatant third diffenmre fl \ the wilnmti of flrni 
differeneee being formetl from the leading tenii 1 by mlditig in utm isenion 
the second differonee« 6, 12, IB, « • . The vaUuwof ntv ilieii obtainiHi 
from the leading term 0 by adding in wirixwelan the ftntt »lifTeMniro* 
1 , 7, 19, 37, 61, . . , 


ConHidt^r the when tlu^ tnhiilati'd fnneti*Mi is a 
polynomial of degree miy, 

+ + . . . + La? + M. 

Then 

A/I«)-/(«+w) ”-/{«) 

»A{(« + «s)“-a“} + + -a"'M +■ • . + Lif. 

Now 


(a+i/‘)“ 


ft" + »«>«"■• + 






BO that 




+ . . . 
+ Lk>. 




This is a polynomial of dogmi (« - 1) in a, and thomfor*' tlu* 
first diiferonoeB of a polynomial roprescmt another iiolynoitiial 
of degree loss by one unit. 

By repeated application of this r<wult we ruo that 

the 2nd differenoeB represent a |x>lynomUl of degree n - 2. 

II 8rd I, „ „ „ H — 3, 

• *•**•■ 

„ ttth „ „ ^ ^ 0^ 

ie. the nth differenoea are oonutant It follows, thorofons that 
ih$ (n •¥ l)iA MffsT§m$B of a polynofnial of tk§ nth dogroe mto 
ail z$ro. 

6. Tho DUforosiOts of 2!irOi~A table of values of any power 
of the natural numbers may be formed by simple addition when 
the leading term and the leading (Hfferenoes are known, In 
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prociBoIy tho way an in fonninj^^ tin* Uihh of cnhnK (§ 4 ). 
The diiierenct^H ni‘ the hnuliinj; tt^riii 0 ^ wl»i(th are i^aaierally iiHi'd 
in i'oriuiug a tahU^ « 4 ‘ are known an thr^ tH(lermces of zero. 
They are of freqmnit <K*>curnnioe in tht^ <‘.alc*uluH of <Ul 1 bretMa»H, 

III order to form a table of reference of tim of /.ero we 

api>ly the result of g (Kx. 1 ), 

A«/(a) ^fia+nw) - nj{tt - ir) 4 lo{n - \]f(o | mo - * 

and write 

+ f (n -- I)}r I - l)(j‘ v^-(n « i 2 )j/» . 

If we now Bulmtitute in tloK etiuaiion |iartic«lttr values fi>r }u we 

obtain the equations 

mnP^ n{n - 1 )i» 4 Jn(a - 1 ) (n - 5 i)r - . . . I a. I /» » Oi\ 
An-ill> 1)1' f J(»- l)(a . . I U' ^ 

and therefore A^W^nA** 'ir *, ( 1 ) 

From the relation A**"'^* f a’) - A«/(«) ^ ‘/(n) Wi» that 

A»“ilP~t ■iA” 0 ^*~^ + A'‘*^OP and etiuntion ( 1 ) inny Ih* written 

A^OP - n(A« 0 ^ 1 + A»* H)P * ). i^) 


We now conHtnuit a table of valuen of Aw by tln' re|H^nted aj>|dit;a* 
tion of this t‘quati<jn, rnniemboring that A®o* - 0, Ah)* ^ 1, and alatt 
that A«0)**«() for n >p. 


;>• 

AO^', 

1 

1 

A*0r. 

A»0r. 

A^Or. 

A»0r. 

A«0^ 

1 

2 

2 





3 

1 

(1 

6 




4 

1 

14 

38 

24 



5 

1 

30 

180 

240 

120 


8 

1 

82 

540 

1580 

IHOO 

720 

7 

1 

128 

1608 

B400 

18HO0 

15120 

8 

1 

S54 

5798 

40824 

128000 

191520 

d 

1 

filO 

18150 

188480 

834120 

1905120 

10 

1 

1082 

55080 

818520 

5103000 

I84S5440 


From equation ( 8 ) we im that the value of a partlmilnr difference 
Aw U obtained hy taking n lime« the lUtn of the two inimtieri of the 
preceding row which are situated in the same column and in the preced- 
ing column reapectively, For example, 

A«0^-«»{6S4'540) 

-1800. 

6. the Difference! of x{z-l)Cc-2) . . . (x-p + i).— 

Among t.lui polyinmiialK of dngr«H! ji tlntm in otm (Htlynumial of 
Hpooial intoriwt in tho tiieory of Intorpolation, natimly, 

(»- 2 ) , . . (a-jD+ 1 ). 
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This polyntmiial ia dtmot«d by [*]'' and ia oailud n/mUfial. If 
wo siipiMJHo tho iutorval of thn iirgiuuonl in llio iUirttr»'iioii tiiblo 
of [«]>* to !>ti unity, wo liavo 

[a]p • - 1) (ff. - 2) . . . («-/' + !), 

[ffl + ljp-(rt + !)«(«- 1) (rt- 2) . . . ("";» + 2), 

[rt+1]/' -[«]»' 

- «.(« - 1) {n - 2) (rt - 3) . . . (o + 2) |(.< + i ) - (ri j »^\ )) 
BO tiiat A[a;]»’- 7 <[a!]»'‘‘.* 


It fullowK that 







[ir]P 

- t 


pi 

(p- 

1)1' 

pi 

O'- 

!)}• 

a result tlmt 

limy now 

\m UHecl to tabulate ! 

the valueM of 

lr]f*/p) M in the 

following table : 





ill, 





l*l*/5l. 

0 







I 

0 






s 

1 


0 




z 

3 


1 

0 



4 

0 


4 

1 


0 

5 

10 


10 

5 


1 

6 

15 


20 

15 


6 

7 

21 


35 

35 


21 

B 

28 


56 

70 


56 

9 

30 


84 

128 


186 


7. The Bepreeentation of a Eolyaoiuial by f ac«oriali.>-* 
In § 4 wo found an expro8«itm f«>r AA»), tbo flwt clifTonnioo 
of a polynntiiial of degree n, in a fomt whioh Ih Ioiw mitiplu 
than the polynomial itnelf. It iB iiutre convenient to carry out 
the operation of differencing by the use of faoturialH, ttidng the 
relation of § 8 : 

^[«y^pix]p-K (1) 

Let ^j|,(») denote a polynomial in « tif degree k. Wo may 
write ^k{")’»r+{x-n+k)4>i,.i(tt), where r is the remainder and 
i>k.i{x) the quotient when ^*{®) ia divided by (®-n + *), eo 
in of degree By a n^peabnl applioation of this 

* Thli ix untlogoiii to tho rortniiU of tho dlflorantixl oalotiUix 
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transformation, wo obtain an tixproBsion for a iHtlynomial »l tho 
Tith degree in terniB of fa(*-toriulK : 

w« a 4* 2(^) 

»i tt 4- " sC^) 


« a 4* 4* yM* + • • *4“fj?^]“</>o(^)» 

where a, y, . . * are conwtantH and if)Q{^*} iw a<5utmtaut. v (nay). 
We thus obtain the rtmult 

<^n(»)-‘‘ + j8[*] + yW* + W + - • • + (-) 

Jfs. To r^etmt tho function + 42j:* - 30^ + t> nml itt 

tucecinvt difforvnctt in th» factorial notation. ^ 

Using detached ooeffioiente when dividing by /, * - 1, ^ - 2, • ■ •» 


1 

S 


3 


1 - 12 + 42-30 
0+ 1-11+31 
1-11+31 
0+ 2-lH 


1 - 11 
0+ 3 


13 


Jl-« 


i> 


wo obtain tho valno of y in tho form 

+13[.r]»+M + 9. 

The BUcoewivo diirornncoH nro givon by 

Ai/ -.4[..-f-lH[^]» + 2«I'l+ I. 

A»y~12M»-3fl[.]t 20, 

A»y“24W-30, 

A*y - 24. 

Now let a be (me of the tabulated valuoB of the argument 
of a polynomial of degree n, and lot w Ihi the interval Iwtween 
suooessive values of tho argument. Gunsidor the value 
f{a-^mo) of the polynomial oorroaponding to tho value (« + ««) 
of the argument. Writing yi(«+(m«) for ^{x) in (2) and 
applying the operation denoted Ity equation (1) to both sides of 
equation (2), wo find that 

i!yi[a + jc«»)-i^ + 2y[a:P + 3S[ir]* + . ■ . + «»{(»’]'’*’• {•^) 

♦ OhrymUl, Alguhra^ |i. 108, 
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Diffenmoing thia equation, w« olitnin 
AV^«+aJto)-2y + 2.3fi[aj]‘ + 3.4«{®f +• • ■♦■»(»“ 1 (4; 

Moreover, 

AVTrt +tD«>) - 2.8.S + 2.8.4 €[!e 1‘ + 8.4.r.f[j:]* + . , . 

+ n(»- l){n-2)i{x]" » (5) 

and Be on for differenci'H of higher order. The valiieH of ilm 
ooeffloiontB «, /?, y, . . . nr«' foiiml Ity jutttinK a-O in ivudi of 
the ocjuationH ( 2 ), ( 8 ), ( 4 ), ... no tfiut 

iS-M"). r-4AM«). 

Equation (2) may now be written 

+ 2 ) ■ ■ {-'•-»+ * 

7i! 

TkiB formuU* Bnablen us io sxprrss ths jmlijmmuU /{a 
in tertns of the fmtomds as, w(a! - 1 ), m (0 - 1 ) (x 2), . . . toAsn a 
differenos tabls of the function is 

Thii ganaml formula may Im oaiiny verificx! for upooial valuoM of j. 

When atmOf it become* f(a) 

When £C- 1, then 

/[a + w) -/(«)+ l.AfOO 

“/(**)+ {/('• +“’)’■/['») I* whifli i« «n idontity. 

When 8! ••2, 

/(« + 2«) -/[a) + SAf(a) + A*/(a) 

+ {/a + 2w) - + w) t/ia)). 

8. The Oreffory-Nawton 7omula of lnt«r]K»l»tion.— Tim , 

general formula of the last section may applied to solve tii«w 
problem of interpolation. 

Suppose that y is a funotiun of an argument it and that the 
values of y given in the table are /(«), /[« + 2«>), 
y(« + 3«>), , . . oorresponding to the values o, o + m, o + 2»p, 
a + Sw, . . . of u. Also suppose that these valutai of the Amotion 
are entered in a difference table and that the differeDoua of 
order n are constant. Wo are not supposed tt» know the values 
of y which correspond to other values of «, such as u—o + lw. 

* or. Ex. 2, 1 8 . 
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Tt is requirod to find an analytical cxprcBBion lor tlww' 
luediate values of y. 

Tho problem may be stated graphufally as follows: 

Draw tho rectangular axes Ou, Oy. Li<t K, L, M, N . . . 
bo points on the « axis having abscisHao a, a + n', a + 2tt), n + Ibo, 
. . . ros^xjctively. At those p<tintH erect ordinutiCH KA, UK 
MG, ND, . . , equal ro8]xjotivoly to tho entries /(a), + ■//■), 

J’{a + %o), f[a-»rZw), . . . Thou tho jKunts A, It, G, IK • • • 
dotermined are points on tho graph of tho function.* The 
problem of finding a “ smooth ” curve to piss through the points 
A, B, 0, D, , . . has not a unique solution ; in fact an inliJiite 
number of curves satisfying these comlitions can be found. As 
our aim is a practical one, wo naturally choose the simplest 
solution of our problem, y 
Remembering that tho 
simplest functions are poly- 
nomials, wo inquire if it is 
possible to jmibs through the 
points A, B, (7, ... a curve 
which is tlie grajth of a poly^ 
mmiitl lunotion of d(!gree n. 

Wo have already soon 
(§4) that for any polynomial 
of degree n the differtuioim of order « are eonsUint and for the 
set of values y(a),/(a + w?),/(a + 27/'). ... it has been assumed 
that the diffbrenoes of order « an^ constant. This Isung so, 
a ptdynomial of <legree % exists which takes the vahu's /][«), 
yi[a + «'), /(« + 2?fl), . . . when the arginnont « Itas the values 
a, ffl + w, a + 2«», . . in fact, by the kst miction, we can write 
down an expression for the polynomial It is 

( 1 , 

-/(«), 

* We tlo not know anything almut the |iort{oni nf tho grftjth intnrmmliato 
botwoon thoae jiointMf hnt wo aimunio that th« graph U a miwitth aurm ; fur 
our proHont purpo«« wa uan takn thin to moan that tho funotiun hao flititu 
dilTorontial aoolIiciontM of all ohlofa at ovary jKiint. 



Ifm, h 
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wh«r« w tB oimnaotwi with « hy tiu' n'lulitui M-ma + no, 
and wluirtt 


A/(") BtaiulH ffir/(« + w) -./!(«)• 

A*J\a) HtaiulH fory\« + “ VI'* ■* **') ♦ ./(")• 

and HI) otu 

We ahnll now take ihe paliinominl (I) fo rejrreernt the /unr.Hon 
y also for values of the argiment internmliitle Itetirren the 
tabulated miues, Th« partioiw of tliii |j;ra]iii iiiUirim'itiaUi 
between the pointB A , B , C, . . . may therefuro Ihi lilhnl in liy 
drawing the ourvo 

y ■/)[« + an/') 

+ ® V(») + ^ AM") + . ■ . ( *•!) 

and in order to oompHto the value nl' y ourreai)oudinK to any 
intermediate value of the argument hucIi oh a + J|«'. we Bimply 
Bubstitute the value a-f in this formula,* which ia the anaiyti* 
cal exprcBsion required. 

The fimdamental problem of it)turpi)ktion in thun aolved. 
The formula (1) is often referred to an Newton's formula of 
interpolation, although it wuh diHcovcrod by Jbiiioh Oregory in 
1670.t 

The application of the Gregory-Newtoii fonniila ia iHuatnitwl by the 
following exaiii]ilea ; 

• Many hooka of logarltlimio Ublna, et.-., oonUiii a Uble of tha blnoiiilat 
ooBfflolenta reiptiKd in the Interiiolatlon formula (1), at Intervale of O-Ol from 
UmO tOOial, 

t Of. a loiter of Gregory to Oollina of date November a3, 1870, printmi in 
Rlgaud’a Oarrespou^nM, t, p. J»0. An example of the uie of the formula la 
worked out on p. 21 1 of Rlgaud. Colllna waa aaouatomed to vend on to Newton 
the raathematloal dieooveriaa of Oregory (of. Rigaud, 2, p. 835). 

Newton'a pnblioationa on Interpolation are oontalnml In i 

1. The Mtlhodus Differmtialis publlahei! In 1711 but written before 

Ootober 1878. 

2. A letter written In 1078 to John Bmith. 

8. Lemma v. In Book HI. of tlie PHmipia publlehed In 1887. The above 
formula ii Oaae t 

t. Varlouareferenoealn the Commsrtium Epittoliruin of AsU>» 1872/8 to 1878. 

Theeo have been oolleoted and «llt«i by I). 0. Fraeor in the Journal pf Ihe 
Jnettiute qf sletuariee, 01 (1918-19), pp. 77 and 211. 
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Ex. 1.- 

— From tht tabh given 

hehw to find 

the entry 

correipondiny to 






Argument* 

Hutru. 

A. 

A» 

A*. A*. 

20 

0-229314966248 

701747247 



22 

0-230016702496 

702349644 

602297 

~ 1944 

24 

0-230719062039 


600363 

4 


702949897 


- 1940 

26 

0-231422001936 


698413 

3 


703648310 


- 1937 

28 

0-232126660246 

704144786 

690476 


30 

0-232829696032 




Here 

0 » 20, w - 2, 

/(((+«i-)-/(2I), 

mill .1' “ 


+ + + ~ — ^1’ — *^A*/(>J<») + . . . 


- 2S9314960248 + J(701747247J -- J(fl022»7) - 
-229314966248 pfi287*l 

+ 360873623-6 “\ + 121-6 

-229666828871-6 - 76408-6, 

BO 

/(2 1) «« 0-22«60ft75;i403. 

% --To find the eiuordinate X of the ituft rw Nomnher to, HHO, at 
4 h i\om (X i» thfi »un*n true (/eoerntrin co-ordt/ntfe wmMnreti on a /*«« 

^Hissiim through the true equinor. of the date), 

Tho Nautiml Ahmmte, giv<‘K tin* following fri»in w« 

coiiHtruct a (litforoiujo laMo ; 


IDIO. 

-X. 

A. 

A*. 

A». 

November l)*0 

n-0H5<nm7 

- OOHOO 



5)* 5 

0*(17H71B8 

- 04323 

-5U 

4 

10*0 

0*0722805 

- 04833 

- 510 

7 

10*5 

0‘0058032 

- 053.10 

• 503 

fi 

U-0 

(>•0502000 

- 05837 

• 501 


11*5 

0‘052«850 





Wo inu»t intt^rpoUte for 4** 5J0*“ from Novinnljor 10*0, Tha argument 
i« 12^ Tlujii 4^ .10% an a fraction of Urn argnment, givei oj- 0<875. 
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loK a!-0‘ft74ii»t3 

Iflg {/- l)-l»'7l»ftHH()0(n), 

whore (n) Indiontw tlmt U<7»Afl80O in tlm Icignrhlim »f n ni'giitivo nuiuber 

1.1K » lt-flt)Hi»70(i 

l<« - 1 )- 

loK i - ll ftS!«H7K7 
lo«(r-S)-0-aJ0Hft34(n) 
l.ig -!)(/•- 34. 

Aim 

log (-04833)-i4-Hl I7»fll(w) lug ( -- ft(i3; <- S! TtHftflHii(H) 

lc«a!-.B‘ft74()313 log - 1)- )l-<tflHM«I3(ii) 

log (-64838*) -■4'3868S74(») log |.r(jt - l)(-608)- l-77«t44»3 
■■log (-S431S'4) —log AH-II4 

log a-.o-30i03nn 
log J*(j! - !)(/ - a)-. B‘H(W(n34 
log J*(*- l)(j:-8)(S)-»-10Se434-.lcig(M. 

Therefore - X-0-678888no - 0 00843 184 + 0-OOnoOftH», 
and finally - X «• 0-66BR6 1 8. 

9. An AltematlTB Form of tht Orafory • Nowtou 
Fomtlla. — Thu Qregory-Nuwtmt rornuiln iimy Im* wrilUm in 
an altornativu form which in oonvoiiiunt when nn iirithtiiniiH’U'r * 
is used. Euarmnging th« i'lirtnuln of tlio huib wHitiiui in tin* rnrui 

yi[a+aw)-y(«)+«(4/](«)-i(l -*)1 AV][h) - i(2--!i*)( , . . )1], 
and asBUining thu {iitrurunous uf urdur n t>ii lie ounstanl, wo nmy 
replace thu Urugury-Nuwton forntula hy 

J{a + mn ) «_/(«) 4 am,. ( 1) 

whore to, - 4/I«) - J ( I *)«*, 

« • « » 

Un-A”/(a), which is constant. 

When computing a value of the Ainotion by this niuthocl, we 
begin with the constant difference w. and oalonlate in snouession 
the values of ««.!, u^.t, . . it], finally sulwtituting the value 
of M, in equation (1). The following example will servo as an 
illustration of tliis mothod : 

* When an arithmometer la not available OrttUi'i OnhultUint TahUt will be 
found UMf\il for thii pnrpott. 
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K.r.—r« firnim whmi 24' 

•4<J9HO 05207 hitinntj tjiiwn 



A»)' 

X 

A«. 


A*. 

24*4 

0-2 Hi 11)H ftOl .343 






lOH 272 307 




U'tt 

0-2 HI 311(1 H33(iriO 


745 715 




109 O lM(»22 


70K 


24*n 

0'2H1 636 H.ftl 1172 


740 4H3 


5 


109 704 505 


773 


24*7 

o•2Hl 706 OHt 177 


747 250 


4 


170 51 1 701 


777 


24-H 

O-XHI H7I1 127 1I.3M 


748 033 


5 


1 7 I 259 794 


7H2 


24*9 

0.217 047 3H7 732 


74H8I5 




1 72 008 009 




an*u 

0.217 211* 3l»fl 341 






ir “"0*1, II 24 *4, 

X ^ 0‘09H 005 

207 02. 



llt'UOCl 

», ~ AVO') - i(3 ■ 

708 -0*570 > 

< 5 




-7fiftl, 






II,- Ayoo- j(s 

745 715 0*434 

0x705*1 




- 74ft 3H3 0, 

-/)«,- »«HS!7a 307 - O- lftO DUT 4 X 74ft 3H3 

- lOft lft» 7ft<M. 

Tlu'ii 

Att + *ib) "/{'O t ■''“i 

»0-aiflJ»Mftfll 343 + 0-0»HOOft5!07 0SxO-000 108 lfiW7ftB 

-o-sin lOH not 343 
+ 117 370 3«ft, 

or /[0) - 0 - 2 10 316 937 78B. 

10. The Biaomial Theorem.— Hy «i"i' "f tl»' ®< wo 

can wriU) the (lreKi»ry-Nowt«iii i»U'rp«»lufci«»n iornmla in tlio fnrm 

WJ{ii) - 1 1 + + . . -W)- 

Whon thuii written, the ^■(lnn^la in awm t« lie tlio wun« iw that 
obtainiid Uy expamling (l + A)" by the Binumial Thoiiram in 
Bfloending p<iw«n» of A and then ci|)erating on J\n) with tho 
torme of the nerioe mi fomnxl, i,t. 

EVto)-(UA)'/(4 

The Binomial Thonretn waa made known (in correaptindenoe) 
six years after the Orogory- Newton fommla ; in faot, Newtcm 
seenw to Imve jlinoovered tlm Binomial Tlieoreni by forming tiie 
expanmotiH of (I +«)" directly for integral valnea of n, and then 
writing down tho powora of * in thomi exjmnHiona. In the 
ease of the oiMiihoiuiit of ho wonlil have : 
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0 

j. 

2 

8 

4 

6 


Oo^fleitnt i/ a*. 

0 

0 

1 

s 

6 

10 


A. 

0 

1 

2 

3 

4 


AK 


1 

1 

1 


whence evidetttly the ooeilloient in of the Hecoiui ile^itio in n. 
Sinoe it vaniBhoa wlieii n <- 0 mid alao when » - I . it tnuat 


contain the factum n and (n~ 1) ; and, einoo tho coenioinnt hna 
the value I when » - 2, it i« 

We limy riMuark that if wn furiii a clifTeranoe table for (I 4 /)* ihtia ; 


Arffum*Ht, 

Jinirif, 

A. 


A* 

0 

1 

IE 



1 

(14*)‘ 

*<l +i«) 

flJ* 


1 S 

(l+«r)* 

41 +^)‘ 


/*(l4ir) 

3 

(1 +ir)« 


a**(l *f iT)* 


on Riibitituting tho value* /<())«* 1, ^/(0)«!r , , , 

ill the (lregory> 


Newton fonnnla 

/(")-/:0) + »»AAO)+jH(n-l)tiy(U) + . . . 
We obtain (1 4- a-)" « 1 + n* 4 | + • > • 

which ia the binomial expanirion, 


Exahplss on Chaptbr I 

I. Fom the difference table* i-orrMjmnding to the following entriw : 



Ing Um 0. 

36* 10' 0'*' 

9-691 3RORAR 103 01 

10"' 

434 064 063 88 


487 840 080 78 

30^ 

640 434 000 48 


603 818 010 47 


848 708 061 07 

SB* n'o'' 

O'flOl 800 074 108 01 

10^ 

763 148 1H8 70 


808 314 806 11 

30"' 

RAO 478 488 30 


INTKUrOLATION 


n 


>1’* 

dill 

28“ 40’ 00* 

0'47» 7I:J 1 li» ■-'.M)24(l 

lo' 

7r>ri 1161 170 KIH 

2 (>* 

7l)H IHH 6(12 462 

»()• 

H II) 721 621! !» 1 )H 

40* 

hh:» 260 :in:i 706 

50* 

i)2.'> 703 1)72 174 

2H' tt'OO* 

))II 8 326 116:1 206 

10 ’ 

0- lHO 1)10 867 106 71)H 


ir If »’* i’ 3/ h \\ till' VidiH'H nl // tn 

1, 5!» *h 4, ft, rti»«i fuuii til*' laUltt iif iliHi'rfuwH, l^rov** Uii'cinainilly 
tlmt tli*^ mujiMl ditfi'Ti’iHv in hjr f l<> luul vt«nfy lliiH iiiiiiit'rii'Jtliy. 

Kitiil ilm fuiu'titHi \vlii>»*ts nt>*t in tin* riun'Uitn 

^ /i/* 4* y^*' ♦ 

4. Fiiul tlu* Hum-Hwivi’ (UlfunMit'im nf 

(ii) \;j\ lilts iiitiTVii) uiiily, 

(ft) rtm f*,*, tliii iiili'rvwl ln'iuK tf\ 

6. 4 ••* + •* 4 i in Um I'nnii 

tu(/ l)i/ - U) I /ir(r - 1) t yj } 

by cum puling iMH41i*‘ii*niH, (’nlinliit** llu* vulm'Huf/i.r) bu*,* 0, 1, j*, 4, ft, 

etc., uml ftirm u Uible. V*eHfy the ci|untion 

/U) ’■/(<>) + ' A/.O; I i 

(i CJiimpitlc the ihinl tlilfert-nce of /(ft 1) by lb** f*»nimln **f fS Jb l‘^x. I, 
from the folbiwing tiibic of cntrie« : 

51 m ftn 54 

Jly) 14(HI0H MHH77 Ift74tM 

verifying tin* lemilt by ineuiiH of n ilillVrcme lui»U*, 

7. < liven the Ubb* «*f vulue« 

/ .-5 -Ij 1 o 1 

If 1« 7 4 I « H 

find by meniiH of the (Iregnry-Newion fi»rmubi iin expn^HMion fur if w ^ 
function of /, 

8. (hniHtruct « cHffereimo tubb* Imviiig giv«’n 

log ft'DftO- 0*778 701 IH4 0 
log 5*051 -0*770 770 8012 4 
big 5*Ofts2- 0-770 840 408 7 
log 5*058-0-770 IHO 0012 8 
log 5-054 ^0*77fl 001 584 0 

ami iletennum log ft *0505, 

0. lAit p, #/, n K be i*m'*’»*^»isiv** eiiirieH ill n liibb* ci*rref*|M»iiiling to 
qublintunt urgnmetil**. 

Bhow tlmt when thiol iliffereiiceM un* taki*n into uirotini the entry 
(0 1*0 0 
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7 4- f (v ^ r) 

i ^ in 


corr»«|H»iuling u» tlm argument Imlf ivuy Ih^uim^u Uh^ nrgtnttiMttM i.f n 
ftiul r i« ^ 

‘ (p ^ 

* (nr 

10 . M p^ V, r, $ Im MiimiMMivr vuinvn (i'iirr«^|iiiniiiii^ to 
arguimniU) in a tnl»h% li \n tri[iiint| in iinin|MW' i\ ml rim (mm.- 
H|K>li<Hng Ui rnui<ii«l 4 Uit argniiirlil^) Ih'Imimmi 7 nirl r, iiMHg Iluni ililfrr. 

Hln»w tlint tliiw may ilum- rh fnllnw#* ; 

IHwinm tf ami r iitU'rfMwr .1 aiithniHiml numni A* H, ai,,! <«; nUi 
ImtwtHm 37 « - 4 nml 3r-s24-;j inUM}H«i.< 3 tnranii A\ Jt , niul r'. 
Then the 3 lonim mtulnxl are A ♦ a*gA » ♦ flV*» * n^** - 

(IK^ Morgan.) 

11. I)<!tt^rmitui lug (1*0405, having givni 

log fl 04o**o.7H|n:inii3Hn 
log fl‘0 || *^0*781 1088357 
h>g n»04si «*n*7Hi iHo7J(fm 
leg (l•043-<^7HIi^5^5JI4tf 
hig 0.04 4 0*78 1 3^4 1557 

12. U«ing the methnd of ^ 0, flml nin «4“*4(IOHn05207» imving given 
the valuiM 


0. 

.lit 0. 

24*25 

0-1 1071 HOBSON 

24*50 

O-n 4011384 SOBO 

24*75 

O-J1H0BH737B37 

25*00 

0-4S201BS01741 

25*85 

0-4SflBOH73»»OS 

25-50 

0-430B1100000H 

the vahu^ 

>*\ 

/TO. 

0 

RBH.31374001JB 

1 

Hnil-84B778.'IOH 

2 

«HO-07fiH8070fl 

.3 

N»8-303004AH3 

4 

B08-(I3000(IH7B 


calculate /(I *5) by the Gregory •New ton fornttihi, 

14. The vnlueH of a function nirree|Mint!ing to the vahiea 1, S, 3, 4. 5 
A 0*lil806», 0*«3770«, 0*270355, 0-314500, 

0-358274 nwpectively, Oaimilate the vahu^ i.f the fntielion when the 
argument haH the valuoa 1-25 and 1-75 mij»e<-tively. 

wn SB 40 10 and »in SB 40 30 , AI-o vnrify tl)» niMwitra 

»in SB" 40' BO' - 0'43S 3B3 Sfll 4S3 410, 

Kin SB" 41' 10' -0-433 MO 044 014 711, 
nin SB" 41' 30' - 0-433 BSH ns3 flOO H»8, 

•in SB"4rB0'-.0-433fllB31»8 0 ai 14B, 

obtained by taking x nutm-riwilly b-m tlmn unity in the funiiuln of g «. 
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16 . Galiiulate log tan a4°0'n", givfii th« valiios 

log tail i'4“ 0' 0" -- n-O lK 583 1 37 100 H.5 

log tan 24“ O' 20* =« 9-fl48 Oitfl 4.57 723 08 

log tan 24“ 0' 40" - fl-«48 ftO« 758 2fi7 <1(1 

log tan 24“ 1' 0" .r, 0.(i48 »23 031) 045 83 

log tan 24“ r20".. ji-oio ()3(i 300 0(1« 75 
log tan 24“ ]'40*. l)-04!l 14» 541 347 57. 


17. The following talile givea the vnlitea of f(i') 







0-00 

0>H8« 22(1 02 

0-01 

0-87(1 227 24 

0-0-2 

n.8«(| 220 57 

0-0.1 

0-85(1 235 00 

0-04 

0-84(1 248 22 

0-0i5 

0-830 2(18 53 


Calculate I(x) fop !p«» 0'025 by interiKilatioii ami vi'i'ifv yuiip Piwilt by 
use of the fonnuJa 


7(0)-J(,e)».r 


.<■* ..5 ,,7 

3 ' 5.2! 7.31 ' ■ ■ ' 



CIIAPTKH 11 

INTKHI’OUTION WiTII UNKgUAI. INTKKVAI.H OK THK AUiit^MKNT 


IL Dividad Differ6BO0s."-“VVti iiuvvhn lUi lUinimM^i tlmt iIh* 

vahu^a uf tlm ar^iinu'iit priKH'iul lij* iMiiml l*ul wiih dalii 

deriveil from ohamviitioii it ia aut ah^iiya tn minjiUu* a 

dilfurnaci! in thin vva)‘. Fur rxamjili*, wIum* liHlronniitical 
olmcirvationH am diatarUHl l>y cloutla thm* an* in tlia 

reourda. 

CunBitlnr llu* vim* in wliifli i!h» valurn «il’ tlu* arf^unami, fur 
which tliu fuactiun ia knn\vi!,ari’ um*qnally HjMUMal, ami HUp)Htmi 
that the vahicH of /(jr) am known for .i -rij. *r»a|, 

. , whan* th« int^^rvala og a|. w* 

1 )m t»qaal. In placo of ordinary tliHonnicoa 

wo now introduoo vvliat an* known an dividrd dijperencen,^ lA^*t 
us form in HUccoHaion tho quantitiim 




aiid Bi» c)U. TIu'hh fii'i* (iiilliHl tliviilfd dijfr-rtneft »/ (hr find urdrr, 
Moreovor, us lonn 


Tho»o aro oalltul dividkd dijff^^fneu of the mtmd order. Alsu lot 
«i) -Ah> «i. "o)’/("« - «(i) -y(« 8 . "t. «i. ^o)- 


This in oalUul h divided diffvrrwr of the third ordvr. The 
dividod differenooB of highor ortlom aro hirmod in tho naino way, 
BO that tho order of a dividod dilTorenoo Ih !ohh hy unity than tlio 
nuitdior of iirguinentB roquirod for its definition. 


* Divldorl (iliroroitOf* might Wriy Im aimrlliinl tn Nnwtnn, Iicmmk *. Tli* 
twrm wax iiwk] (Imtliy l)n Morgnti, nvd /»/. (‘nh. (IM2), p. 6f.O, mnl »««• 
Wkrdx liy Oppomwmi, Jaurn. InH. Art, 18 t)H(lP), p, H«, Am|i«r«, Ann. dt 
Qwgonnt, SB (1828), p, 339, mod tho tiknio inltrjmlatarit funUiOHM, 
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Divided differences may be expressed more symmotricttUy 
as follows : 




y(«2> 


^ / ./KL4./W U. f 

/K) 4 . /'(">)- I 

“ K - ''1) ("ft - "») ("1'- "«) ("« " ■■ 

./(«8.»2.«l."o) ■■/ \ 

yW 4. 

“ (ttj - « j) (ffg - Hi) {11 a - (Is) (" I " "«) ('^1 ~ "a) ("i " '*3) 

/("■a) . , . . 

■*■ («8 - «o) ("a - ”1) ("a - "a) K " "o) ("n “ "1) ("a “ "«) 

In genend.m mny endljl he Hk(ii>'ii hij iiuliwtum, a ihrulrd 
di/crmce oftha ftk order In a njjmiiie/rir/inieliim «/ itn ariiiiwntn 
mill in ill Jio'f. the. mm 0/(11 I 1 ) /iinr.tlimn 0/ the form 

A'li) 

(liltbreuce-product of ff/ wiUi i» • • •» 


li in «vi<lont IVoin thin that wlh-ii tl»«* arK«itt“‘tK^ nMpithMl 

to form a pariiottlar divhh-il (liHomauu* mv arraii^tMi \\\ a iliUpiviit uihIvi*, 
the valiio of tha ilivhhMl tliHofpui'o naimiiiH uio'hanK‘'*h 




* •» 'h)) /('h)* '^ 1 * p ^^i)* 

l)ivide<l differences are urrniiKCxl 

in a #j/' ttivlflf**/ 

eneefi lus followB ; 



.1 Viiiimfnt, 

Enlfjt. 





A"ii( "1) 

,/•(«„. n,. «*) 

a, 

A^i) 




A'U^ «a) 

rt|. «B,' 


A'h) 





./!['** 1 ''3) 

«*. rt«. «<) 




./("a- « 3 . "4) 



.A" 3 > "4) 

/br,. rt4, Bj) 


A%) 


./tfis. " 4 . "5) 
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The following 

limy »rvi> 

na Mil rAnmple **( M Uhlo of dividt^i 

ditfereim^ : 

j". 



0 




I4HHTT 

H 11 .i 

ir^H 

:i 


Hr»N7 1 

4 


Hilll 1 

lUT 

7 

iiinii:; 

or*7o t 

u 

a 10000 

10444 


In tliU i^xxinplu thu tlitTifrimw*!* uf llio r«»ii«utiL Wi» 

iilirtll now Hc*u utulur wlmt of riiiiitUiiit divide! 

diffurt^iufm in tiliUinod. 


12. Thttoremi os Divided Difference!. 


\, Ijf a function /{x) %» numcHcnJlif njual to the aum of two 
funoliona g{x), h{x),for n act of raluca tf the nrijuiurnt x, than 
any divided dijference Ilf /(^x) formnl from thuac rnlura iarifuat to 
the aum of the eotraajwnding divided differnwea of ii{x) and h{x). 
For example, 


A<h «o) 




ttn 


l.vK) » i*(»i) - ^’K )! 


/*o) + A(«,, «o). 

and aimilarly for ditferenoee of higher imJer. 

II. ^ diiddfd difffifffm of f v*hrrf run etmMnn! /mt0r^ 

is 0 iimes ihs eofrfsponding diHdsd difftrsnts 

For example, the divided dsfrerenee of the fimt order of e/{it) ii 


- A %) . y 

jy V 01 

IIL The divided diffsrewtn nf order n o/ uif* nrs eons^ni 
(wAers n is a postHrs in/r/^rr). 

T.et «* <’**. 

Then flag, «,) « K" - «,")/{ffo “ »,) 




t ft,"-* 
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a homogeneous function of Oo, of degree (w - I ). Moreover, 
^a) 

_[^V*~^ + OiOio” ~^ + - . . + Oj»-'] - -s + . . . + Oi’'' *] 

f/.fl - tfj 

= (' V " ^ ■ ^)/{% - 'h) + ■ * - "a” " *)/(«o - "a) + • • • 

+ ''i"‘®K“"a)/K-"a) 

■=K’'‘“+ffa^V‘'® + - • • + «2'' ®) 

+ Oj(Ou''-S 1 t . . . I 3 ) ) . . . 

which is a homogeneous function of it„, o,, of ilegreo {n ~ 2). 
In general J{Uq, a^, a^) is a hoiuogenoouH function of 

<* 0 ) H' ® 2 > • • ; of degree (n - p). Taking p 7t, wo see that 
/(«o> ''a> • • ■> ®«) is a constant, 

Gorullary ; The divided differr men of order (a + 1 ) o/x" are srro, 

IV. 'The divided dijferew.eo of order n of a poljivowittl of the 
nth degree are constant. 

This theorem follows imminliatoly from tlieorenm 1., II., ami 
III., since the divided (lill’eronco of order «. of ouch f»f the tornis 
whose degree is loss than n is y.en». 

V. A divided difcrenre of order r vuiy he f,i‘prrHsed an the 
(juoiieitt oj t'loo deter in’i nan/ s eaeh if order r \ I. 

Consider the divided dilferonco of the tiiird order. 


K“"i)K-''a)K 


• "a) 


„ V./K) (Jiflhronoi'.prodnc.t of f^j) 
diirerorifie-imMliuit of w,. «j, 

Now a diflferenco-product may Iwt exproHsed as a deUtriniiiant 
of the kind known as Vanderniondo'H, thus 


(dilference-product of o,, nf) 


a. 


am 


Therefore 

/K- ftj, ff„ ftg) . 


i/r,« 


ff,* 


«8* 


rtg ffl, 

111 


ifA a 




a. 




1 1 1 


«a* 
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ami said gimoral fur (litrnritmaM of urtliT higlmr Uinti tin* tliiril. 

i:i. Newtoa’i Formula for Unequal Intervals, b i j\u) 
1)0 a fuiictiuii wIiOHu diviili'il liilTt-rniic-uH of («a y) iiitli*r 4 vatiiHh 
or aro lu’gligilili' ; and mi]i{NiHi' ita vahn-K fur 4 argutiii’iiU 
®0' ®i> '**>'*# *^*'‘’ HO Itittt tint Ulilo Ilf dividi'd din'i'ri'iiiitiH 

IH art fotloWrt ; 


Argument, 

Unhy, 




A^o) 

y(«o. «i) 



A<h) 

y^'i. «i) 

/(H «i) 

"t 

A«,) 

A^t< "$) 

A»x> "i «i) 

«8 

A"9) 




A'>ti’ "j- "|. "i) 
«*• «<) 


Wo may obtain tlio valim of tlm fiiimtion fni- any olln-r 
argument w in tlui followitig way. Hogiiming with ibu I’unMtant 
difforonco whioli in of ordor wi* have 


AU. rto- "i. "•) "j. "i. ”»)• ( 1 ) 

By doflnitum of thn diviilod difToronoi' of ordor 2, 

A", «o. «i) «i. «i) + {« - "iM". «o. «!. fft). 

and thoreforo 

A'^i ®oi ^i) ’“A^O' ^i‘ ^t) (** ~ ^1* **•)• (2) 

Again by dofinition. 

An, «„) «,) + (tt - «,). ( 8 ) 

and Hubstitutingin thin equation the value of/fw, o,) from (2), 

Ati, ttj) + (« - + (" - 

Also by definition A”) -./t«o) + (« - "«). (4) 

or A'’^-) -/Is) + (" “ “ol/t"o' "i) + (“ - «o) (n - «,l/lrto. a,, o,) 
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From tluioqiiatitnift (1), (2), (H), (4) 


/(«, "o. 

i)) 

«’o),./'(«) 'ire 

now known and 

may l»o inHorttal 

in the tiililo of divided dilferonoeH tlnm:* 


A njument 

ICniry* 




U 


./(«. "o) 




J'irn) 



«0 


Ah <h< <h) 

Ah 'h' *h< "a) 


Ah) 

Ah' 



Ah' 'h) 

Ah' "i. "a) 




Ah' 'h' 'h) 

"a. 

«* 

./'("a) 

Ah' <h) 



«8 

/("s) 





Formula (5) may ovidoutly Im gorn’ralinod lo fXim’HK a 
function whose dividwl diflcrencos of order (// i I) lire nogli|;il*lo 
or zero, in the form 

/(") + (’i - ”i) ' i" ~ "o) (" - "i)/'("o- "i* "i) 

+ (m ~ "o) (" “ "i) ("' - 'U- "r "a) ‘ • 

+ {U. - %) (l< fl,) - II,, ", (li) 

ThiH foniuilH wuK diHunv*‘T<Hl by NtnvUin. i 

'riu‘. fh'Ht td^nn on tim riglit liaiul hhli* of lliin p^jituHnn h»|H’pH»’nlM tlio 
])olynoinijil of zin'o dcgi-iM*, whiph Iuih tin* vuluo al n 'Hip 

two U'l’iim togctliar rojippHPiit tin* iiolynoniial of tlogn’o I, lm« 

tho valupH/(aQ) iUHl/(frj^ at aial i/| rr'^jaM'livoly, anti mt on, 

Tho rpinaintlfr It^nu wliit‘i» inuHt ho atl»it‘ii tt» tin* IiuihI ^♦ith* tif 
tlip p<iuat.ion in onltn* to ohiuin ntript atMiurat^y i« in fnpt 

0,) ,..(// On, . .. a„\ 

Hut thirt toi'ia viiniHhfH if thetlivitltMl tliirpronpoM of unh'r n an* rigorotiHly 

coUHtant. 

AV. Ftom thii tahh tjirt^n hclmn to Jhtff tht* nitrii nirrr^miiiiutj tn Ji'700R, 


r. 




m 0 

•:h»«ni2a 

- 500 


tt^m 5i‘n()«9 

•3988100 

- t 100 

100 

rtjj- 5*01 fi t 

•3084408 

- 2400 

^ 100 

7-5270 

•3078138 




In pnuitipu tjin) vahn* in twaftlly foniid hy ronaing tint unooniiiivi: 

tlivhUui tlilfnrnanpM in tliih wny, hh in thu workrtioait rxiini|il»^ hnlow. 

t IHnvipvt (1087), Ihink iii, I<rani»a v, (Jh«p ii. (*f, (’nmiliy, (JCnvrr^^ (1) ft, 
409. 
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Furiuiiig llui Hiuri'jviivu ilivKlHl ul /(<»)» *» *** 

wu iUid 

/(«» »*i* ^ 

- niu)- ^ i nrriwMi, 

/(«)«« f .TTiioH X ( T 

Tlio tJiilituhilHl vnlui' ih ihnvf'tn* ti'HlIHiHUM. 

M. Thd ar«gory*N«wtos; Formulu m a Bptclitl Ome of Hawtoo'i 
Fonnulft. IMic nrcgnry*Ni’Wt«»ti fnttiiMliMna) Ir rcpihlf *! ihc hjHu ial 
iium? <tf till! funiiulit of iIm’ lu^f w’liinn wlii fi llic inlrivaU nf lUv iirgniuuiit 
aro equal 

Fur iti Newtuurt fuiuiulit fiu* uihmjmhI iul>'ival»^ vu* put 

t le, fig H » 'Jh\ . , II II ♦ jff\ 

By ditistruiliug a table uf tlivit|i!<[ ililfereiuTi*, wv m v tbat 

/(«oi «]) “ ^AA"). /(“i* “»* " “’•• 

.•. /(»» "i- 

Itt the Hanie way wu Uml 

/('•o. «I. 

atul tu) niu 

If w'e jiuw replace w by iM llie fuiiunla fur utm|tial nilervalu of 
tbo arguiiuatt 1hh;uuuw 

f(a + im) *«•/{«) + r^iii) -f ^ ^ ) f . . . 

whiuh in tliu <1regor)'*Newltm ftinuitlii* 

15. The Practical AppUoatioii of Hawton'i yormuia.— 

In laboratory ootiijiutatifui from Ni’wUmV Ininmla, wd jinn'otnl 
by a mcthtHl whu h in rmlly uiiuitkuil with that givun alnivu 
(Ex. § 13). IJmrmnginji? th« forintilu of § 13, wo mm that 

/(«) -/(«o) + (« - «o) r A«o. "i) 

+ (m - "i- "i) + (« “ «i)t/I«o- "f "i- «•) • • )1 ]• 

This oquation may Iw writUui in Un* furni 

, yi«)-yi"o) + («-«oK> (1) 

whert^ ^i) ** 

• •••»« 

i\ - rth dividoti diUVrunro 4 (a * cfr)^V 1 1 » 

a,, . ft,,). It cnnstniit. 

The r’s are computful in thii foUnwiiiK iiriUtr ; 

V,. Tlie value nf flu) is then uhtuineil I'rnm fli|tiittion (1). 
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thid ih* 

funct ion rom^Hf 

Kunling to the argtuuont 

llu*. following (lilVoronw tablo : 


Ai'itnuifnL 

Hntfff, 



150 

ll21 


392 

24 

205 ^ 

ftjj ^ 1 1 

145ii 




457 1 


23fU$ 

-HI 

UI7 


9705J 


i4«<«6‘417, 

1, 

t (0-417 - 1 1)1 10-417 


HI X (0-4 17 - 7)U»-417-. l<li)-«71IMH(), 

/(e- 417 )-i lfiO+(f(- 417 -li)lOl)' 071 ) 8 Hl) 
-.30r)-4184()J!71». 

16 . Divided Differences with Repeated Arguments.— I'lui 
original definition of divided difi’erencos proaupixtBOB that tlui 
argumentH conccrnod are all diiibront. If, howtivor, tlm 
quantity y'(rt 5 , + ti*iida to a definito litiiit as t Utiida t») zero, 

we donoto thia limit by ti^), and aimilarly fur divicKsl 
diilbroncos of Idghor order. 

Now HuppoBo that in § Id, ti .Since the ilillerenctw idorder 
3 are 8ni)poHi‘d constant, we »eo tliat/(a„, it„, //,, n^) w ei|ual to 
A%< >““1 tho nnnaining dilUTi‘Tit*.»'H,/'(«„,f#„, /q),,/(o„. n^) 

may tlion bo calculated just aa in the general cuHe when u aiul 
wun» supposed diiroreut. Wo may now form another set «»f 
differences by again taking u - //„. Hojxiating tliiH mothod, wo 
obtoin the following table of divided dilfereneos: 


ArifummU 

Huffy, 











/("«) 

A"'n> 











%) 

A'^'(t< 



A"n^ 



"a) 


JK) 

/(«o. 



«o) 






A"o> 


A"m 

"n- 


«.) 

"o 

./I"o) 

A^^> 

«l) 

^0» 

«,} 




l\>h> 



A"0< 

"o- 

ffp 

"») 

a, 

A<‘i) 

A'<v 

"i) 

0|, 

«i) 





/("i> 


A"a’ 

"i- 

ffr 

"») 

a, 

A’<^ 

lXih> 


0,. 

h) 




A<h) 

a . ) 
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In ternm of thesi* tlivi«lwl dilli-rwHi'i'H with iii>{uuii*nt« 

the formula of Nowlun Ihkmihhw 

A<>) “A"n) t- (« - '»o) ' (« “ "o "o) 

♦ (»/ - "n)V(‘'o "o "O' "o) ♦ ■ ■ . 
This fornmla will bn uh*hI Inli'i lt» nblitiii un I'XjirnHoinii lor 
the linrivnlivea of a functinn in l* rii>H nf iliviilntl ililVi'ri’iu'cn.* 


ICA^ffirnt 

,, , j ft n •.*: 

ru ij 

IfiiniM (ISMM 

in of pomt* «/ (r - 


CiiiiHtriK-ting u tn!»lu nf (itvifinl tlilfi tiMin'n unti riti4>tithiig ti i 

r^peaUnl arguramilH f«ir ,rm, 3 ^ wv ntitaiii 


4^ 




4113 


M 


loo 


^fu.n 

1 

*7 

173J5 

no 



1 

U 


10 


14(1 

1 

A 

in 

10 


|M 

1 

3 

^ 13 

H 


i 

1 

3 

- 1.1 

0 


i 


3 

- 13 


Applying 

Newtou’i* fiirmutii fnr 

ArgtlllHMlK tltn 

vaittis in f(xs) *■ 

- 13 4 3) 4 - 3}« f ( r 

3/». 


17. Lagrange'i formal*, of IntorpolAtion.— L ih y(x) tie 

the polynomial of degree n whieh for viihino n, ri„ 

of the argument te luui the vivluf« y(«„), /{«,) /][«„) re* 

Bpeotively. By the definition of divided diireroneoe. w.< have 
/(rto* «i. ■ • ■■ «... «•) 

. 4 .'K) 

- rtjfa) (.r - (t„) (rtj (fig (fig - fi,) 

4 A'h) ^ 

(.fj -»)(/?, -ao)rrr(«,-n«) 

4 A"«) , 

«o) ■■■ K-««-iy 

• 187. 
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Sinai'.. fl') is n polynomial of dogruo «, its dividod dilleroncim of 
order («. + 1) are zero, ie. 

A^O' *h "*> • • ■ "»> •'■) ” 

Arranging the factors of tint dononiinutorH in the above 
i'ractious so that the first factor in each denoniinut or is of the 
form (» - a^, we obtain 



{x - lto){llo - "i)("o - "J ■ ■ ■ ("o - "») 

4 . 

(® — rtj) — Ofl) • ‘ ' (*b ”■ 'bi) 


./("»), _ f\\ 

(x~(l„){"n~"o) • • • {"»-•'» l) 

which is Lagrange’s formula in a form suitalde for tumipiiliition."' 

Another way of writing this formula is obtained by multi* 
plying both sides of equation (A) liy 

(» - n„){x - a,)(9' - Uj.) . . . (y - It,,), 


when we ol)tain 

./W- 


(x - llj){x - il.i) . . . (/ »'„) .. . 

("o~ ~ "s) • • • {"n *'<>)' 

(x - itn){x ~ ti.j) . . . {x ■ It,,) , 

("i-"o)("i-"a) • • • ' 


("h ~ "n)("» - "i) • • 


* {i^ ,1 "■ 




(B) 


Ti irt iiijpiirtiuit tc» noto that wlion n B«'t ol' <»x|>pri!ui'nUil fintn oVmy a 
law which cnii Ijo algplimimlly im n jiolynnininl of n* 

th(*n not h‘H« than (n + 1) nlwivatiann mo m|niml in oixh»r to mnujnict 
the polynoniinh If only n vnltioH w(^r<» iiwfl, the imlynonilnl 

wonitl 1 ki of (logrow (n- 1). nppl.vinff iho t^agrangi’ fnrmiilu It 

tluM'cforo necpufwiry to ftHcortain tho finliff of tho flividix! <lHTcnnn5<»i* which 
arc of constant valin^ ainl thttn nn«l tho |»ro|wM* value fur n, 

ICa 1. Oirrn thrf luthirH fn vnkHUtit tAn vitlm 

i\f f (it') rnrTrHpmulhitj to .p««» ii7. 


* IdigrangB^H fonuuhi wan tlrnt |Mthli?ihmI in hlM f*r<cnnM $nr /#«* 

vtath^innfitfUf% in 17S»r*i rBiiHiitcfi in hU Wnww, 7, |i. 
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Afiplyitig fiirjiuiln (A), we nbtaiii 

jm) 

<27 - 14)(27 - 1 7) (27 - ai)(27 - 3ft) 

tiH'7 

"\27- l -3lnl4 -3f.) 

Dili 

^(27 - t7)(l7 - I »)(I7 31 tl7 - 3ft) 

« I'O 

■*‘(27-31)(3l - U;(31 ■ 17.(31 -3ft) 
31)' 1 

"^<27 - 3A)(3ft - I l)(3f. . I7'i3f. 31) 

/(27) flH-7 lU-n 44'i) 31)1 

■)!• 

4100 131)23 7ft«ll) 3HOH 12«)I)« 


/(27)-.4l)'317 («|.i>^'*'). 
Till' mjulml vtklut! in 41)-3. 


« O I a o 

theilfttn ^ j*. /u/orwi th*> ruhir funtifiim of /, 

Applying formula (ll), w« hiiv« 

_ iL-J ) (■m) - ft) , . 

•'' ' {0-l)(0-2)(:0-6) l(l-2.(l~fi)‘ 2(2-l)(2-ft,' 

»:(/-l)(/-2) 
ft(fi- l)(ft-2) 


la. Aa altematiya proof of Laffranga's formnia by tha 
nae of detarminanta is tho follikwiiig ; 

Let P„ dimoto a |>olynomial of dogroo n, and (ml 

P„- A -f 11*+ fL^ + . . , + Ijb" 

-/(»)■ 

Substituting in sucoeiuiinn tho valuos a^, . , a„ lor *, we 
obtain 

,/lffo) « A + Iko + C,a* + , , , + b»o". 

A^t) "• A + Brt, + <’«,• 1- , , , + I/I,", 

,/ta«) - A + lJa„ + Otf„* + . . , + 


INTEIU’OLATION 

Eliminating A, B, (!, . . . from tlumo winntioiiH ilotoriinmuit- 
ally we have 


0- 

p„ 

y'("o) 


./(«.) « • 



1 

1 

1 

1 

. 1 


X 

(Iq 

>h 

«B . . 

. 0„ 



V 

< 

0./ .. 

. rt „“ 


las'* 

n 

"i" 

Hi,'* . . 

ft 

• 


Expanding this dotiirminant aooonling to the olomontH of the 
first row, wu see that 


P» 

1 

1 

. , 

. 1 

-/(«o)| 

1 

1 . . 

. 1 






«1 

. . 

. an 



f^, . . 






rto** 


• • 

. a.* 



a{^ . 






f/O** 



. 


in" 

f/," . . 





-/(«■) 

1 

1 

1 . 

. , 1 


, . . 1 ( 

1 ]"/(»») 

1 

t . . 

, . 1 



ill 


f/a . 

. . ftn 




if 

ff,) . . 

. . i 






. . Kh^ 





ff,;** . . 

. . It\ i 




ii 

If./ . 

. . 




,r** 

n ’* 

. t 

• ' i 

■ • "**» 1 


Tim dot(*riui mints in this miuatiou iimy 1 h) n-proHoiitcd 
as dillereiicn-priithicts. The oooflicifiit of ,/(«„) is tlm tlifUT" 
onoo-product of sn, <(,, . . i)„, the oottirK-ionf. of is thn 

dilforonoo-iiroduct of :>•, ^I’o* "a> • • *• '*"■ '"“y 

write 


1 

1 . 

. 1 

s:; - 

1 1 

1 . 

. 1 1 

4. 

1 

1 

1 . 

. t 



. (fn 


ffj f/o 

fty , 





If, . 

. Oh 

^0^ 





ff/ . 

* i 

if ^ < 

. . ff-n 

! 

If/ 

rl ** 

"n 

11/ . 



if. tlio coefficient of P,, is equal to thn differenne-prodnet of 
fflo, rtj, . . ff„: it is also equal to niintis thi' diffinronoe- 
prodnet of a,, ffj, , . ,, or to plus thi^ difi'eritrmn-prmhiot 
of Oj, ff„, rt,, . . n,„ and so on. If we now divide throiigh- 

ont hy the coefficient of P„ in equation (1). we obtain the 
result : 
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i> ,./ra L ».i) 

“ “ K-«i)K --''«) ("o "»i 


(•< - >*,) 
K-««) 


+ /r«() "») ■ • ■ (•'■■'"») 

' ‘Vi -■"o)(''i - "a){"i "a) ■ ■ ("i - "») 


+ /?„ ^ "i) • ■ ■ i) 

wliicli ia thu foriuuk rtHpiiri'd. 

Tluirti in uti ihllnito tiUftiUT uf fititiMtnufi td rMih nf >A}iir)i him the 
values /(/I q), /(eij), * , /(ii„) m »ij, . , ,, «„ I ively* lit tlm 

[tmctical applioatious uf iiuif httiiinlie-, )iuMrv«<r, mp puimKlpr mtly ftitiDtoto^ 
HUcjh that if <* 0 , a|» . . a« are eutfloipiilly chw toKothor, any mip nf the 
fiindione may Iw re|»rpf«Jiitml with t^dprahle nwMiMiry hy the {Htlynoinial 
for the mitgo of valnmi indmUal iN'twim Hp, Hj, , . The 

formula may thus he need for ttiU»r|n4atium 

19. The Eemainder Tern in LagTange's Formula 
of Interpolation.*— I/)t /{a-) bo ii funoiii.n uf tho n-al 
variablo x dofinod in iin intorvni tit which Im'Ihiih the vnlntw 
®o> ®i' • • •• •'«- '‘>'<1 I'owwNfiiiK ill tluH inlcrval tlio dorivttlivo 
of order n, 

Cnnsidor tlio funotion ;/{x), where 


ff{x) 

,/(.!■) a!" 

a-"-! . . . 

SO 



V"’ ■ • • 

Wq 


A^„) 

a',,”"’ . . 


The determinant vanishes for 

thu values 



1 

1 

« 

1 




.. a»«. By 


the differentiftl oaloidus we nee tlmt eince //(t) vnniiiheH for 
(n + 1) vahttiB of X, its derivative ff{x) vaiiitheii for n vahicH oJ 
«, the second derivative for (n - 1) values, and bo on; the nth 
derivative vanishing for one value of x in the interval. Thua 

there exists a value x intermediate Iietweim x^^, *, x„ such 

that - 0. 


Forming the nth derivative of the determinant by differ- 
ontiating the varirihle elements of tlie firnl row, wo havti : 


# 


PeaiiOj offrUint h\ /i‘ Ovitho (Turin, lOtS), p, ;i3n. 
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n\ 

0 

. . 0 0 

7(®o) 

V* 

tt “ 1 
•^0 

• * *#’0 i 

A^n) 



. . *15,1 1 


0 , 


If we (expand thie determinant according tn tlic olnmentH of 
the first column and solve for in tlui resulting otitmtion, 
we find 


('^'0 “ 

^a) (*^'0 ” '^‘a) • • 

■ (''0 ~ /Yj. \ 

(OJj - 

^*a) (^‘1 “ ^ 3 ) * * 

(Xq - 

a;j)(u-o-a 7 j,) . . 

• (^'O - i'/ , \ 


•i'j) (ajg - aig) . . 

Kz 


• * (“'0 ~ “’m 0 y/j. ' 

(Xn - 


. . .r "' 


a?j) (a^o - afjj) . . 

a! 



whore x is hoiius mnnhor intt‘rinodiate Imtween Xu • • •» 
This is Lii(jf(tn(jt*^ii fonnula mfh ti remnitu/er iertth 


ExAMl'LlCH ON (hlAITKH 1! 

1 . If /(j-) »«• di i% /nul /(f^ r, 

‘2, If /(^) »» f/(a?) 4* /d A niid vt-riTv that 

fir,, 7 , n, i 3 )-//(n, 7 » ii, ia) 4 //{T», 7, ii, m 

;i. (Hvt‘u valuiisH 

/ 4 5 7 10 II 13 

/(^j) 48 100 204 000 1210 2028 

form 11 h» tahlii of <Iivi(Ittd dilfunsiiri'H ami tjxtimd it lo hiRlndti tl»u vnlucii 
of the function for in- 3 and 'x>m 1 1. 

4. Find the function f(r) in mch of tin' following «im*» : 

{a) X 11 13 M 18 10 21 

f(/) 1342 2210 27ft8 flftAO (1878 0282 

(h) X 16 17 10 23 20 31 

f{x) 65536 83521 130321 270841 707281 083521 

by nnyinn of a table of divided dillbrinam 

<0 3*0 I 
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CaloulAti^ /( 1 )» given the valiiee 

a* 0 » n n 7 n 

/(^) 65Hftoa 7010(111 Ttfiinno H(M:i57 HmiriHi hh.|73ii 

(1, A<*>*inning /tx) f<i l»e n fimrtioti iif tin* fniirih Orgrer in x, ftml the 
value nfy(H)) fmiu lln’ v«Itii’H 

n 17 ^^n ni 

/\V) Hfl lO H.VlilO l!l4 IHn SJ70H |I1 

7. The value»^ nf n rtthiu fuiielhin are 1 AO, Oili*, nml 

5S20S^, eMm*Hjnuiflj«g the valnw ..f the nrgninml A, 7 , ||, |,»i, 17 
reejieetively, Apply the I^miige fnrtniihi fu (inii the fniirtiun tthen 
the argument haa the valuim 0 itiui O A n^jhiuively 

B. Find nii expreMlnti f«r the runrilou in eaeh nf (he exatntih*# (6) 
ind {7)» using the Lagrange formula tif iniijr|H»lalifin. 



CHAPTER III 

GKNTllAL-DIFFBUKNCK FORM UI.AK 

20. Central -Difference Notations. — In thiH chaptor w« 
shall consider certain formulae of iuterj)olation which eiiiiiloy 
differenoos taken nearly or exactly from a single horizontal line 
of the difference table. In order to express these simply it is 
convenient to modify the notation of the oaleuhis of differeiices. 

Several systems of modified notation ant in ustt. One, 
which wo shall frequently itmpley, was introduced hy W. K. 
Sheppard* and will be nnderstottd from the Ibllowing difhtrenoo 
table. It is based on a symliol S which nniy be rttganled as 
equivalent to AE'*, whont K as usual denottts Urn transition 
from any number to tint numhttv next liehtw it in this difference 
tahhs, i.e. E =■ 1 + A. 

Since fisAE”"^ and therefore A = ^IE^ we may write 
AmqmSwj, A“tto =« <5*//,, A*ao*‘’^*"5' • • •> A"//„ ~ anti so en. 
Eewriting the ordinary difference fahlit, wo obtain 


AfiiumenL 





a - 2^/’ 

U.g 

hi j 



a - w 

“-1 






.. 4 



a 

Wfl 

«‘«o 

o*//, 

I5»W, 

fi*«o 


a + 'w? 




fiH. 

S*«, 




1 


If wo BUppOHO 

onch 

mw of tho tlilfortmco tiiblo to 1»o numUonMl will* 


the Huflix p (if this (t<irritH))i)iiiUiig entry Up, nr, in the uAwt of n row 
Hiltialeil millway iKttwwii two I'nlriits iq, Aiid iq,4 j, to take lint numlKtr 
we see that A*''«o, the tUfrereiiceii of even iiiiler of Ug, are n-pre- 
Bonteil in llitt (teittral-ilill'erenite nelation liy iiiiice Ihey are nUtiatiHl 
* /Vhc. Aimdiin Mnth, Hot. SI (18011), p. 450. 
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in the niw r. Tlie diffBri'iioi» i»f mhl <inlr»- A*' ' ' 11 ^ iiiv ri'iin’m'iitixl liy 
the ex|inm<<iuii fi*'' eiiu’e tlii')’ in ihi' n>n- r + 

It in iil'Uni rniiiiimil to tiinl lln' arilliiin’lin iukuii nl' imi 
luljjujniil fiitrinH iti lilt* wilin' noiniuii nl <liin'roiii'i'H. In ihe 
S Hynttnn nl imUilinii \v« itniirnli' lliin iiii'uii hy llm Hytnlml ^ 
ThuH /lAUff in (ii>iiiniil In !«' j 4 "* i{^*" j ^ 

and HU nil I'nr llin llli'nil diiriTi'IH’i'H nl’ I III' nllinr I'liti ii'H, Till' 
moan dnii'ntiioi'H iiiiiy Im* iiimirtf'd in tin* tiildn In fill in tin' pum 
that occur Imtwui'ii llin HynilHilH nf ttic i{Uaiititii'K Irnm wliioli 
they arc derived. 


In mnithur 

ntilutioii wliirli 

W«l» Mlggf**»liNi 

l.y H. A. J»ir.'« dll' 

A ^ iimtiiaci uf ^ 

following tabl« ; 

A rffuuwH^, AV 

Thi! noUtion in illtu*iriil«U in ilm 

a-w 

^ t 

A*« 1 

A*«.* 

a 


A*M|1 

ASi 

A*“» 

a + io 

rt + 2f<» 

A 

A*"i 



21. Th« Newton- daoM Formala of Intorpolntion. 

Suppose timt a f« iintimi ./'(« + (w) im jdvcii fnr the valiios 


... a - It’, n, a + w, n + 2i/', . . . 
of its argument 

If in the Newton formiiia for unoi|tml inlervulH we take 
<*0 •■ « + rtj » rt - tt’, a, >• a 4- 2 h', «« «• « - 2f/', and so on, 

and denote n + mo by «, we obtain 

A^) “A^) + (“ ” n + w>) + (« - rt) ( If - a - «»]!/(«, a + «i,o - te) 
+ [u — a)(u — a — v>){u — a + , n + «*, « - te, n + 2 m') 

+ («-«)(«. a + »')(« -n - 2 ie) 

J[n, « + «».«- te, (t + 2«', a - 2«’) 
+ (« - a){it - a - w»)(tt - « + w){tt - 11 - 2w‘)(m - n + 2i/’) 

/la, a + w, a - u', a 4- 2»e, a - 2*e, n + .3«'). 

0) 


4 ** * . 


* TfnHM. Ah. iVfw, Amnr, U(1917), 91. 
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The divided differoiicoH contained in this equation may Ite 
written in tlie ordinary notation ol' differcnocB uh IoIIowh: 

I 

/{a, a + w, n - «') = 2 ! 

/{a, a + vi, a -w, a + 2v )) « 3 

etc. 

Equation (1) thus taki^s tlu! Ibrni 

/{a + X10) -/(«) + »A/'('‘) + *^*2"! 

+ (?±i)|.(^ri)Ay(« - w) 

+ _ 2?c) 

+ . . (A) 

This formula, which iw <mo <»f tlh<^ of fnnuuliu! knowo to 

Ni^wton, is often callial tho Gaum hnmmla. 

The dillVrencert umMl in Huh ft>rmula an* oh nearly «« |H)HHihl4’ in ilm 
horizontal line through /(a) in the original <liilVrenr.e tnhh*. The forinulit 
18 therefore convetihuit for uho wln*n Ihn value f>f the argmui'iit for v\hirh 
the function in r(M|uiro(I in near the iniihlh* of the tahuhiled vahten, Thi)* 
hu’inula may be rejjrem'Uted nion^ Himply by tinlng the Hymlwil (a)^ to 
denote the binomial coehiiaent 

n{n - 1) (7t - ii) . . . (7» f -f I) 

rl'" * 

80 that it may be written 

/{a + xv>) mf{a) + xAf{tt) + G)^A^/(n - w) -I- (.r + 1 )nA^/(n - tr) 

+ (x 4- 1 )^A^f(n - !2ia) + (.r + - 2«’) + . . . (H) 

22. The Newton-Oaugg Backward Formala.— From t he 
formula of the last section anotlwr may lie derived which 
is often us(*d when i« is measured in a iio^rativo direction 
from i.e, towards dt'croasirif? values of tho afKUtni'iit. 

Buppose wo write _/i(ni - w) in the fonn/[« +r( - ?/•)} and change* 
the si>^n of in the disonssion of tho last, section. TIjo 
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orilor (»f tlio argianonts and tMirit^njioiiUing fiilrii'H ia then 
reversed. Instwid of &/{») in the Newtiiii-<hi«Hii forraiila wo 
now have /{u - «•) «>r - - «') ; AV|" - «•) in tlte 

above ibrnnila Ufeomes - AVI" “ ~ ••wjomos 

- AVt" ” “O ''••• 'Ve ihuH ohbiin tin' foriiiiihi 

f(it - XII ') - «•) + (j )jAV(" - ( '■ * I )»AVt" - 2w) 

f (x- f 1)4AVI" - ’Jir) (x t ")4AVI" ■" :<«•) + . , . 

which has lieeli ualletl Uie N^wlun-Unuii* ftu muin fur nr^o/itw 
interpolation, or the Nrwton-flnuM Imrkiiiiril Jhrmuhi, 

23. lllieNewtoS'StirUaff ForanUt.— In thefintnw lormida 

J{a + xw) ••/{a) + fliVl") + “ I - "’) 

+ i(x + 1 )x(x - 1 )AV(" - "■) 

+ g'4{x + l)x(x - 1) (x - 2) AVI" - 2"*) ' • . . 

the terms tniiy ki rearrungtHl thiiH ; 

Jla + xtr) ~,/I«) ( xjdj/I") - lAVI" - " ll ' ^.AVI" ~ "') 

_ 2„.)> 

»•(**- I*) A 4, y <1 1 

+ -'-^1 - 'AVI" “ 2"') + . . . 


Suppose we replace the dinbrenws of oven onlor within the 
brackets by difibrences of odd order, lining the identitiiw 

AVIa - «») - AA") - A/I" - «■). 

AVI« “ 2ie) AVI« ~ «•) - A*/In - 2ie), 
and BO on. Wo obtain the result 


-Aa) + ,M«) + - «•) + - -) 

®(a!* - !•) (a^ - 2*) AMrt - 2"’) + A*/I(i - 3w) 
fil 2 


^AVIa - 3w) + , 


(A) 


CENTKAL.DIFFEEENCE FOEMULAE 


sy 


This formula, which was first giveu by Newton,* was after- 
wards studied by Stirling f and is called the Ntwion-Slidmg 
formula. 


Tliti THpan-differeiu'cs J { A/(f() + A/(a - w) f , { A®/(a - ^ - w>) j , 

(itc., aro compltitely »yninu^tncal with roganl to incn^HHing niul iloomwing 
argunuintH. This fact emhlcs us to express thu formula very coiicimdy 
by im*aiiR of tho amtral-differencc noUition of i 




y(,.a- !)(,.» -jig) 

ft! 




wht-ro /4fi?tQ •» j + S«j), 
and 8u on. 


(B) 


24 The Newton-Bessel Fomtila.— In the Newton-OauBs 
formula 

/(a + xif) «=/(«) + xtaJXn) + hx{T. - 1 ) A*/l(« - ?/>) 

+ A(x' + I )x{x - l)Ay(f/ - V') 

+ aV(® + > )*(® - I ) {•f - AV'('f' “ 2//)) + . . . ; 
lot ns Rubatituto for J/(a), ^AVt'' - '/’), .JAy((f - 2//'), otc,, their 
valuoR <)l)taino(l from tho ulotititios 

J\a) ^J\it + ’w) - 

Ay(rt - 1!') - Ay'(fr) ~ A*/i(rt - '//•), 

Ay^re - 2?/’) ■»= Ay'(o - «’) - Ayi(o, - 2?/'), 
otc. 

The altovo equation boconies 

f{a + XV') i« J {/(a) +,/l(rt + «-)} + (a: - !i)4^/l[rt) 

+ + A%')} 

+ (® + - 1) (* - 2) ^ ^ ^ A J 

which is symmetrical with reHpeot to tho argjimimt (« + }«•). 

This formula, which waR firnt given by Nowton J and later 
URod by BcbhoI, ir culled tho Newlvn-IkHud /nnnvht. 

• Nowton, ifHhmlut Diffniiliii/h (“iTlI), IVtiji. lii, anw 1, 
t Stirling, MHhnihiii inffmilMi. {-[TM), Pro|i, xs. 

t MetM.u> DiffirntliaUn (1711), rro|i. iii. Caxo li, i Stirling, Mrlhntut 
DilffTmtinliti (I7:i0), Prop. *x. Caw 11. 
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If in this fomul* wo write * - J - y, it becntuoa 
f\a + + yw) - i {/(«) +y^rt + «•)! + »/A/l'») 

+ 1AM" ~ < AM" - "■)! + . . . (B) 


2S. Xverett’i formnla.— VVhon it U nM|tiin<tl tti inter- 
polate between /{it) ami J\n * »<■) in tin' cmiHtmelion of tablt« 
by the subdivioion of intervaU, HUiliHlii'iiiiia fre<|uonl]y use t 
formula due to Everett,* which w written in the form 


»« 





where it* denotea J\a + sew), and ^ denotm (I - ®), and where a« 
usual ^ denotea A’K * *. Thus for a; - J. ^ - 1 - j » 

This formula involves only even oentrul diirenmoea of enoh 
of the two middle terms of the auriei* Iwtwoen which the 
interpolation hus to be ma<ie. 

To prove thin formula we oliminnto front the Newton-Caum 
formula 

/{a + xu>) + afA/l") + (3!),AM" - "') + (* ♦ 1 )tAM" - **') 

+ {» + 1)|AM" - 2"’) {* + 2), AM" - 2«’) + . . . ' 

the differences of odd order by moans of the rolationa 

A/t") + ■•'’) “/(•*}> AM" - "') ” AM") - AM« - »'•). 

AM" "■ 2w) •» AM" “ ” AM" •* 2»e) . . . 

The Newton-Qauas fonnula Iteconii-s 
/(a +aw) -./](rt) + ®|yirt + w) + (®)|AM" ■■ «’) 

+ (® + l)8fAM") - AM" - "’jl + (» + 1)|AM" - Sv*) 

+ (» + 2)8lAM" - - AM" - 2«>)1 + . . . 

Using the relation (p + l).,u - (/j),. j + {?)?• eqimtion 
may be written 

* Brit, Atmf. Brp. (1900), p. BtS : J. 1. A. tS, ji 463 tlHOt), T»l.l«i of tlie oo- 

effloUnt* III tlilM fonmiln hsvn Wti |•ltb|tl>ilPl| in Trattt for I'omputm, Nn. V. 
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f{a + ®w) ■■ (1 - *)/(«) + + «?) + (»+! )zb^J\u) - ~ 

+ (sc + 2)5A*/(“ ~ ’") “ (® + “ 2 m’) +• . . . 

Introducing central difierenoes and rearranging the terma, 

f{a + xw) - (1 - x)f{a) - {x)M^) - (a: + • 

+ xf{a + w) + (» + + (® + 2)5<5^/i(rt + «’) + . . • 

If we now transform the cooffioientB by means nf the 

relation 1 - a! - so that (a!)8 = - (^ + l)s. (*+1)8“ ” (i + ‘^)8> 
etc., we have 

J{a + xfio) - £/!(«) + (^ + + (^ + + • • * 

+ !?/'(« + «>) + (a; + 1)8«M"' + "’) + (» + + • ’ ' 

which is Everett’s fort/iukt for eqitid * interritls of the (trifwnrnt, 

26. Example of Central-Difference Formulae. — The follow- 
ing example illustrates the application of the various central- 
difference formulae : 

To coTtipute the value of lof/jQ eoeh 0‘385fi, hitwii/ given n iahle of vttlitet 
of logify cosh X at intervals O'OOs! of the uri/umeiif, ; 

Foniiitig tlm <liir.T«ucc. tiililo, we. hiks tlwii Hit' tUllt'reiii't'H iif tin* thinl 
onler arti aiiiii'oxiniati'.ly iKiiistaiit. Tim tlilltmtiiwH iif llu' fiturtli iirtliT^ 
will, howtivtir, Im tiiki'ii iuttt lunuiunt Hlitt'it Htiitli ii tlifrt*i‘tuit!t* nifty ftiretit 
tins fttiuvimcy of tlm liutt fiffure of tlm riiMiilt. 


Arffmue7U, 

0*360 

0.0275 5402 3080 


/ . 

I n 

0*362 

278 552.3 7805 

30061 3«25 

* ■ ' ' 

152 8(135 

'( 

0*364 

281 5737 9«fl5 

30214 1860 

1 U ■ ^ ■ 

'r 'i " 

152 5013 

2Ui^ 

- 13 

0*366 

0*368 

0*370 

284 0104 74.38 

287 0023 8081) 

200 7205 2180 

30366 7773 

30516 1551 

30671 3161 

152 .3778 

152 lit 10 

2135 

-*3 

2163H 


In Everett’s formulii jHit J, J, and Wo—O-OiSm 0737 9065, 

/(0-3665)-. 1(281 07.37 96fl5) + (- ^5 r)(I 02 5»13)+ ,!Ji}j( - 1.3) 

+ 1(284 0104 74.3H) + ( - vJft)(lft2 3778)+ g] J, (- 3) 
- 28.3 8513 0494.75 - 14 2fl37'5» - O-IS - 283 8498 7557'03, 
log titmh (0..3055) 1 0.028.3 8408 7557 . 

* Corroaiionding formuliiB for uupiiiml inturvftU liavo 1io«ii glvon by It. Tod 
liuiitiir, /././f. 50 (ISIO), (I. 1:17, and by 0. J. MtUtiitift. /V«r. AWfi*, Mnih. .S'or. 
40 (1922), p, 26. 
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In the Nrwlnn’ltmti'l fomiitin put J. 

/(O'Sflftft)— ^ Ttan) l(3'>3flW 7773) 

+ (“!ia^i( + lAK S77 h)“ 3 I3.'i)4 > 1 - 13 - S) 

-S«30Ilj!13fiftl ft + 7Ani«»l3lift - HiWfM a: ( MOH II-H 
-383 R4UR 7AA7-03. 
hig (xmIi (0-3flA6)-0'n8H3 H 4 »H 7AA7. 

Hy the NfU'Um-Uauu formiiht 

/(0'3flAA)-aHl A737 ItO«A + »{3 03«« 77731 + ( - j i I Aa ftin.'j, 

+ (~ ,i,,M aia.A; f is) 
- aHI A737 (MinA + 3877 AliHail-7A • I 4 3(iA4-34 

+ nnTn-n-aa 

-883 8408 7A00 UA. 
log oo*h (0>3B5A)-0<0aH3 H4BH 7AA7. 

By the ^•uaan>^t«Winp roniiuU 

A0.36AA)- 881 ft787 OeOA + J ^ J |fta A013) 

- 881 3737 86(16 8 87 17 801 8-38 -f 48 II 103 03 

+ 1 10 40+*13 

-883 84B8 7BA6-84. 
log ooeh (0<8e6a)- 0-088 8 8488 7 667. 

27. The romnlM of tht prooedlag Sootloni m»,y b« 
exproMod more ooaoiieiy by meaas of the Oentnd* 
Dilfereaoe Kotatioa of § 90. 

EvtreU't formula ; 

«» «• ^«o + (^ + 1 ),8*« j + {£ + 2 ),S*i 4(, + . . . + (f + r)ir+i8*'ii, + , , . 
•fiBttj + (ic + l)jfi*Oj 4- (m 4- 2)jS*W| t , . . + (a! 4- »')§, ) i^«i 4- . . . 

The N«v>loii‘B«s$tl fortstila : 

Ug - + (« - 4- J 

» V o' * 

+ . . . +{® + r- l)t.^^Mj4-(.«4-»-- + , , , 

Tho Newton-Oattta formula : 

- «o + »««j + HtAu + (« + 1 4- (* 4- 1 4- (* + 

+ . . . + (*+»•- 4 (* 4 r)tr ‘ . . . 


CENTRAL-DIFFERENCE FORMULAE 
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The Newton-Stirling formula ; 

- Mo + a:/*SMo + |*8*Wo + ■ ^i*«o 

M ^ . . 

+ iK® + r)sr + (® + r - l)*r}8®% + (a: + r)s,. i i/xS*'' ' *tto + . . 
Nmton-Oauas hachmrd /ormvia : 

«-» ■“ «o “ 1 + (®)s8*//o - (a; + 1 )88 *m. | 

+ (» + 1)48*?/.o - (» + 2)58*// . j, + . . . 

+ (® + ?• - 1 )»,S*’‘Mo - (® + ?’)»;. I lS*'" * *W. . J + . . , 


28. The Lozenge Diagram. — Wu shall now givo n method 
which .enables us to find a large number of fornudao of 
interpolation. 

Let {p)j denote the quantity let Vr denote the 

entry + no). We obtain at once tho relations 

(?>),»(?' + (1) 

_ rH - A'/« . =. A'M hi . „ (2) 

and, combining these ecjuations, wo mui that 


(?j)vlA’«.r+i - A?//..,.} «• !(//+ 1),,H “ (/')-, h.'A'' ' hr. 
or 


(?p),,A% . ,. + {}) + 1 ),,+iA'/+ »M , - {!>),, Sam - , f h ( /Ov 1 1 A'' ' * « (3) 
Suppose wo arrange these terms in the form ol’ ti “ lozenge ’’ so 
that tho terms on the left-hand side of the equation lie nhttig 
the two upper sides of the lozcmgo atid tho terms of the right- 



Kio. 9. 
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hand aid*) alimg th« l««wor aidi*. Wo nhiain iho »b«*vo diagram 
in whiuh h line diroote*! iVom left to right joining two iiuantitiea 
denohm iho ndtliUon uf thow qnantitii'a. 

Kc|tiali)in (M) may Iw ex|>n‘«Hi'*l Ity llic HUitoiiimt tliiit; »» 
travelliiiff from th« h’/l-lmnil tr> lrjr tn thr nt/ht hniid rn trx nj 
the tozenrft in the Hittgrum, the eum oj the elemrnte irliirh lie 
along the vpper route i» eifnul to the mim of the rlrmente which tie 
along the lower route. 

It is iividt’til that thia HtuU'ini'tit may Ix' estotidod. I'or 
example, let uh ploue in euntigiiity the liumitgue norrmiiotid* 
ing to 



BO that the upper verticea of the loaengtia, whioh an^ of the rorm 
(p)fAfit.ri form a aort of dilfenmne tnhlo : 

(n),AM . , 

I 

(n- I),A»o 

We obtain tho following diagram ; 



fw. 8. 


Applying the rule given by equation (3), it ia evident that 
the Bum of tho eletnonta along either of the following ruutee ia 
the aamo : 

«o + ., + (»+! ),A*(' , + (a + I )jA*« |. 

«o+(a)iAtto +(»),AV , +(» + l),A% 1. 
«o+C«)i^«o +(«)a^*«o +(w)a‘i*'' I- 
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Since «„ + + (« “ wo may form tliroe 

other expressions beginning with the term «j instead of and 
equivalent to those already given, namely, 

+ (« - 1)iAmo + (n)2^®w - j + {» + l)8^*w - 1 
and two similar expntssions. 

If we examine the structure of this diagrmu, it will bo w^en 
that the values of q and i‘ in the oxprossion {}>),, L’fu.r are 
arranged in precisely the same way as for tlie dilforenooB 
L’ffiu - Tw) ill an ordinary dilference table. Tho values of y am 
constant along any diagonal descemling from lid't to right of 
tho diagram, while along a diagonal ascending from loft to right 
these values increase by unity at each vortex. The first value 
of y along either line radiating from Wj is taken to Iki y » n. 

By extending this diagram we arrive at tho following, which 



Fia 4, 
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may be oalled a lt>$eng$ or *' Frimr ” (liagratn Htnon it ia g 
mo^floation of one duo Ui l>. C, Kriwur.* 

Now the Orogory-Nowton foriiiulH f«r «„ in Uio «\im of the 
ulumentB from «q along the downward Htojiing linn to the Hue 
of aero difl’erenw'n. So u„ - ihi- hiiiii of the cleinonta from 
along any route, whatever to the line *>!’ »!r«» dilVoreneiw. 

From tlio identity u„i hAu„~u, t (n - l)A«o it la evident 
that the value ef i« unaltcrwl if n muUi in auiecited elarting 
from ttj inntead of from Wp. /n gmeral the turn of the elementt 
along any route prooeedif^ fnm any entry «, whatever to the 
line of tero dijferencee i» eg uni to 

Applying thin rule, we Iiavk at unui fttuii llie lotu'iige diaKmiii 

«,*»«o+(»)tAa.i + (w+ l)iA*« | + (n + l)||A*M , 

+ (H ♦ 3>4A*ii 4 + . , . (4) 

(a)xAa I (e + 1)|A®« | 4 (h g 

^4 (» 4 a gA*!! ,4 . , . (6) 

«^ — «g + (»),AH0 4-(»)gA*« ,4-(M4l)gA*« | + (m4I'|A*m g4, , (8) 

H, — «|4-(»- l)|Au0 4-(»)|A*M0+(M)gA*M I 4 (h 4 ItgA^M , ( , , . (7) 

llijwriting iHjimtlonn (ft)i (0) in tlit^ ivnlrnl ihfTf’fi’iirr nuUiimti, wv (Itiil 

M }40 4* . J + (h -f ^ I * ^ 4* < . 

and 

m ftp +• 4- 4 (»> 4- ! 4 t »♦ 4 I 4 . 

which ii» th« ftirmtilit 

If Wfi now tuko th« tnimtt of ih«wi' vnlin^ of ti^, wi« oliiaiii thp foriiiiiU 
whonn ditfHhnuv* am along tliu mw r<irriff|Kjnihiig l«» Up : 

+ | + J|{m 4* l),4 (»)|l^Mp 

4* (» + l)a I 4- 4- 5 j(« 4 ^)| 4 f« 4 I 4 . . . 

or 

««*»tto+(n)j/A^Wo4 1)^*«I|4 iyi^Np4. . . 

which li th« NmtUon-BHrltnft fortiuila. 

The mean value of from cH|itatiotifi (fl), (7) may lio ox|inwM^l either 
a« Everett*a formula or aa the KewUm-lkwwl formula* WiUiiig (6), (7) 
in the oentral-differenoe notation, 

tt^-tto + («)jfia^4(n)|8»iu + («4* l)|^tt|4(»4- l)t^4* * . 

+ (n4-r- l)|,^iip4{n4r)p,*^ia**^**W|4. . . W 

Up » ttj 4 (tt I 4 (n)|S^, 4- j 4 fa 4 I )4**a| 4- * . . 

4{i»4f- I>ir^a,4(ff4r- , (») 
Taking the arithmetic mean of lhc#i» valmw of a^, wo may eliminate 
• JJ,J, a (loom, \h aaa, 
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(lillVnsiHU'Huf mitl oitU^r i»y npjtlying th« ruIiitioUH l)^+j •* (?0»/+.i 

1111(1 6*'* *^^4^ ■« of uikt'H tin* fonii 

J I (4 + V l)gf + (4 + ^)gr-f I " 1 “ (4 -f- - l)ir+i} (4 f ^)gr i t* < 4 J- 

t“llit‘itMit of ^’*'■ 44 , hciromi'H i {(« 4 - r - ly *- (n 4 * r)g,v, , - {it 4 r - l)g,. , j j 
or - (n 4 r - 1 )*#*♦!» lUid liy nu Utitutiiig ^ for (1 -«) \yi‘ mn^ fhut 

“ (4 4 y - 1 )ii* f I "■ - (r — ^)|,* 1 1 (f 4 r , j. 

'riu* jiiithm(‘li(' «H*nn of (MjuatinUH (H), (!i) may thim In* wriltMi in llm lorin 

U„ i )8^*4u f 4 4 . . . 4 (| 4 y)4r 1 4 . . . 

4 44j 4 (4 4 1 4 (» 4 4 . . » 4 (n 4 ^‘V ' ‘ ‘ 

whit’h irt KnvriVt formuln, 

howovtT^ wo liiiii the ftriiliiuciii' miwui of tlio valtu*H itf 
ill (H) luid iO) ami Himplify Urn i tKilliumiiU of tlillVivncoH of iKlit ohUt in 
tlm n^nulting (^x|»ri‘H^*i^»n l»y imniiin of tliw ri'lutioii 

A 1 (4 4 r)g^ ^ j 4 (4 4 r ~ 1 )|r I j } "• (» 4 r 1 )p- • ^ ^ • 

Wo now oblniii tlm rwiill 

„ _ 1 

+ (n + r - 1 )friul^Uh + (« + r - I ^ j ^‘''■* + . . 

which Im the HttMrl forninlH, 

29. &«latiT« Aconraoy of Oentral-Differenoe Fomulae.— 

It is freqiH'iitly lUicoHHary to uho aiqiroximiato formulae which 
terminate bofuro thu column of xoro tlifTcrcncoA Ik rcaohticl From 
the lant Hoction we have mion that tliu Hums of the clemonta along 
any two routea which torminate at the name verUtx are identical 
If the rontea terminate at two adjacent vorticea {;<),,A’K.r4j and 
(p)^»«.r which are in the aamo " lozejige," the auma of the 
elements along theao routea tiiffor hy ( 7 »)v(A«m . ^ , j -■ A»w-,), t.«. 
hy (fOvA** Extending this reault to ronttw terminating in 
the aaine ooltuim of differencea, for example, at A*;t.g and A*Uo« 
it ia evident that the auma of the elementa along theao routea 
differ hy (n + 2)4A*tf .# + («+ 1 )«A*tt., + ( 7 i) 4 A®k . j. 

Wo ahall now oonaider routes that lie along horizontal 
linoa; theae yield the formnlat' containing mean -differencea. In 
the last section it was shown that a mean-dilTeronae formula ia 
obtained by taking the arithmetic mean of the elements along 
two adjfuwmt nuitos. From the nio<lo of formation we sei* that 
the Buma of the elementa along such routea are identionl na far 
as tht» vorticea at the intenamtiona of the ront<'B. Eor example, 
the Newton •(lanss fonnula ia (equivalent to the Newtnn-Stirling 
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formula aa far diffen'notw of mn onlor, aiul it in olno 
ecjuivalimt to tho Nowtim-Bomwl forimila )U4 far an dilforeHom 
of odd ordi^r. When a furintila ia (Mirtaili'd, tito t|U 0 Hti(iii ariaca 
aa to whutiior it ia iixiro udvatita(;i>iiHH to milin't a rouUt which 
terminal at a iiioiut diifonutoi' or at an ordittary difforenoe. 

The following diagram rnprewntH ihe {Hii tion uf thi' loaenge 
diagram along tin' row I’orreajHHiding to and luljaoont to 
tho difforiMici'H of order 2 »-. L't A dnnotn ihe mean dilfur* 
ence (« + r)f, ii/**’*'**"o' di'imtn tho nii'an dilfercnoa 

(n + r 


1 


lu , 


in+r). 





rm. &. 


Tho route along tho dottwl line titrongh A ifproat'Ota the 
Newton-Stirling furnnihi and lhi< route along tho dotted line 
through H ropreaonta the Nev'tun-llemi formula. Tho Jituiton- 
Qauu formula, which ia repreoanUHl in tho diagram hy a aigaag 
intermediatu route, ia ocjuivalont to the Stirling formula at the 
vertioea and and it ia alao oquivalent to tlie Ih’seel 

formula at the vortioes fl^'hn arnl 

Consider the three routes representing the Qauss and tlie 
Stirling formuhui and the formula which oontaina the diflerenoes 
^Uq, 5*'+*«.4, and If we suppoee thiije 

formulae to be curtailed so that the lost difference of each is of 
order 2r + 1, wo may oomparo the accuracy of those fomulae 
hy ascertaining tho magnitude of tho noglecU’d terms of order 
(2r + 2), The sum of the idementH along either of the routes from 
tho common vertex to the lino of zero differences lieing 
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the same, the most accurate formula is the one in which tlio 
neglected term of order {2r + 2) is the smallest. These terms .are : 
(n + + ’’)*•+» + (» + r + l))b'+»}8*’'+*«0, 

(» + ?• + !)», I 

respectively, and they are also arrange<l in nsoonding order of 
magnitude. The Newton-Gauss formula is therofom more 
accurate as far as moan differences of order (2r'+ l), when 
further terms are neglected, than the corresponding Newton- 
Stirling formula passing through the sumo dilftirences of oven 
order; and both are more accurate than the formula containing 
the difference In precisely the same way we see 

that the Bessel formula is mure accurate than the Gauss 
formula as far as differences of even order when furtlier ttjrms 
are neglected. In general, a central-difference Jormulrt. terminat- 
ing al a mean difference of the entry Up is more accurate than 
a formula which is curtailed at the eorrespondmg central- 
difference ofup.jf, and it is less accurate than a formula which 
is curtailed at the corresponding difference of •«,, | j,* 


Wo Hhall now illuHtiuto liy an i‘Xain|ilc the wiiiorioi'il.v whioli wiilrsl- 
(liiroi'oiKjo formulno K^nomlly havo over other intei'iinlatioti foriiitilae. 

lj(!t it bo ru(iuiwl to find iiip, where — If wo einjdoy for 

this purpiiBo an iutorpolation forniitia whieh prooeedw aei’ortlitijj to 
ftontral dilforonoeH of «q, and stop at the (2r+ 1)1 li ferni, the ri<»oilt in 
the samo ns if wo eniitloyod 1,a){range’H forinnia with given vithnw of 
«_n n„ ao that by § Iff tlie error in 

(x + r)(,. ■ + ,•-!) ... . 

(ar+D! ■ •' 

where I (Umoiea Home number b<*t.wemi nnil ft rw, if, nu Iho 

other hand, wo employ the (Jregory^Nowton formtila, and «to|» at tho 
(2r'+*l)th term» the roRuIt we thi^reby obtain in the name an if wii 
umployod Lagmnge^a formula with given valmm of itj, . . w) 

that the error Im 




whore 7 ; denote« «otno numl>er In^twecm a and a 4- 2m* Now /***'^ *'(^ 
does not, in moat cohoh, differ greatly from /*»**♦■ *•(»/), but r)(/ 4 . r - 1) 

. . * (;r-.r) iw imich mnaller than . . (ir-2r) in almolnte 

value when - Thun tho csrror in nmallor in the formor oomi than 

* A dotailod diiiouiiainn of tl»«< mumriMiy of liiterimlation fonnuliw U givnn in 
paportby W. F. Shoppard* /Vou, Uml, Math, fSV»r. 4(190rt), p. 8*it), and 10(1911), 
p.l89; D.aFrttMor, 60, pp. 25-37: O.J, Lidutone, TVoitm. Ahc, vici* 9(1938). 

<l> 3*0 r, 
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In til© ItttUir, Knr thin rwwou forniiiliui nn^ prufi^r* 

ablif to the imiiimry furtnulae for wivant iog diffen^ticw. 

Tile following reuiarkw* nro of n]i}ilieiitioit : 

** Formulas whiiih procmid to I'oimUnt tli}fott»nrt’ii an* rxmi, iiutl am 
true for all vnlum of n wholher Ititi'gral or frnrlioual. 

** Formulas wliirh stop sht»rt of ooitstaut tlifTrii^moii ar*' approx ittmlicma 

** Approx i limits formulax which tormiiml<’ w ith iho saiio’ 4Hlfchuuv an^ 
identically equal. 

“Approximate rurmulaa which terminate with ilistitut ditfi'riMires of 
the Hame ortler are not ulemical The dilfereme Unwceu ihiuu is 
expreaatyl hy the chain of linen nmxnMiary h* roinplete the rittniit," 

30. Prelimli^^ Traiwtfomatiotti. ^ cjaruin caaea 
fonntilae of interpolatioii should uot Ihi used until Home 
preliminary tranaformation has l»aen offtKitod. Wo nhall illua^ 
tratit this hy two examples. 

Buppoae that it i« ri'qtiired to find Lain 15". VVe have from 
a table of logarithma the fallowing etiirien : 


0. 

/< tin 9. 




0® 0' 10" 

A.8Haa749 

30! 0300 



20" 

A.tlB(l004» 

17(100! 2 

- 124U3HH 

737H04 

30" 

O'lesflnfii 

124U3HH 

- 51 1524 

s!.1l83fl 

40" 

(i•8H7«34U 

mmoo 

2H02HH 


50" 

6.384A44U 





The dilferoncea aiv evidently very slowly convergent. One n«afmn for 
this will he mm\ when it in reiiiemb’rwi that when 0 in small ami 
radlams then «in , . ami ocM^nin I* (nearly), 

wo that L nin »in I "-flag (nearly), and the dilTenMM!4*«i of !<ig d 
for the valuei 10, 20, 30, 40, 50 . , . of 0 ntv very slowly aonvergent. 
We therefore calculate li sin 6 wdmn 6 is small hy adding the inter- 
polated values of which has regttinr diiferenoea, and log for 

which tables exist with stnaller inU^rvals of the atguinent. 

Ex. 2. — 8up|K»e It ii required to interjadaU^ lietween two terms of 
such a sequence as the following : 

. r r(r + 1 ) +^U(^ +2) r(r 4* I ){r + 2)(f -f 3) 

’ p' p(p+iy P(P+ 1)(p4-2)’ p{p*f 1)(p4-2)(/i4 3)* ’ ’ ’ 

where r and p are two widely different nnmliem. 

* a 0. Fraser, JJ.J, 4t (UK)P), p. U3». 


M tv ,i 
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It ia best to interpolate in the sequence of munemtors 
1, r, r(r+ 1), r(r4- l)(r-f2), . . . 
and to interpolate separately in the sequenctj of denoiniimtorH 

We then divide the former result by the liitU^fj iti order to oltiiun 
required interpolated value. 

Stirling {Metkodtu DifferenHalu (1730), Prop. xvii. SchoHuni) Hays: 
“ As in common algebra tln^ whole art of the analyst does not eotmisi 
in the resolution of the (‘quations btit in bringing t)u\ problems tlienUo j 
80 likewise in this analysis ; there is lens tlexteriiy rtupiirt'd in tin’ 
performance of the process of interpolation than in the preliminary 
determination of the sequences which are host fittwl for int^U'polation.*’ 
The general rule is to make such transformutions as will makts the 
interpolation as simple as poseiVde. 


ExAMPLBB on ClIAPTElt III 

1. Given 

sin 2ft® 4r 40''- 0-433 571 711 055 505 
sin 2ft® 42' O"- 0-433 0ft« 0B4 587 544 
20" -0*433 74« 453 442 350 
40"-0*433 H33 81B 210 IHO 

ihnl the value of siu 25® 42' It/ by the Ne\viou-t lauss formubfc, 

2 . Kind the value of log sin 0® 1(1' H''*5 haviiig given 

log sin 0® 1(1' 7" - 7*070 000 750 0 
8" -7*071 44B020 0 
t/m 7*071 H07 04(1 4 
10"- 7*072 345 000 2 

using the Newton-Gauss f<innula. 

(Hiuik your result by obtaining log sin 0® 10' H"*5 from the folbnvitig 
data : 

log sin 0® 10' 0" - 7*070 550 405 5 
8" -7*071 44HU29 0 
10" -7*072 345 OOO 2 
12" -7*073 239 524 3 

3. Apply the Newlon-Htirliiig formula Ut ctmipnU’ sin 25®40'3(/ 
from the taible of values 

sin 2ft® 40' 0"- 0*4331 34785800003 
20"- 0*433222179172439 
40" - 0*433309508404859 
sin 25® 41' 0"- 0*433390953503401 
20" - 0*433484334047243 

ami verify your atmwer, using the New ton- Been* 1 furmula« 
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4. Given 


log StO<-)l-4ilia«)7 
StO.I'ftOAIMKI 
8aO-ill-&IHAI.10 
a40-tftai47Htt 
3A0»4-A440nHfl 
880 «• )t-Aftfl8<l8A 


find the vnliie of log 3875 by llie N.-wUm Itewel f.irii.nU, vrnfylng ihn 
nwult by one or more other cetitml differenei' fornmle*’ oiel 
it with the trill' velinit {3'ftilfi8733.3 


ft. Show ihnl the lonengeHiHimiiitn niHh'"l eeelly 'lerue* nil ihe 
interpolation formulae by npeatMl auninMliun by jmrK •,» by Ibe ww 
of the fornuila 

u, + ,A*, » A(»i,e,) - 

which i* the analc^ia in the Caleulue of DlB’erenoee i.f ihe formula 


in the Integral Oalotilua. 



CHAPTER IV 

APPUOATIONS OF DIFFKRBNOE FORMUUK 

Si. fiubtablllatiiozi. — An important application of inter- 
polation formulae is to the extension of tables of a function. 
Thus, supposing we already possess a table giving sinie at 
intervals of 1' of x, we might wish to ooustruet a table giving 
sin « at intervals of 10* of x. This operation is called sub- 
tabulation. Subtabulation might evidently bo performed by 
calculating each of the now values by ordinary interpolation, 
but when the now values are rec]_uired in this wholesale fashion 
it is better to proceed otherwise, forming first the dijj'srenoes of 
the now sequenoe of values of the function, and then calculating 
the latter from those differenoiis.* 

I.et Tp, Tj, Tj, T,, ... 1)0 a given sequenoe of entries in a 
table corresponding to intervals w of the argument, and let 
their suooossive differences be ATo - Tj - T^, A*To - T, - 2Ti + To, 
etc. Suppose it is desired to find the values of the function 
in question at intervals wfm of the argument so that (m - 1) 
intermediate values are to l)e interpolated between every two 
consecutive members of the set Tq, Tj, T» . . . Denote the 

sequences thus required by «q, /j, that ifq - Tq, i„^ - Ti, 

l»m ■■ T|, ttin ■■ Tj, etc., and let the successive differences in the 
new sequenoe be 

Aj^q “ “ fq, A|*iq — + iq, etc., 

where Aj is used instead of A to denote the operation of 
diffemnoing in the new sequenoe. The differences in the new 
8o<iuonoe may now l»e found in terms of the differences in the 
old Be<iuenoo by the use of operators in the following way. 

* I.u((r«ng«, (SuwtH, B, ]). 668 (1792-8). 
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Denoting the initiftl value I, or T, by M »•' Imvo by th» 
Gregory-Nowton iaterpolMtion rormuU : 

ij-/l[a + w/m)-To+{l/»")iATo+(l/«')iA*'l’o' (>, ' • 

and the oi«nitor« Ai and A nro ibuH tu.nn.HiUHl by ibo ll•tatintl 

Aj«.(l/w),A + (l/»M)r^*^ t (I) 

Suppoee for Bimplioity that A*To in the l»i»«t imii wni tliflbn’iH-w 
of the original eequenoo, no that - 0, A*"! « - 0, rUi. 
Equation (1) gives 

Ai*- {(l/m),A + (l/»i),A*+ (l/uOi-i* ' (l/***)*-^*’’ (-) 

If we now Bubstituto the valuae b •• 1, *. H. 4 in lh« last n<tuuliiiti, 
we are abl« t«> determine all the diflereiiws of the new (w.|Hi'iioi^ 
in temiB of the differenees of the old aeciuonoe : 

At - ^ AT + ^ ■ ”‘a»T„ + 

- :bfi) 


6w» 

(1 -m)(l - 2m)(l 
24in* 


'A*T,, 


^1% - + “i" A*To ^ 


1 




(4) 

(f-) 

{«) 


When the diiferenoee are thu* oaloutatttd, the (•iitrim <|, /*. t, 
may be derived in the usual way by aimpln whlition. The 
values of C. ■ fono** •« iR** slmuld agrw> 

with the tabulat^ values T|, T|< T,, . . ■ 

Sa—^Tlui logi o/ th* umihWi 1600, 1610, I6S0, 1630, 1640 Immg 
givtn to nwif pUtoM of iheitmU, to find Ihr iofu of »*• iniognt hrtwrro 1 6<MI 
and 1610. 


No, 

6V. 

A. 

A*. 

A* 

1600 

neoeiaen 

S8$50B8 



1510 

178870947 

1666641 

- 10047 

141 

1580 

161843688 

1647H46 

- 1H7BH 

145 

15«^0 

184001431 

1611)^60 

- 18663 


1540 

187500781 





A». 


APPLICATIONS OF DIFFERENCE FORMULAE 66 


H«rt» m -i 10. 


-0*()004 in the ninth place, which in negligible, 

1 0* 


,L24» + - 4) - 0-2644 -0.S6 


10» 


which ia approx iitnatcly conHtant, 


V- .y- - 1»2-74, 


10»' 


12-104 


A, - 12885088 -f - 1«047)+ (Ir. W3--^>249 


» 288568*8 
857*115 
7*0065 
0*08265 
» 289433*094 


(l-10)(1^20)a».30) 
24*10^ ^ 


No. 

logs. 

Ai. 

Ai*. 


1500 

176091259*1 

289433*1 



1501 

176380692*2 

289240*4 

- 102*74 

0*25 

1502 

1 76669032*0 

280047*0 

- 192*49 

0*25 

1 503 

176058080*5 

288855*6 

- 102*24 

0*25 

1504 

177247836*1 

288603*6 

^ 101*00 

0*25 

1505 

177536400*7 

288471*0 

- 101*74 

0*25 

1506 

177824071*6 

288280*4 

10 1*40 

0*25 

1507 

178113252*0 

288080*2 

- 101*24 

0*25 

1508 

178401341*2 

287808*2 

^ 100*00 

0*25 

1509 

178089239*4 

287707*4 

- 100*74 


1510 

178076046*8 




The rciphrtKl 

new table i« ; 




No. 


No. 

log. 


1500 

3*176001250 

1506 

3-l77Ha4t)7a 

1501 

3*176380602 

1507 

3-178H3B5B 

1503 

3*176669033 

1508 

3-178401341 

1503 

3*176058081 

1500 

3-17Hfl8023» 

1504 

3*177247836 

1510 

3-1781)7{!«47 

1505 

3*177536500 





ftinl the Ihml value of h»g 1510 ugreca with the original value. 
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8*. An AltamAtlir* XNniTatton.—li •• lifM) 

dialing with a funclinn whciii^ il«gm* i** kiitiwn i«i nf 

the function, intennecliat*^ to ihoeo elmiily hy ih*^ fnllonitig 

methixi : 

Bu}»|)oms for nxaiuphs that a fnio lion /(/« noiy rv|tffwttU^l hy n 
jHilynoinial of the thinl di’grei\ nnd ihat valo»w of ili«i fiiixtooi 
UhnlattMl Hi intervnlx w— tO of ilii* HrgtitiM tit. iM il U* nM|oir^'«l in topori 
vuluee at un interval ir^l. Uiiittg the notalion »»f iho Uni utM itno, wi* 
have (Ijy Ihe Ort^gtirv Npwttm ft»riimla) 

Ti-tjo-U ♦ f hmjVu ♦ n 4 «a,^,^ 

Tj-Zjo-itof 3 «a,«|, 4 4 aftA,% ♦ mmW 

DitUrencing thm^ oijnntlunit, we him* iUil 

JtTo - 1 0 A,t|, 4- 45A|»U 4* I 
AT, - 10A,t|, 4- 145A,% 4- 
ATi- 4^ «4ftA,% t gl>«(»A,»U 
Bimilarly A*Tj, «• I OOA,^ f iHH)A.*t-, 

A*T,- lfK»A,*U4^ l»<KrA,% 

/. A%- l0a0A,% 

The Ming term and iu flltfereneeii for the lodiilividnl iniervAU arr 
xeen it) Iw * , 

A,%-'(K)lA»T,ii 

A,%«*0lA«To«^‘m)9A% 

A, (Eft ••lATft-.*046A*Tft I n^HAA^* 
from which the vatiieii fi, ... are foriin^l hy AiiilMiuti 

K'A^^Hnving ppm <i tnfeU o/ eft/aiMi «/ Uf/ j tii titl#mi/A n/ lA# argeiMml 
w«i5, to ittml b$tw0m log eSftO ami %/ flKAA lA# VatonMnWotl# ni/ea# of 
th^ function at tntmmls le** 1. 


Khlrif. 

A. 

A* 

Put Tgotog 6SAO«>ii'7wnHHno 

3473 


T,-icigem-87Bea*7» 

3470 

^ 3 

T|-l(if{ 68S0-S-7Bfl&74S 

3433 

^ « 

T,«loKe86B-8>7Ba»8ll 



The UllfenBiiowi of the MKwnd ortltr lire n|ipmxltnii(«iy 
aeiuma Jug « to be » polyncirakl of the neuiitii] degmi^ 

fMitieUtit, 


Tft«tft- 8 . 7 »ft«a(Ki, 

T| « tft M ^ 4 * 6 A,(ft 4 1 OA|*f|ta 
10 A,tft 4 4 AA|^i^ 

ATft-i. aAjfft + 10 A,%« 3473 . 

AT,-ftA,fft 4 - 36 A,% 

A%«gftA,%- ^ 3 . 

* Theio are preolwly the net of ri|tialltini* of | n\ whett the ihinl 
aiffereneei of the tthnlatec] tooetlott, are aMitime«l to tie iHitietont 
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Froin thme we obtain the value® 

A|%-i -0-12, Aj/o-i694-84, 

expro««ed in units of the seventh decimal place. 

Forming the difference table for the subdivided intervals, 


Ktttrtt. 

log 82 60-.'}7968800*00 

A|. 

694-84 

Aj*. 

lug 02 01 -37900494-84 

694-72 

- 0-12 

log 62 02-i.8798018»-0d 

694-60 

-0-12 

lug 62 03 -.37960884-16 

694-48 


lug 62 04-37961078-64 


-0-12 

log 62 00-37962273-00 

694-36 



We may now ineert those values t>f the function in the table of values, thus; 

logG251«M969496 
log 6252-3-7960190, etc. 

Wo may obtain without diilleuliy formulae for subtabtilation bimed 
«m uentraUlilfcrenci* formulae, or on Kverett’s fornuibi. These are 
frequently to lie preiernHi to the auhtabidatiou fonuulae haml on the 
(Gregory -Newton formula. 

Owing to the rapid aee.uinidation of error in the higher ordern of 
differences, earo must lui taken to include {wlditioiml plau<« of digits in 
thi< eomputatioiiH, ns in the alnive exampleH- 

Eatimation of Population for Individual Ages when 
Populatioiw are given in Age Groups.— Wo shall now find 
the values of a statlstioal quantity, such as the population of 
a given district, for individual years, when the sums of its 
vahu'H for (luinquennial iToriods are given.* 

I/ut . . ., »/.g, Uq, ttj, «g, . . . Ih) the values of the 
<]uaiitity for individual years, and let the (|ninquennial sums 
hi . . ., Wj, Wfl, W ., HO that 

Wj +W, +ttj +«4 +M,, 

Wj -W, +«, +Mo +M.J+W_,, 

W-i - //.g+tt.j + M. J + W ..,. 

It is required to find tlie value v/q in teru'is of tlie W’s. 

• a. King, j. i.A. «s, |f. lost (lomi), Hw hIh.. so, i>. aa. 
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The Newbon-Stirling formula may Imi wrUlU’ii 
Wn“wo+a 2 + 2 **"“*^ <} ' 


If wo ilotiolo + hy y» aixi m’glwl tlo' iliHi'n’inrii nf 
bhu foiirtli uiiil litgiior onloni, wo muy whlo 

I^»'o + «*A‘m , 

Thon^fore Wo • «, + y| ^ y, 

ami W| + W . I - y* + y« + y* + y, ♦ yi 

■•10m, 4 IHf»A*M I 

ElioiinaUng A*u.| IVoiit tho two IunI oi|uniicHiN. n, may Im< 
expraaaed in turuui of the W’h ; 

126«o-a7W,-(W.,+ W,). 

or, writiiig A»W., for (W., - 2Wo+ W,). w.- ••huin ilio nwiili 
l26»io-28Wo-A*W.,. 

or «o-0*2Wo-OOOHA*W (I) 

Ka— -T o find th» paiu* of Ihr qnitnlil^ f»r tk» mttitdU ^0ttr nf th» tmtimtl 
quintfmnnium^ irW lh$ /Mutiny itri* ihr** rtmmrHhv* 

»U7mi: 3H55Q: 39387 t 4!99t. 

I)«iHit4i thn givnn fiuinqu^titiUI futtitu liv W \K^ \V, n^|irrhvr]y, 
md form a ilifforffmca tolila. 

w |-3fl aft« 

9H3I 

Wo -39 387 

1534 

Wj-41 991 

Tho roquiml (jmnUty Mq in ibi«n9f(im, 1»y (i), 

K 19 387 » Oim 937) 

• 7877*4 4-9*4 

• 7879*8, 

•o Up- 7880. 

The above formula may be exteticieci to iiiolittiii the fmirlh 
difTorenoee of the W’« when we nogloot the diirartiiiiaii of ilto m’m 
of the sixth and higher ordeiu* Wo Imvo tmw 

Wlipii th# KRiii[« »ni unw|IMt, wo raw iitmHwiI lu « mliiiilar «•., 

UlvitlwJ liiirorMOMi. « 
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"• ^'rt + ^ - n 

- + 7 t‘A*w . ^ - 1 )A*«_ 8 , 

WQ-Mj + yi + yg 

-5u0+ 6A*^tf -1 + A*tt.j, (2) 

W, + W.i - IOmo + 136A»w.i + 377A‘w.s, 

W, + W. , - 10«o + 610A%_i + 4627A*«-,. 

Eliminating % from the three last equations, we have 

A»W_, - 125A%.i + 376A*M.a. 

and AWi-AW_,-876A%.i + 4260A%.j, 

and eliminating Aa«_i from these two equations we find that 

A*«_,-0*00032A*W.2 


and Ahi.-i - 0-008A*W.i - 0-00096A«W.j. 

If we now substitute these values in equation (2), wo obtain 
the result 

«o“ 0 - 2 (Wo- 6 A*«.i-A<«.a), 

or tto“ 0’2Wo - 0-00«A»W + 0-000896A*W.a. 

'I'liix viiltu' <if My wiiM a!«<) givoii Ity (I. King.* 

Till' f'lilliiwing iliiiiioimtration nf a iniini gonnml fiinniilu m thui to 
<1, .1. l,iilnUim‘. 


and let 


Wy-iiitm W,- 

r rfl 

illrf II# - f I 

?/«- - 7‘«1 


Mill'll' j> i" Miiiiii iiiiiiilK'r iiiil(i]Hiti(lotit of x. Prom tlimi ilolhiitiuim wo 
hlivu ni onutt 

Ai/,-W* 

and "o'^llit ' ~Pi ' , 


In fonmiln, 




a(ijr+ ])■ 


Form tin.' diirfri'iit'i' , .« and in tlin nwilt MiiVifitiUito W and ita 


itZ, II. IH. 
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for Ay «iul iti «Hfr0mMW. Wr ihu» tibuiM %Uv rm|iiirw| 

furnutltt« 

Tho ruiuH ii 


i4^«5ifnW0 + 


»!(«• - 




w.,+ 


"JH'-'-I'jknv 

A I/I 


whiolii whon jjr -i- 1 m A| lieoomtw 

iitt«D*«W^-O OOftA*\V , o cjOOflliaA^W 1 4 • 

ait found alnivo. 

34. IS7«rM Iat«rpoUlitl 01 l.->Wo nlwll now lonHMlnr Um 
process which ia the iuvemo of diroot itiUtri>utjili<in, iMini’ly. limt 
of finding the value of the ar^furnsni oorroii|NinditiK M* n given 
value of tbeybitelton intertnediate between two labulMieii valiiee, 
when a differenoe table of the fbnotion in given. This ie known 
as tnesTM interpolation, 

lstj{a + 3 tu>) denote a partioular value of the fti notion of 
which the difTersooee are tabulated. We now wish tu And the 
value of the atgument x oorreapondiog to /{n * mr ) ; for Utie 
purpose it is beet, if - } <z< to uae Stirling's formula * 

/{a + xtp) -y(rt) ailA/t**) AA" -«’)! < 

+ 4»(a!* - - w) + AVlrt “ liw)! 

+ - 2»f) + . . . (1) 

Dividing throughout by 4(A/1'*) + A/l« - «’)). th** ooelllcieiit 
of X, equation (1) may be written in the fomt 

1)1),- 1 )!»,-. . . (2) 
where w - {/Ho + xw) -/H«)l/4 (d/Hn) + A/fo - ir)|. 

D, - {A*/Ha - w}/i (AA") + “ »'•)!. 

1), . {A»/Ha - w) + A*/I« - ‘2«')1/1 A/(«) ♦ A/C« - 

^ and 80 on. We have now to solve equation (2) by mioomsive 
approximations. 

let approximation : as «• m 

Substituting this value in etiualion (2) we obtain the 2nd 
approximation ; 

This value of x in now substituted in equation (2) Ui form the 
8rd approximation for x, and so on for further approxiinationa 

* if BwHal't fomiiil* itmulil It* uawi. 
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ImtUiad of aolvitig equation (8) l>y susceoiive approxitnationa we may 
arrange it in the form 

mmx + + Jx(** - 1 )T)| + - 1)1), + . . . 

We have merely to reveree this aeriea to obtain a formula from which x 
may lie found by direct subetitution, namely, 

+ • * . 

All t%n 6xain|»le of invtsriw mippoHii wo wihIi to fin<l tlio 

positive root of tlio equation * 

+ 480-10* 

Writing y — + 28r* - 480, and finding l)y a rough graph that the 

lx>ot ie a little over 1‘9, we conatnict the following difforonco table ; 


a 

y. 

A, 

A« 

A**. 

1-90 

-25*7140261 

11*0886094 



1*91 

- 14*8254167 

11*3179528 

0*2293434 

0*0041112 

1-92 

- 3-3074839 

11*5514074 

0*2334546 

0*0041775 

1*93 

8*2439435 

1 1*7890395 

0*2378321 


!*91 

20*0329830 





Kvithmtly the root lit^n iMUweon 1-02 and 1*03, mid tluireforu if tho root 
Ih» l-hS + O-Ol/, we have hy Stirling*H formula in equation (1): 

0- -3-3074839+ 1 1 •4346H01;»i + 0-n07273.r» + 0-00()0()07(./» - ir), 
0- -3-3074ee30+ ll-4339804»^ + 0‘1187275)u^“ + 0-000ClJ)07;ft® 

Dividing throughout hy the cortlkiimt of ir, 

r - 0*2832859ft - 0-0102088at* - 0-0000004a:»e 


Ut approximation : 0*28920595, 

2ml approximation ; 0-28928595 -0*0102088 x 0-083075 

- 0-0000804 X 0*0242 

-0*28841027, 

3rd approximation ; 0*28928596 -0*0102088 x 0*0831805 

-0-0000604 X 0*0240 


-0*288415.33. 


3'lio required nmt i« 1-9228841533, iiorrcctly to 10 decimal places. 

♦ This f-qimtion was auggeatod hy W. B. Daviii {M, TimtiBt 1867, p. 108) 
hat i«>lvix| pthorwlae hy him, 
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86 . Tht ZNnrintlTM of » fiiiioUon.--Kroiii itwi ()n*K(>ry- 
Nowton formula 

J{n + ®w) -y(«) + xA/t'i) 4 * ^AVl'O 


l)(x 

'I ‘ 


*n 

AM") • 


(!) 


we havft at ono« 
J\<t + m) ~J{n) 


m 




I)U 

:r 




If X ia taken very auiall ao Uiul llio toft-tiitiui aiiin uf 

the equation ia of the form \j\n 4 A) The liiniiittK 

value of this expreeaion when A-^0 ia the ihnrnUvf uf the 
function J\x) for the value a of ita arKumenl. Wo thua 
obtain 

/(«) - lm>t) - + HAM") - JAM") ♦ • ■ i'i) 

The auoueraivu derivativea of the funulion tiiay Im nliUitiwi 
by the uae of the differential oalcuhia in the fiilhiwinx way. 
Ditferentiating (1), wo obtain 

w/(a+xw) - 4/trt) 4- AVI") ♦ ' “AM") 

^ 4 **- IKj*. , 

+ AV(rt)f. .. 

Alao 

«>>/*(« 4- aiw) - Ay((t) 4- (a - 1)AM") 4 ^ ‘ ' AM«) < • • 

and HO on for derivativea of higher older. 

Putting 3!- 0 in thia aat of equationa, wo nhtain the nwulta 

*?/’(«) -M") -• iAM") + iAM«) - 1AM«) t 1AM«) 

- 1AM") 4 . . . 

- AM«) - AM«) 4- \ iAM«) - |AM«) + 1 1 JAMrt) - . . . 
V^f'ia) - AM«) - 3 AM") + I AM") - *,*AM«) + . . . 

M>tr(«) - AM«) - 2AMrt) 4- V AM") - . . . 

MM(rt) - AM") - 1 AM«) 4- . . . 
wM'(«)-AM")-. . . 
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Ex, — To find ihf fir$t and ttrond dmmiivfsof log^ x at ;*^i«i500. 


►f*. 


A. 

A* 

A*. 

AS 

500 

6*214608 

19803 




510 

6*234411 

19418 

»385 

15 


520 

6*253820 

19048 

- 370 

14 

- 1 

530 

6*272877 

18092 

- 350 

13 

- 1 

540 

6*201509 

18349 

- 343 



550 

6*309918 





Here «>— 

10 and 






10/(500)- 0^0 n)8o;i + J(o-ooo38r>) 4 -^( 0 * 000015 ) 
- 0 * 020001 . 


Also 100n500)- -0*000385 -0*000015 - {’(0*000001) 
- -0*000401. 


Neglecting the lant tlguro, which in liahlo to error, we obtain the multB 
/(500)*« 0-002000 
/'(50O)»« -0*0000040. 


Wt‘ may find tlu^ lonnula lur the //th derivative of a function other- 
wine, by uniiig Hyinlndie o])eratorrt and i‘X|«inding the function /(rt + tr) l>y 
'raybtr’H Theonun. 

ThUH I **"/(f0 d b .. (1) 

If we denote the o|a*ratt*r for dilftwitiatiou, by 1), I'quatitJii (1) 


htM'oiue« 


/{re 4-ir)-(l 4-nd) 4- 


ar ■*■“31 


+ . 


■)/('*), 


<)f ( 1 + A)/(«) .""/(a), 

ami 1+A««*". (8) 

TnkiHn ItigariUitim of rficlt of thia oqiiatioii, 
ml) — log, (1 + A) 

-A- JAHJA*-. . , 

t.r «/'(«) -A/(«)-iA*/(a) + JA»/{«)-. . (*) 

Alan {log (1 + A)|* 

-(A-iA» + liA»~. . .)». 

Tlmwfort- »(»*/''(<») - (A - J A» t- ^ A^ - , . 

— A*/'(rt) - AV(rt) + j J A*/('<) + 


( 4 ) 
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and in gitneml 

»•/'•'(<•) - (A - |A» + J A* - p« + . rZ-n if,) 

38. The DerirttlvM of o roaotloa expreteed In Teraii 
of Differenoei which are in the lame Hoiiiontal Line.— 

By difTerniitiating Stirling'it fortiinlii, 

/(a + xn’) » A/I" ~ *'■) * j.r*A*/L» w) 

+ - l*)i!AfAlrt - «•) ) AVI" - -"■)! 

+ - l*)A«/(" - 

+ 1 1 «*(■«* -!'){** - :AV(" - ^ AVI" :i» )j 

+ ,u**(**~ iVI-r*-^!" 

bho dinbroiiliul ooidhoienbM may Iw liy » m|iitlty 

converging aoriee in terms of Uw lioriwmUil dini’nmtHM. Tlnm 
wy’lrt + sCTfl) 

- ilA/I") + A/I" “ "’)! + xAM" - 2»f*) 

+ - 1)4 (AVI" “ "') + AVI" “ 2o')I 

+ ,»4{4iC*-2a!)AVI«“a*") 

+ ir)a^ + 4)4(AVI" - 2»f ) t AVI" 'L' )l « • . 

M’V*('*+»"’) 

-AVI" - 2i/>) + a!4|AVI« ■ "■) « A*/I" - 2«)1 
+ ,‘t(l2a»-2)AVl«-2"') 

+ , lo(2(te* - 30*)41AVI" - 2w) + AVI" ' •■»«’): • • . 

Putting a - 0 in them? eqtiationa, wo l«ivi< 

«’/(«) - i(A/I«) + A/I" - »")1 - M!A»/I" " "•) + AVI" - 2i»-)i 

+ nV'ifAVI" - 3'U’) 4 AVI" “ 2")] ♦ . . . (1) 
- AVI" - w) - AAM" - 2 w) + A AVI" ^ Sw) 4 . . , (2) 

These equations give the value of the dt«HvativtM in t«'rma of 
differenoes which are symmetrica! aa n^nta the direetion of 
increasing and deoreaaiitg arguments. 

In OTder to extend these rosulta to derivatives of higher 
order we shall writ*' Stirling's formula in the centraLdinbretioe 
notation of § 20 as far as differenoes of th<> eighth onler. 

yi" + aw) - Wfl + a/i8«a + 4a*8*o, + J»(** - 1 + *,«, aV - 1 )8*«, 

+ tW** - l)(a* - 4)^*8»*/„ + 4 „*•{*« -!)(*» . 4)^e, 

+ tAu®!** -!)(**- 4) (a* - 9)/iX’wg 
+ tvAo®*{** “ l)Ia*- 4)(*‘ “ 9>88«^ 
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V\ lieu thu riglit'haiiii Hidu in urrangcd aocoriling to asoending 
jMiWiTB of », W« nliUllli ° 

J{a + xw) - «o < ■' »‘n/^«“wo - 1 1 o/‘«’«o) 

l- X*(4«*«o - » , lnrt'*«o - 1 i‘a(jS®Wo) 

+ + TSn/i<i»Wo) 

+ **{a'4^''o - ii<«*«o + «rA(»«®«o) 

* **(i 3n^’'‘«o - + ie®(rao''5®«o “ afl«nS%o)- (•‘^) 

If Itolli Mulim of tluH wjiiatioii nrn dillbroutiatod and wo 
milwtiluto till! vniuo x-O, viv obtain tlio value of as in 

wiuatimi (1) ; atul Lhi) liighi.r dorivativiis of y|[,f) are formed by 
dinereiitiming u>r(<i i aw), + aw), and ao on. 

Tlio HtmoiniHivo dorivativeB of j\n) correct to difreronces of 
till' eightli imlor an- given by the following eiinations : 

«/■'(<») - + Vo/*S*Wo - 1 i ah^i'o, 

w*r'(rt) - «««o - 

Wo sei' that i^/*(a) in oi|iial to the ooellicient of x in (3) and, 
in general, «"•/<">(«) ei/unl to the coeffieient of »» in the 
equalum (3) mullijtlied In/ nl. This result might have been 
obtainoil at onne by oonijiaring (3) with Taylofs expansion 
Of/^rt + xw), 

37. To expreu the Derivativei of a fanotion in Terns 
of its ZHtided DUferenoes.— -Wo shall first find the derivative 
of a fnnotinn /{x) for Ihn particular value of the argument « 
In terms of its divided difforenoes. As shovrn at equation (3), 
f 13, wo may write 

y! **.««) + {" - + {« - «»)(« - 

+ . . . + (« - «,)(« ft„.,)/](rto, o„ . . rt„), 

whore the divided difforenoes of order beyond the nth are 
suppoeed negligible. If we put w - rtfl, we have 

A^e- "o) "*A'>ii- "i) + ("o - «!• "i) 

t (oo - ii,)(«i„ - rt,l/l«o. 'h> «i. «f) + • • ■ 

+ K-«j)W-«i) . . . {«o-«ii-si/(«o.«i. • ■ •.««)• (1) 
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But in § 16 we found that 

4«) -yt«o) + (“ - '»•)*(«- <»«, f«a) 

t (m - '*»• '**• **i>) ^ . 

and by Taylor's t<x|MnHiun, 

Av) -^'o) + (»‘ - «sir{«o) ♦ (" - » (« - f . . . 

so that/'(oo) -/("o’ "o)' t/*("o) "o' ‘••>*1 h» K*'*>*'ral 


/"’("«)/«! . "o). 

whioh givits tiui nth derivative in lerinii id the dividinl dilfer. 
enoe of the nth order with roiaiatiHi aixniiu'iiU. 

Btjuation ( 1 ) thus Iwouiiuw 

f(^ + ("o “ «im'V‘i-"s) * ("s "i)("o 

+ . . , + («o - o,)K (.1, - .1,), (:*) 

whioh gives /'(ug) in terms of its suet^twaive iIivuIihI dillKitmces. 
As a spootal oata uf this funuiila wlinii **'■ Oj *•••»+ V**, ot®. 

/'W - + ( - “’)ji^*/["s) + (-«•)<- #«•';, + ■ ■ . 

or w/((i^ - A/too) - + i - , 

whioh is th« formuta of | 80 . 

A more general expression for the derivaiivm of n fiiootion 
in terms of ita divided difTerenooH itmy Iw nhuiiied from 
Kewton’s formula : 

A^) "A^i^ + {* - 09\/](ng, 11 j) + (a! - rtu)(jF * '*1. «,) 

+ (* - «0) (S — «j) (* - rtj, n^, f»J -f . . . 

Denoting the ilwtor (as - «*) by a,, this M|uali(in Isioomiw 
A^) + %A%i H) * “tf*iy(‘*e‘ "i* "*) *' 'V»i*t./("e> "i- "§• "s) 

+ . . .+a^n, . . . ft,). (8) 

Differentiating both eides of this nquation, we see tliat 
/'(») "/{a*, rtj) + («0 + oii/’frt,. rt J 

+ (cifliaj + 000, + «,at][/(<i0, fi^ «,) ♦ . , . ( 4 ) 

A (®)/2 ! «ii Of) + (ii0 + «, -f iif][/(rt0. f»|, rtf, rtg) 

+ («o<«i + Hfitj + Ofaf + it|Of + itjnj + ■•f>i0)/(rt0, a., ff,. II,. If.) t , . , 

/'»/ 3 i«ytrto.rtj.rt,.«^ 

+ (n« + a, + n, + nj/frt^, n^, n,, rt,. ii,) , (B) 

/'’(®)/4 ! - /(tto. ®j> «!• ”s< "s) 

and so on!*^ + "s + ''sW"o. «i. «» "s. «i. «*) + (6) 


t 
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In these eciuations the coefficient of the divided differetioes of order r 
in a eymnietric function of the quantities ajj, , . In 

equation (3) this coefficient is of r dimensions, and after each differentia- 
tion its dimensions decrease by unity ; so we see, therefore, that the 
coefficient of f{a^ , , ,, ar) in the equation for /(’“)(ar)/r l is unity 
(t.a zero dimension in cq, . . and all differences of lower 

onler vanislu 

If we suppose «« ag *■ Ug we obtain the values given 

above ; Oo), /^o)" «o» ®o)> ^ 

Buljstituting in equation (4) the value we obtain equation (2), 
namely, 


/ (<*o) ^ i ) + ^s) d “ (^<0 ■” (®o ^2» ^») + • • * 

The latter 6(|uation is used when the derivative of a single value of 
the function is required ; but when the derivatives of several values of 
the function are to l>o computed, we use equation (4). 


Ex* — From ike following table of vahm oomjnite the third and fourth 
derivatives of f{6) when the argument 0 has the values 5, 14, and 23 
respectively. 


e s 

4 1> 

13 

10 

21 

29 

m ft? 

1345 (10340 

4020fi2 111820!) 4287844 

21242820 

We first form a lahh^ of divided diflereuceH: 



it. 

fW^ 





U0«i 2 

57 

«44 




«,« 4 

1345 

1 2!)»» 

17flft 

550 


rfjo I) 

00340 


7881 


45 



831I2H 


1180 

1 


402052 


22113 


04 



238719 


2274 

1 

<r^*« Id 

I11B209 

033927 

49401 

4054 

81 


4287844 

2110372 

11420ft 




21242820 





The fumaion is evitleiitly a polynomial of the 5th degi*oo. 


Tabulating the values of a^, og, < 

. . we find 





<9^5. 


^ss2a. 



rtO 

3 

12 

21 



'*1 

1 

10 

19 




« 4 

5 

14 



«s 

- 8 

1 

10 




•• n 

-2 

7 
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From oquAtion (A) we htve At o*i«« 
i/"W • + (**0 “i + **f “*)'t A 

+ (OflAt + Ooi'l + “^*4 + "l"! * "»"« * "l'*4 * * '*f‘'4 ♦ 

ao /'"<A)-Iflia, /'"(M)- IS I')*, r ,sa.*.38 StiH 

From oqUAliuii (6) wi< Imvn 

45 -f (Og 4- 'll ♦ rt, + •>, + Oj I, 

Ml /»(h)m(tn, /'-(H)- 1704, /••(S3)-S7h4, 


EXAMPI.KH ON ClIAITKH IV 

1. The log* of the numlwr* 400, 4 In, 480, 430, 440 to 

wren jiIaom of ilKcitiwle, Anil tl»< lug* nf Ihr liilaiifr* Ih'Iwin’Ii 400 
and 410. 

log 4on-g>fl080iino 

log 4IO»a<ai87R3U 
lug 480»S flt384»3 
lug 430-8 0334085 
log 440-8>e4S4587 

8. If ^*70 1* the hut nnN'Wru illWbmioe uf ilir ••riglliel imiurliisr, mi 
that A'’**T0«iO, A''*'*T0— 0, . , *|iow that the furniuUe for mib* 
tabulation Are : 

^r\- J ,Ar“«T0 + <" - "W »T, 

+ / (*•->»)(» -N»)(l -«w) (r-l)(r-8)(l -rey«t 

The differanoM of order higher than the rth in the new aenuenee 
are, of oouree, ill mni, 

a The following are three eoneeontiee quinquennial annw : 

44183, 41981 and SASH7. 

• Monton, an aatronomer of Lyone. In 1870 noUoMi that If in * Mqueno* 
whoM rth dlifereiiMa art ooaatant, rnymt, InteiWMlIat* term* we imertad 
oorrujiondlng to a dleUion ofeMh inteml of the ergnment into m niuel porta, 
then the new eequenoe bee iu rth differeaoe oonetaot and equal to e/W 
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Find the* value of tbe quantity for the middle ymv of the Boeond 
quinquennium. 

4, The |K)pulation« for four couBeoutive age groups are given by the 
table of valuer 


Ag€ (froup, Pttpulation, 

25 to 29 years (inelu«iv(‘) 458572 

30 to 34 years ( „ ) 441424 

35 to 39 years ( „ ) 423123 

40 to 44 years ( „ ) 402918 


Estimate the populations of ages between 32 and 33 years, and between 
37 and 38 years respectively. 

5. Show that if 

Wq ■■ Uqh + ttj/t + . • . 4- 

and in general 

Wj, ■■ 4" 1 4* . . • 4- %+u - 1) 

T t ' <'■■■'» 

then the individual value may Ikj fouml from the groups of t indi- 
vidual valuoB W^, W|, Wjj,. . . and their diiferencos by tlu^ foiMuula 

+ l)^^o+ {.V*+3x(l -2t) + (l + 

wluu’e third diiTerenees an^ neghjeted.* 

0, In the following set of data h m the height above sea-level, p the 
Iwirtunetric pressure, (■nleulute by a dilhmuice Uble the luught at which 
p»«29 and the pressure when /t««52H0* 

hmO 2753 4703 0942 10593 

p-30 27 25 23 2(» 

7* Fonu adillenmee table from the foll(»wing steam data, whore is 
pitwsure in Wm, |K^r Kpmre inch. 

93*0 96*8 100»0 104*2 108*7 

p 11*38 12*80 14*70 17*07 19*91 

Calculate p when tf«i99®*l and determine by inverse interpolation the 
tiunperature at which pw 15, 

B, Calculate the real root of the equation 

- 3««0 

by inversi^ interpolation. 

• n. H, Forsyth, Qtutrteriy IHihlimiioni of th$ Jm^rican StaiiifHaall Atmia- 
OaUf Deoemher Idltt. 
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9 . Find iho differontUl wmttoii'nl I'f k*K, j- «l ^ - 3«Mi, ffiv.>n Hip laldt 

t»f valui^s 

-»r. 

liiK, j. 

300 


3D I 

ft'7i»71 loaiM74l> 

30^ 

ft'7IH4H7ul737ft 

303 

ft'7l373iHiififtU» 

304 

ft’7l7ci«77(>>4(Jil 

30ft 

ft 7^031 177011117 

30Ct 

ft>7)t3ftHfttfi| lifts! 

307 

ft'7llOH47747ftH7 

Filul from thv ii1h»vu lln» wh’IU* l^iit »»f ^ ^ 30f , 

10, Oivew tiui Vftlum 



»■ 

0 

KftH-8 13740 nun 

1 

Hfl»-n4ft77< 30 H 

3 

HHn'U7ftN)tO 700 

3 

8»S-3n3Uil4 ftH3 

4 

utm-nsooiM) 07 ft 

And the value of when j — 0, 


<ir» 


1 1. Kind ^ whuij «« 1, givtn the fullowing v«iuiw : 

««■ 

t. 

»• 

1 

n-IRROOU 

S 

0*3nAOSO 

3 

n-ftHiMlM 

4 

0-47W4Vft 

ft 

(}'A04n4f 

0 

0044«I7 

IS. Apply thii (xmiml-dKftmutai* 

fnrtiniine of H 30 l<i i’iitiipiiU> the 

ftmt and iiecond dorivativt^N of log^ 304, hnvltitf givifvi thi^ tnblo of vuliton 

of £xi 9, 


13. From tho following dfttii imitipuio thi* ftmt four d«rivtiiiviiii of llio 
funotion y oorroii|Kmding to tli« ftrfttiiiimt rw 1 1 ; 

^ 6 * 

y- 

% 

108 S43SI9 

ft 

ISl ftftOOSH 

9 

141 IftS 104 

13 

1(13 047 304 

1ft 

171 900 OSS 

SI 

St4 aftH HH4 



CHAPTER V 

DETERMINANTS AND LINEAR EQUATIONS 

S8. The Numerical Oomputation of Determinants. — 
In this chapter we shall consider the problem of iiudmg the 
numerical value of a determinant, say, 

oi «» as «4 

6i bi b% 64 ^5 

Cl Cg Cj C4 cj (A) 

(li tit (I3 di di 

/*j ^3 

when the elements «i, a%, . . . are given numbers. Tlie method 
generally adopted, which is duo to (Jhi 6 ,* is as follows : 

Wo lirst notice whether any element is equal to unity; if 
not, we propuro the determinant for our BuhstHjuent operations 
liy multiplying some row or column by such a number p as 
will make one of the elements unity, and put Ljp as a factor 
outside the determinant. This unit olemout will henceforth 
bii calleil the pivokU element. Thus in the above determinant 
wo shall Hup{]08e tliat ilva ■■ 1 and take &g as the pivotal element. 
We ah(dl alum that the above determinant ia equal to the 
determinant 

di - d<thi 

* K. Ohio, hUnwin mtr tn fmvithnn eortnutm houh k rimn tin rdaUlanki tm (k 
Turin (IBIiO). 


(tig ^ dghg 

H - 


iig - 

Cg - Cghg 
dg - 

«4 - 


(fi - 
Cg - 

f/3 — dghg 
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The law of formation of thin iirw (loterittinaitt (H) tuny In* 
expressed tium: Thr rent' nmf rdumn inlrr»$rlinii in thr /nro/ni 
rtemtui 0 / the oriijfiniit tielermunml, miy the r/A rmr ««»/ nth 
column, are titleled ; then every rUmenl y •« tUnnntahed hy the 
ptoditet 0 / the elrmenti whirh eliind uherr the etimtnitted mu' 
and column are met tty prrftentiirulur* /mm y, and the whtde 
determinant ie multijdied by {- I )" *, 

The advantage gained hy ntiliHliLitliiig Uio iletortiiiiiaiit (H) 
for the doteriiiinanl (A) i« that {/!) m 1 / order one unU toner 
than A ; and therefon* by ra|ieatud a]>]ilionlioii of thin inolliinl 
of reduolion we can reduce any determinant to the neeand nnter, 
when its value may lie written down at onm 

To prove this theorem, wo tirst divide the ooluninn of Uw 
determinant (A) by hi, Ag, . . h^ reapiNJtividy, ho ibnt it takus 
the form 


bi A| A* 


«i 

bt 

I 


h. 


I 


I 


**! 


1 


«• 


I 


C, lit 

k F, 

rf, d, 

hi A, 

$X 

h h. 


0* 


'’i 


r, rg 

k ft. 

d, ./, 

35 ft. 

ft. />! 


ainoe Ag ■■ 1 ; then (subtracting tlie idamenla of tbo thinl ooiunin 
from those in the other columns) wo writn tlio dolertninant in 
the form 


bi Ag Ag Ag 


"> « 

A.-"‘ 

Og 

Ag-"* 

«« 

ft.'"* 

ft.""* 

0 

0 

1 

0 

0 


ft. 

C. 


ft." * 


Ag-''* 

f/g 

d 

A,-''* 

a1 “ 




? " 

A‘g“ 
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'rhifl detenninant may now be written 


( - !)*+» h b, b, hi 

g--a. 

a% 

5 ;-“* 

// 

T 

h 

g--.a3 



Of 

<*4 

h 


di j 


di , 

w.-‘^ 

- dz 


- ea 

h 



zr - Cz 

h 


which ie obviously equivalent to the Ibnu (B). 

It Ib UBually advintihle to proparo tho (U^t«^millant for coiuputation by 
forming zoro elemanU in the rt>w and column containing tlm pivotal 
element. For example in the determinant (A) of Ex. 1 Vielow, ssero 
elements may be introducotl into the ftr«t row by adding throe timoH the 
third column to the first column to ft)rm tlm new first i^olxxnm ; then 
adding the third column to the second column to form tho now second 
column, and bo on. In this way the subswinent cyilimlaticms am simplified. 

In ptirforming tln^ com]>nt-at<ion of a <lctcu'nunant it will be 
convenient to draw piuudl lines tb rough the row and <u)lumij which 
intersect in the pivoUl element; this ln‘lps tln^ eye in finding the 
HlciUfntK at tUu fuel ttf thii |ici'iH'iitUi5nlaiH ^ * 

InHtwwl Ilf (lint (HvitliiiK wimu row <ir coluiiiii in oiilur to olitaiu a 
i.ivolJil iilinimiit uiiual tu uiiit.y, wo may olimiiialo Uio row au<l cohinm 
intei*sec,tiiig in rttiy elitnnmt (not necessarily unity) as follows : Delete tho 
row ami colmuu lu imostiou liy ilKiwitig pouiiil liiioH thr<m({li them ; tlmn 
tlui mil' in 

priiditei of rlmiont» nt ft^i of j)ttrjimdwular$ 
Nm ^Unwitmotil fkmmt,- ~ ,d w/wthm ofj>mrUJin»t 

Ikr. min being initltipUeil by the rirmmt at the iiitmeotiun 

of the pmnl lime ami hg the factor (- !)'■+*, where r and » denote the 
aumliere of the deleted row and column reepeetively. 

The above method of computing thti value of a iteterminant 
enables us at tho same time to compute the co-factors of the 
elements oorresponding to the surviving elements; for these 
co-factors are actually equal to the co-factors of the correspond- 
ing elements in the reduced determinant. 

For example, the co-factor of c, in determinant (A) is 
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wliidi, nintio l> ii» equal to 


^ * r^/ji » # 3/11 

the latttT (lutnnninant Wiig tin* eii-f/n’ti»r of 
element in the ridueed deteniiiiiniii (H) eMrnwftoiMlhig |o »-, 

Ex. h — Evalmk 




Mhtrh 
HI *S}, 


I lii« 


• I i 

I 4 

s n 

• 3 5 

3 3 




We may seleot as pivotal elmnent the iiumtier } at (to* titii«rm*< inm 
of the ftret row and the fifth culuittit \ the ndo thru glv<^ 


(H) 


Taking as new pivotal tiement the unit at the iiilrruw^lM.ii of the 
second row and last column, we obtain 


3 

1 

-1 

8 

1 

-{-!)* 

- 11 

D 

4 


-2 

3 

1 

4 

3 

- 8 

3 

n 

1 

1 

4 

8 

3 

1 


H 

- 1 

... 4 

7 

6 

-2 

-3 

6 

- 1 


- 7 

- 1 

4 

. \ 

-1 

1 

2 

3 

8 









-16 

SS 


6 10 

- as - SA 

S 7 


(C') 


Ah there is now no unit element in thin lieientiinntii^ we iii«y 
divide the aecond wdumn by 8 and mi form »i unit pivnfui ideinent, IV 
determinant InHioiiuiH 


-16 
88 
- » 


S 

- 11 
1 


10 I 
- 8A j 
7 i 


m 


-8(-l)»l 18 -II 

1-77 A« 
m 446, the rtHinired value. 

If it were required to detertninn the eu-feator of (mv) lit* rlomfiit 
in the fourth row and flret oolumn of tho above we 

Hhould have the oo-faotor of A in (A) equal u. Uie po.(ii..u.r of B, ibe 
oorreepondmg element in the rednoed determinant (H) 

"the oo-&otor of 88 in the next rednoed deteniiinAiil ((') 

-the oo-factor of - 77 in (D) 

*- 22 . 


five 


Ex. i.—EvalmU ike diterminaut /or th Ugmdr, jml^nomiot of ordrr 
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1 « 1 0 0 0 

1 a» 5 i 0 0 

0 2 5 a 3 0 

0 0 3 7a 4 

0 0 0 4 Oa 

Wtt eliniinate tlui fourtli row and fifth column, noting that the 
oloment at the interaection of thoHO linea liocomoH a factor of the 
(hfienninant. Thim 


fii IV^)^ 

-4 

^ 1 

0 


0 



1 3» 

2 


0 



0 2 

5« 


8 



A A 

27ai 

A 




U U 

" ■'4'^ 

4 

“'r 

(eliminating the Int row and s2nd col.)»« 

4 

1-3** 

2 


0 



-2a 

6» 


8 



A 

m 

A 

63»® 



U 

““ 4 

4 

4 

(eliminating the Int nav au<l 2nd col.)*-< 


15 

, r’ - 

9z 


8 



2 

2 






27 z 

A 





'h * 

4 

* 


-l>4na«- 1050a8+225a. 

Ho we have l*g(a) ■> J(G3a* - 70a^-f ir)a). 

.‘{{). The Solution of a System of Linear Equations.— 

Hiiiiig now in n poaition to compute tlm nuincriwil value of a 
(letcrniinant, wu can solvti ii not of linear equations in any 
numlter of unknowuH, ajj, cbj, a^, . . x,„ say 

' «,! Xi + (ht »a • ■ • + <hn “ Ct ' 

^^81 3^8 i • • • 4 * *" ^*2 

.^^,1 a?! 4“ asa 4 . * 

by t!m formulae wlticli are proved in works on determinants, 
namely : 

h '*'l« ^^18 • • » ^18 • • • ^Jn 

'^88 ’ • • <Ht C# ^23 . . . 

» » « * • • * « * * 

^ ^18 ^hn ' • * ^hn * fhl ^18 ^^18 • • * <hn 

^ ^ ' %n ^88 • ^8n 

^«8 ^rt8 • • • ^nZ * • * ^nn 

and Himilar exprosnions for a? 4 , . . 

♦ Ktirthnr rsmarki and sxiunnlcn on tli« solution of linear oquatlona will he 
futitid in IX, in ronnwitlon with theaolutlonoftho nomml oquatione” 

in tho Mothoil of U*aiit Squaroa, 
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Ex. — Find ths mlwn of y, i, w that miiJtfy thu o/ niunUon * ; 

9* -h 3y + 4« -»• Sv-tH' 

19 , 

y+ *-f fr«» A 
8ie - y+ 3w»«» HI 

We have at once 


28 

3 

4 

2 


12 

0 

9 

^4 


5 

1 

1 

I i 


19 

-1 

0 

» 

1 - il7fl 

9 

3 

4 

2 

“* - i»i)7“ *1’ 

3 

0 

A 

- 4 


0 

1 

1 

1 


6 

-1 

0 

3 


9 

28 

4 

2 


3 

12 

A 

-4 


0 

5 

1 

1 

“ “ *c»7 " ■ 

(1 

19 

0 

3 



and in the same way we obtain the valiim s-» 4. «•- a. 
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Evaluate the determinanti 


2 

4 

3 

7 



m 

1 

n 

2 

3 

A 

5 

3 


- 1 

2 

1 

0 

2 

1 


i 


0 

^ 1 

3 

0 

1 

0 

8 


0 

0 

2 

1 

2 

4 

1 


0 

0 



(7) 

2 

1 

0 

0 

0 




3 



1 

0 

0 




4 



2 

1 

0 




A 



8 


1 




8 



4 

I 

2 


2. Show that the determinant 


** 1 0 0 0 

0 3« 7 1 0 0 

0 4* 9 1 0 

^ 0 0 5» n I 


0 o 

.1 n 

1 n 
I • 9 

o I 


0 

a 

Cl 
.1 
9 I 


with (n - 1) rowBj ia equal to nl 




iP ) ■>•,+ n.>-8- 2.14 1 li-j- 101 

— ^•'3+ "- Ml 

— -f- 4- 1 ■■ 1 •' 

Si^t 4- 20^g - 1 3/^ + u’j * - ‘2 

5/| 4* 4/^1 4- 3^^ 4- 20*^ 4- 4a:^ ■■ 1 j 



CHAPTEll VI 

THK NUMBRIOAI. SOLUTION OR AMiSHRAiC AND 
TKANSCBNDBMTAL KQUATIONR 

40. IntroduotiOB. — in tho preaeul ohuptor wo sim]! show 
how to find the value of an unknown tptanlity whiuii iwiistioH 
some given aigebraioal or transcendental uquntion; or the 
values of several unknown quantities which satisfy a s«i uf 
given equations, equal in number to the nutnimr of the 
unknowna 

The methods in use may be olassifled as follows ; 

(a) lAtufoX methods, in which tho solution is ohtainetl as n 
general formula, so that nothing rmnains but to substitute 
numerical values in the formula ; as, fur oxamplo, tho solution 
of the quadratic equation as* + 263! + o > 0 by the formula 

tarn -h±^/h* -0. 

These literal solutions are valuable when they can Iw 
obtained,* but in most of the coses we shall have to discuss, 
they are unattainable, at any rate in a form involvittg only 
a finite number of arithmetical operations. 

{^) Nvmvrioai or eompttter’e methods, in which the working 
is mainly arithmetical firom the banning. Theee are, on the 
whole, the most useful, particularly when a high degree of 
accuracy is required, and they constitute the main topic of 
the present chapter. 

(y) Cha^hieal methods, in which the solution is oliiainwl 
by drawing diagrams These are much used when a rough 

• The nolution of tho uublo (]Ii«iiiikh 1 tn I S2 ImIow, and llis ganml rnrmiiU 
proved in g 60, are txamplet of literal aoliitlona, 
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BolutioB is all that is required or as a preparation for a more 
accurate solution by numerical methods, but for many purposes 
they have been superseded by the 

(8) Nomographic imihods, in which a diagram is prepared 
once for all to serve for a wide class of cases, so that it may 
be used over and over again with diiferent numerical data. 

(t) Mtohanioal methods, in which some mechanical arrange- 
ment is applied; many ingenious machines have been de- 
vised for the purpose of solving different equations, but on 
account of their cost and complexity they have not come into 
extensive use. 

41. The Pre-Newtonian Period.— A method for the ex- 
traction of the 8(iuare and oulxj roots of numbers, digit by digit, 
was discovered by the Hindu mathematicians, and by them 
communicated to the Arabs, who transmitted it to Europe. 

This method was extended by Vieta in 1600* so as to 
furnish the roots of algebraic equations in general. The 
process was so laborious that a seventeenth -century mathe- 
matician described it as “work unfit for a Christian,” f but 
it was in general use from 1600 to 1680. 

hi 1674 a method dejiending on a now principle, the 
jirineiple of iteration, was communicated in a letter from 
Gregory to Collins and independently, a few months later, 
in a hitter from Michael Dary to Newton.§ This principle we 
shall now discuss. 

42. The Principle of Iteration.— As a first illustration 
of the principle of iteration we shall consider an algorithm 
suggested by Newton 1| for the determination of square roots, 
which may be described as follows: 

Let N he the number iohose square root is required. Take 
any number Zg and from it form Xi according to the equation 
ah ■" i(sGB + N/aia). Nrom ajj form Xg according to the equation 
+N/ai!i). From Zg form Zg according to the equation 

* D0 numm^oiidpnt^ittntum 1600, 

t Wurnur in Rigttud*ii Corrf*p(mdmfi$ qf Saientijlc Mrn of the 17th 

X Coffrppmultnefg p. 2f»5, 

{ RlgRiui, op. tit. a, !>* S80, Kor an aoaonnt of Dary aoo Eigaud» 1, j). 204. 

11 Ops dt. 2, p. 372. 
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iCg- J(jt!» + N/a!»), and $o oh. TJun tht $*ifwnr« of numhfn 
Xo, Xi, Xt,Xs,.. tentU to a limit which w JH. 


Thus, tAking N 10 slid 1 , wv have 

a!,-.|(6-B+ IO/6-fi)- J(6'A+ l■H)-a■7, 

4(3*7 + 10/3*7) - 4(3*70 + B‘7) *- 3.j|, 

*4-4(3*S+ 10/3*2)- 4(3*8 + 3*!Sfi)- 3*1(13, 
a!j-4(3*183+ 10/3*103)- 4(3*l«;M3*l(llfi5fti-.3*l«»«77ft. 
01^-4^3*1022775 + I0/3*188877rt)-. 4(3*1(182775+ ;1*I(18877 Hj 
-3*1082777, 

which is the aqitaro root of 10, cnm*rtl,v lo mvi*ii iliTimol iilmr*. 

In order to prove the validity of the prooew, wt limooml na 
follows ; 

The equation aip - 4 (a^ . , + N/*,, . i) 
may be written 

!iip+~Jii Va^.j+ ,yN/' 

whence we have 


®a + JlS \lB|i + / 


From this equation it is evident that if 


ah- 7N 

ahr^lT 


<1, then Lt„_^„a!, 


v/N; 


( 1 ) 


if 


ah- s/N 
!l!b+ ^ 


>1, then Lt«»*,„a!,- - fH. 


( 2 ) 


The limiting case is when 

I ah - a/N I - 1 ah -I- >/N |. 

If we write ah-re**, N-Xe^, 
this becomes 

I r cos 5 - Xi cos 4a *f »r sin e - iX» sin 4 « I 

- 1 f cos 9 + xi cos 4a + *r sin « *»• tX* sin itt I. 
or, squarmg both sides, 

r* H- X - 2fX* cos (9 - 4«) - ft + X *f SrX* ooi (9 - 4 «). 
so oos(9-4a).0. 

“ »-±90«.f4«, 

which is the equation of a straight line through the origin in 

* If « li * flomplex n«mb«, ujr equal to « + v<f~ j, where m end e ere real 
numbere, than ^ («»+^ ia denoted b; |i | end i« eelled the moduitu of a. 
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the plane of the complex variable sco, perpendionlar to the line 
Joining the points and ~ v'N. Denoting this line by t, 
we regard it as dividing the plane into two half-planes ; and 
we see from (1) and (2) above that the algorithm leads to the 
value 7N, os long as the initial number ®o is taken in that 
half of the plane whieh coidains */N ; and the algorithm leads 
to the value - ^N, as long as Xq is taken iti that half-plane 
whieh contains - ^/N. If is taken exactly on the line I, the 
sequence Xo, Xi, Xt, . . does not tend to a livtit.* 

A plaaeiug chamcttiriBtic of iU^rativu prociwi’K may be obHcrvcd in 
uonneution with this example, namely, that a mintako in tin* iierfonnuneo 
of the numerical work does not invulitlate the whole calculation. If, for 
example, a mistake wore made in cahuilating a’j from thu erroneous 
value iBj' obtained might have been ohtaineil correctly by starting from 
a different value ; and since «•(, is to be taken arbitrarily, the true 
solution may bo reached by way of rf as well as by way of a'^. The 
correct result is obtained whenever the numbers Xr, av+i, • • ; are 
obviously tending to a limit, however many errors may have iMieii com- 
mitted in obtaining these numbers, 'J’liis valuable feature of iterative 
motluKls has made them very popular, 

48. Qeometricad Interpretation of Iteration.— The nature 
of iterative inethods may readily be illustrated f geometrically. 
Let f{x) -• 0 be the e(iuation. Write it in the form fi{x) - ft{x), 
as may usually ho done in many ways ; thus, if the equation is 
3®* - 8® + a ™ 0, we can take fi(x) « Ite*, fi{x) - 8x - a. Draw 
the curves »/ ~/i{x) and y ’’■ft{x) ; the real roots of /(») - 0 are 
evidently the abscissae of the imints of intersection of these 
two curves. An iterative process for finding them may be 
devised as follows : select any point Xa on the axis of x so that 
the value of Xb is nearly equal to that of the abscissa of one of 
the points of intersection of the curves. From xo draw a 
straight line parallel to the axis of y until it meets the curve 
which has the slope of lesser magnitude. Suppose, for example, 
when x-xb that |/i'(i®)|<J’I/i'(®)l and that the line x^xo meets 
the curve y -/i(x) at the point (xb, yo)« From this second point 
draw a line parallel to the axis of x until it meets y •"/s(a!) in 
the point (xi, yo). From the third point draw a line parallel to 

* Kfir furthor work on lUmtlvo nolution# of quttilritio equation* and their 
ooiinrntirtii with gootnotry 0. Niooletti, Hmd, Paimiw, ia (iai7)» p. 78 

t Of. H« Ho)i», Nniure^ (1908), p. 683. 


7 
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the axis of y until it meets the curve /,(a-) - •/ in {r%- y.). *nd 
from this fourth point a line parallel to tlw? axis of r. end so oh, 




Then the absoisBa of the first and second points is that of the 
third and fourth points ieasi, and in general 9^, approoobos iimrer 



to the point of intersection of the two ourves for inorwising 
values of n ; i.r., x„ converges to a root of the original equation. 
There are two main types of digram resulting front this 
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prooees aooorditig as the slopes of the two curves, have the same 
or different signs for the abscissae Xo, Zi, xa, . . . 

In Pig, 8 tho alwcisBaa ajj, asj, ai^ . . . are all on tlio aanio side of 
tlui rt)ot a; and the liutw approach the point of internection of tho curves 
in the form of a « atairoaso,” In Fig. 7 tho lint« appiwoli the inter- 
Hec.lion spirally. Tho nUtircau solution is ehtainod when tho dorivativoa 
of tho curves fi(x), fa{x) have tho saino sign near tho point of inter- 
soctinn and tlie i^iral solution occiira when those derivatives have 
op])osito signs. 

1,—Tojinil the veal root$ of the equation 
X® - 3! - 0'2 ■< 0. 

Tile roal mots are the tliroo intei'soctioiiH of tho curves and 

y"* + 0-2 as shown in Fig. 8. 

Wo can iterate to each of the throe rools as follows : 

For tho })oaitive root 

x—yt J/-0-2 + ® 

Xfl-l-OOO j/o- 1-200 

Xi- 1-037 j/i- 1-237 

3'js« 1-0484 j/j>a 1-2434 

.cj-, 1.0446 i/sM 1-2446 

.,•40. 1-04472 »/4- 1-24472 

(Tho root is ii-- 1-0447018.) 

For tile larger negative ns it. 

j //1-02- + .1: 

J'O- - I-OOO (/5-.-O-HOO ' 

,r, - - 0-06(1 //l .. - 0-758 

X,- - 0-9468 j/,-. -0-7468 

3-g » - 0-04 30 1 /g - - 0-74.30 

3 - 41 ™ -0-0423 y^m -0-7423 

3-5 - •- 0-942 14 y, « - 0-742 1 4 

-0-04210 

(The mot is x— - 0-94200.) 

For the sinalliT negative nsit 

X •> ;/ - 0-2 ymyfi 

Xg- - 0-000 j j/g- -0-000 

x, - - 0-200 - 0-00032 

Xg-- 0-20032 1 pg- -0-0003226 

(Onrmelly to five plaoea) 

Kx, 2 Find, correelly to five deeimal placet, the root of the equation 

l/ + '«RloK-0-6 

hy iteriilivy the formula j 0-6 - 
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By in*p«otion of a log table wo »«o Uml w ai. a,.i.n.*.m«lo 

value of the root. Ho wo take 

y. M 0*6 - logiflO’tlH ^*'*1*1 * *'» 

y‘ - 0-6 - l«g„0.fln7fl - O fl7f.fi 

As the iteration evidontly furnioh.-.. vain.-* ell.-rnaiol.v l.'« »i.'i gt’-'O. r 
than the root, we take (>, + ?/,)/< or O'flTIfl •* ll«o m-ai a,.i....*MnM.u., 
yj, and then wo have 

yj ip0-5-log„O-fl7lfi-O fl7*''. 

Take Vs 

y* - 0*6 - log„0-07)t3- H fl7!5<37. 
y, -0-5 - log, o(|.B7 8487 - n-07g847. 

Take y, - iVt + «i)l^ - 

y, . 0-6 - log,o0.67*3»g 0-87S377. 

y,», the ini*n of the Iwt two viilne* •• n-fl. gSflft, 

y,, -0-8 - log„0.(l7«38ft - 0.«783»li, 


The root, correctly to five decimal pla.ea, ie 0 -fl 7 it 3 H. 

j^x, a. Find (nting only ItarlmFt laMt oj ruhnt) moll*r /mtiiir* 

root of 

*»- 8 * + 0 . 6 - 0 . 


44. The Newton-Eapheon Mrthod.— U ia Bvidenf ili«i in 
iterating towards any root we am not IkhhuI i^. liy 



rectangular steps, as we have done in the prooeding artiole i wn 
might just as well have proceeded by oblique eUqw. aa in the 
following method : 

Let QiP he an arc of a curve y “./(ar), intenwoting the axi* 
of X at A, so that the abscissa of A ia a root of the etiuation 



ALQKBRAK’ & TRANSCENDENTAL EQUATIONS 86 

Jlx)»Q. SupposQ that the arc AP is convex to the axis of a;, 
and that P is a point on this arc with abscissa Xo- At P draw 
a tangent to the curve meeting the axis of ® in M and let 
OM *®i. Let Q be the point on the curve whose abscissa is ®i, 
and at Q draw a tangent to meet the axis of » in N ; write 
ON Let R be the point on the curve \yli()Be abscissa is xa, 
and similarly at R draw a tangent to the curves to metst the axis 
of X. It is evident that the points L, M, N, . . tend to A, or, 
in other words, the values Xo, xi, xa, xa, . . form a sequence 
tending to the root of the equation y(x) »«0. If, however, we 
start on the other side of A, where the curve is concave to the 
axis of X, at Qi say, the first step of this method carries us 
to the other side of A, where the arc of the curve is convex to 
the axis of x, after which the sequence tends to the root as 
before. 

Now wo have 

ojo - 35, - Ml. - LP cot PML “/(iEo)//''(®o), 

80 Xi-Xa-J\Xo)lf{Xa), 

and in general Xrn^Xr-/{Xr)l/{xr). (1) 

The process is therefore an iteration based on the equation (1). 
In substantially this form it was given by l{aphaon*in 1600; 
Imtthe method is commonly called Newton’s, because Newton 
had previously f suggested a nearly rolattfd process.! 

The (liiuoifwioii is W'liMy on two UHHUiiqitioUH : 

1. lhat tliti alopo of tlio enrvo ifoos not Ix'oonio zoro along tbo arc. 
QjPj ».«. that tho u<jiiation hna no root liotween and »•«, the 

alMuiMuw of and I*. 

B. That tlm ourvti has no point of influxion along QjP. 

Tho nilo of Nowton iKioomoa mort! pmciwi if wo make ute of the 
ohnorvation that w# can determiim which of the two ahmciiiaae and av 
t'orroa])onda to tho {mrt of tho uurvu which it uonvex towards the a'-axia 
from the condition that at pointn whert the curve it convex 

towarde the axil of x, we have the relation 

m'Xx)>o. 

* Analytie Aequationum Vniverealie, London (1880). 

t Wallin' Algebra (1686), p. 888. 

t Tlio dliroronoo butweim Newton’a proooM and Rajilmnn’* in that Newton 
oaioulatod a lot of inooemlve equatiouH, whoie roota Wore tho enooeulve reiiduali 
biitwoan the above quantltio* and tho true value of the root, whereai In 
Kaphaon'a fomt of the prooni this Is unneoassary. 
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Henoti we »eo that if /^*r) hm onl)f rmt fiivi fm*4ntis tind 

while f{x) and f*(x) are nam- uro fmitntm them iMmnd*, fh^n thr . 

RaphSn pror.m will artuiniy if H 1*0 f^njun nl ihnf thr 

boundefor which f(x) and /'(«) hatm {he mtwr Wr/ii, 

We might have derived Newton’i* methtjil hv thr niil nf *r«\Inr’K 
Theorem as followi : 

Let 1 h^ an approxinmti' vnltiu nf n rmif nf \Uv I'lpmiJnn /. i ^0 
Put xmx^^p^ wlierti p in Htiiall, Then !»)* Taylnr'i* Tlienn tn 

"hp/Ve) + h*rm« involving liigln r |M.wrri* nf ;» ; 
ao approximately we have 

and therefore ;rg - /Lo)//‘(j'b)i 

which is Newton’s ibriuiile.''" 


Ex. 1 , — Lit the equalton b« 

Hero it is ol)vions that an ap|iroxiiniile valm- nf jln. r<ii>t !• 8. 
Taking wo Iwvo 

Next 


/(2'1> „ , 0'061 
11.28 


2.1 -O.o0ft4 (niwHy) 


2<(lB40. 


Now 


/(8.084fl) 0.000ft4iaftii6 
/(8.0B4fl)“ lMn20fi -0'‘KW0<»hO 


Xf m 2.0B4000000 - ■00004»ft 1 7 
•-8'0B4&<V!4HS. 


The required root k 8.01>4fi61 48 rorrecily lo ihr flmt digli*, \\ „ 
poatpono for the proimnt (of. |ftO) I ho niiswor lit (ho )|it««(|iiti, Imw wo 
know the miinbet of {ilacos to whicli «ur rosuli is iwmci. 

Ex. 3.— Find corr«% <u four dteimal plaeu the firmte*! rm,l «f 

(i!*-4**-*+a»o. 


Which Newton's msthml »r sit. 
proximatlon leads to a root of an equation cf. Csttohy. tAVm*. Her, a. 4, '.7a ; 
G. Faber, Jouru. fw Math, m (IBIO), p, 1. 

oneUwWcb W.n?“y U Iwoause ltw«..h. 

makeit omTw.* T*' has Ml isminl in .Inly lo 

rworks on ® ““"’"rioal method, nsglsct to show Lw 

UtZ»iTw o "• y*'' ‘ *ho .Iocs not some In at tbs 

little wicket {vide J. Bnnyan V {d« Morgan to Wbcw.ll. aotb J.«rfy IMI f 
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3 . — Find by Nmjoion^s method^ correctly to net. •places of decimaU^ the 
root of the equation 

* logi(ja; «■ 4‘7 772393* 

Fi’om a table of logarithinH we have, by iiispection, the values 
6 logj^e - 4^67 and 7 logj^V » 5-92, 

80 WO take iia a firnt approximation 

The next appr<»xiination in 

Now /(/^-.(OxO'7781fl)- 4-7772-. -O-IOKS, 

/'W - Ifgio’^o + l<'8io'' " -)■ 0-434 1 -2 1 2, 

80 1 //(a!o) ■■ 0-826 (iimrly), 

and 6-089. 

The next approximation is 

Now (6-089x0-7846460) -4-7772393- -0-0001387, 

BO x,-e-089 + (0-0001387x0-826), 

]■ — 6-0891 14, whioh is iiorreot to six jilnim 

46. An Alternative Procedure. — rimtoail of following 
Newton’s rulo striotly l)y forming /(aso) and /'(®o)» ©to., wo may 
pr<x50od in a soinowhat less elaborate way as follows : 

Suppose wo have found (graphically or (ttborwise) a first 
approximation to the root of tin' eiluation /{a) «« 0, which wo 
will call «i. Let z denotu the required root of the equation 
and put 

® »“ «! + ( 1 ) 

where S is a sitiall quantity. We now substitute this value of 
z in the original equation, neglecting powers of S greater than 
the first. We solve the simple equation in 8 so formed and 

denote the value obtained for 8 by 8i. Then the second 

approximation to the root z is ni-f-Sj. Now denote ai-fSi 
by Of, and vmte 

® •• «s -f 8, (2) 

and substitute this value of z in the original equation. Pro- 
cootling as before, we find an approximate value of the 8 of 
O'luation (2) ; let it bo 8a, so «a + ^ is «■ third approximation to 
the root ; tlwn we denote aa + 8a by as, and write 

® - tta -f 8, 


( 8 ) 
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and similarly for further opurationa The m, «, 

comerffea to the root x. This procedure is uHneiitiatly ecpiivnliint 
to the Newton -iiaphlQii) prooees, an is evident froiu the 
oonneotion pointed out'^above between the Newton- lUphson 
process and Taylor’s Theorem (| 44). 

Ex, — Fiftd the mat of the equatvm 

10x-r*»:M4iiS(l<4, 

■whith in war 0'3. 

If a;-itfj + <5 whuro S w wnall, we linvn ii|i|irn)|jitMlei]r 
, 3-1468044 - 111.1,4 . 1, » 

10 - 3.1,* 

Put a, m 0-3, llimi 

, 0-17388 

5- g.iyg -0-17320 X IO87"-O.017BO0. 

The next approximation ie ii,>iO-3I7B, from whii-li »«. luiw 

3-1468644 - 8-178 -p O-O3SOS0H_ 0-00030 18 
" lO-SxO-lOI *" t»-0»? 

-0-000037,849, 


M 0,-0-317837,249. 

The required root of the equation ie 0-3 1 7H372, rortw lly -ven plnmi. 

It may bo remarked that the nlmvi' mnth.Ml in ii|i|,li,a|,|,, 

to complex ae wall aa to real roou, Imt in tlu- tsm- i.f i-imi)ili-x nan* ili«- 
numsrical calculation* are generally *u lalxiriou* lliai oihi-r mnli.iil* i» 
be descrlbod later are preferablts. 


48. Sdutlott of Slmtdtansoni ShinatioM.- A* a r.irili..r iiiu,tn, 

fcion of the method of the lant nectimi wn nhiiil flml a Mihilit.n i»f ih** 
Himultaiieoiie equatiotw, 

j*-f2y*-l, /,j 

bfl* + .1* - Ury m. 4. 

We first trace the eurvee r.-i.re««nl«l l.y ihceo two N|miUona In the 
vSSrSj™ ^ '’"I"**' ‘ho roll..wlng 


a 0 +1 >1 -1 

y T 0’7 1 0 imaginary q: 1 

and in the second equation similarly 

y 0 o-fi + 1 > + 1 

X -2 -1-4 +1 imaginary 

+ 2 >l-8-4 


~ 8 - 3 - 10-0 

T2-I8 4:8-74 4 : 88 - 4 , 


-1 -8 -S 

-4-16 -8-98 - 1ft 

4-8-18 .f4-a8 


the point Q m the diagram. From the di.q,nim wo »«, that Un- .mlinai 
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of <1 li«« l>etwt»en 4- 0*7 and 4- 0*9. Intrcxiuciug the three values i/a® 0*7> 
ya«0*8, ■■0»9, into ©quatiom (1) and (i), we obtain 


V* 

0 ) by (1). 

« by (2). 

Diff&r&nce. 

0*7 

+ 0*27 

-0*95 

+ 1*22 

0*8 

-0*65 

-0*64 

-0-01 

0*9 

-0*85 

-0*18 

. -0*67, 


»o if in the two curves x were to vary proportionally to 7/ we sliould 
deduce that y would be near 0*799. If we now try the three valuea 



0«797» 0*798, and 0*799, this time using logs to five ]»laco8 of deciinalH, 
we oltUun 


f/. 

0*797 0*0407 

0*798 -- 0*0492 

0*799 -0*0517 


it. h\t (2). Jiiprence, 
-0*0n»4 4*0*0007 

-0*0498 4*0*0000 

- 0*0400 - 0*0057, 


from which it is seen that the true values are nearly 
-0*0494 and +0*7981. 


We therefore sulsititute in equations (1) and (2) 

;i!»- -0*6494+ Alt and |/-i + 0*7981 +«^, 

neglecting squares of and Using units of the third decimal 
pliiiie, we hav<» 

1205&« + 9192% --0*0621, 

2895^5x- 10853%- 0*0959, 


90 
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&- -o-oiao, -ooiai. 

«'» -0>e4941fl, V +n.71»H«iH7. 

which ie the roqiiiiwl toltiUtm. 

WT II' *. ^ IgtMitioiu In two Unknowtiii b* 

Newtoag Method. — A mow fnrnml «iiil mnirni ,,f 

topic of the last eection i« th« followiiiK, l-l iw .'.luflii..!.. U. 

f{j‘,y)mO, ,;(r, ^i«n, 
from whicli the unknown* (/, „) „r„ i„ )„ 

hat (ajj, i/j) lie nn appruximnUi Miluiioii uf iiii< \Vi u. 

-#*0 -f 

y ** ?/(! f kt 

wl!*haw |K.w..rw „r A eu.| * «u.v.. ,l„. 


^"A'o, Vo) + Af-^ + *,'^ 

'■^0 'W 

¥h'J' 

•''0 'Vo 


giving 




y >y _ >/ <y* 
^ ho ho •'^e 


A-,/'/ 

•'ar» 


_ ,.''^0 *''0 
'V 'll? _ iy A/ 

'^0 ho~ho ‘'0 


Therefore an improved jialr of valitiw for tin- rnnte 

yX-/.’' 

* ^ ^ 'V 'W _ !'/ *V ■ 

''Vo'H 

,y 

»i-»o+ art?— 

0/ ‘V _ Jy 'V 

‘^‘Vo 

Theee formulae may bo iterated m in Newton*, t.*™-. . 

in one variable. . timreea for n|uatinn« 

48. A Modifleation of tho Howtoa-Eaphwo Kothod.^ 
The oomputationa required for the Newton- liaplwon metticxl 
may be simplified in the following way. 


AUJKmiAlO & TRANSCENDENTAL EQUATIONS 91 
Instead of 

®^+l “ *»• (®r)i 

we may take as the formula on which iteration is based 

Xr+i - Zr //(»„). 

This means that in the successive steps of the process of 
§ 44, we replace the tangents at Q, R, . . , by lines parallel to 
the tangent at 1\ By this method we are saved the trouble of 
calculating /(»,.) at each stage, while the number of approxi- 
mations re<iuired is practically no greater than in the Nowton- 
Raphson method. 

Ea l*—ToJind tha root of (he equation 

f(x) =: 10;/*^ - 2/ - 962 ■■ 0 

which l%e$ hetwean 3 a7id 4. 

HerQ/(3)— - 365, /(4)«w 1 1 10, hu l>y jirojioiiiomil wo may taka 
an H first ajiproximation to tho root, 

Tim noxt approximation is 

Now 

/(‘'o) *■ 65*85, /(.'‘o) *» 5,/"* 4* 1 6d'^ - 6 d‘* -f 20^; - 2 * 1 1 66*6, 

mul l/fVo)»r6-(K)OB57 (ncnrly). 

Thoivfoni «« 3-3 4 . (fJ5»H x 0*0()0857) 

*-3*356, 

Tho iirxt ap[>roxnimtion is 

liiHli'jul ttf<ialculiitiiiK/'(.c,), wt‘ may uhu /'(.C j) aRiiiii. 

Now 

;;'j + .j « 7.;jn0, 

jj» + 4a'i-a- 2i-0HC7, 
.'■,®+«l.r,*-2/,4.10-i HfM37, 

/j« + 4a!i8 ~ 2 j/ + 1 Oj-, - a - 287>ltH, 

X,* + 4.<'i* - 8/1® + 1 0x,» - 2.C, - Itfia - 1*44, 

ami UiMi'i'foni I. 44 . 

\Vn liavM III imci' 

x^-iXl-(l-44 XO-OOOBA7) 

-3'3AO()-0'0012 
-i 3-3548. 

Thin ia aoiTBOt oi far oa it gom, the value tif the nait to seven places 
of ileeiitmla la-iiig 3*3548487. 

Hx. H.—VmtpiUn t/ui font of tho fi/uaHon 

I'orri'i'llji to Jin' jilrtrni nf decitnuU, 
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49. The Buie of Fulie Poiitloa. — Another iteration pro. 
cess belonging to the ume oUm m Newton 'h for fiiniin^ tiie 
root of an equation is the following. 

Let/(®)-iO be the given equation. Wo iitul (liy irinl «ir 
otherwise) two values « and b near the moi of the iM|uation 
such that /{a) and J{b) are opiKwito in Mign ]«t the era 
CRD in the diagram denote the curve y ~ Ar), the iiInh'iimii 
of R being the root of the given ti(|unlion, utul fiii|i]Nwe that 
the equations /(as) - 0, /"(x) - 0 have no root Imtwenn «» ond 



c 


fto. u. 


I, the absoisSM of C and D. The curve is therefore oonstantly 
concave to the axis of a along one of the ares CR and Kl» 
and constantly convex to the axis of » along the other of 
^ arcs. Let RD be the oro which is convex l« the x-exia 
The equation of the chord CD is given by 




‘ >» ‘I” "f ‘h. 
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We now draw Uie onliimto at A' to cut the curve in O' and, 
UH before, we draw the chorti O'l) intersecting the a-axis in a 
point A" which lies between A' and K. The abscissa a" of the 
point A" is evidently a closer approximation to the value of 
the root thnii and its value is 


n" ■»' It' 


{h-„yY) 

m-JVY 


( 2 ) 


and so <tn for furtlmr approximations to the root of the 
equation. 

It in ('vi(l«-nt tliiit ttm wHiiiminlUm of the rtKit may bo Bimpliftwl if in 
iMpistion (2) wt‘ nqilttn' h by /»', thf iiliwniwii of any point, on tlm curve 
betwttvii It and i>, at in Kx. I Udow. 


Equation (1) may also lie written in the form 


••■/{b) - ¥{») 

Ab)-A») ■ 


'I'he iterative priKuiim baaed on this equation is known as the 
vuh' o/J'nln$ piwtion, 

The rule of falsit ‘position is essentially inverse interpolation 
(§ .‘14) when differenees altove the first are neglected. The 
above iteration to the root is valid even when the initial points 
(I, I) are on the Minin' side of the root R, provided the arc 
H!) is convex to the x-a-vis. 


A‘,f. l.—^To milrt tk* fi/iiah‘im 


Horo w« nan taka « •» 8, and 

./'(»)-/(«) ^17’ 

fl'm 

Wo nnw tilktt SJ'06, i' 2*10, thrn 

, (2‘10-8*08)(-.0‘a78184) 

" 0*061000 + 0-37H184 • • *. 

i.M., d'- 2-0» l. 

of Ukitig 2*10 aa boforo, we may take b'm 2*096 Hince 
7(2*000) in |>oiiHiv©, We have 

, 0-002 (-0-00(1150410) 

« -o.n!6180736 + 0*006Ifi841fl" 

The requiml rmU in 2-004551 eerrectly to Boveu aignificant figurea 



94 


THE CALCin.U8 OF OliHKHVATlONH 


When the rule of falee poeitiuii i» wiiiirn iti iIm’ ftinii 

*" a - o'* II* * h 

wo mfty oxprow the rule at followa : * 

AiBume two ntmtmn rm nmt ihtf triit> ronf tm futMtnhU^ ii«</ finti thf rrmr 
arinng fttmi ih^i Mubititution of i^nr/i o/ yinifWiNr^ 
unknown quuniitg in ih« ptopimA rguatum , th^n t$» th* thfirr*n^ f hrhrr^tt 
thi two errofi it to iht differmctof tb*> iimiiimw/ NumW# #ii m r^ihrr to 
tht mfftcHon of tht cortttptmding nttunmi mifiiW, 

Asattming ihie new vahio a* hintiMiil t«f <i imkI uttnihi'r i|twiiittf % A' 
differing from a only hy oim unit in thi» hu^i mi itint A* in 
or leae than a' atxumling aa u* ia fimtui tm* atimll or {imi gnvtt, ii<< ilnMt 
find a new approx inmtiim a** and mi on u* any ilrgnv of 

aocumcy, 

JSx, in thdi way iht ahtm tgmttim 

ar* — 2a; — ft *• 0. 


50. Combination of tho Mothodi of $ 44 and § M.—It 
was remarked by Dandelin f that iiy oombining Nowtoo'a rule 
with the rule of false position we are in pomei«ion of a method 
of solving equations in which up{wr and lower Itotinda to ilte 
value of the root are obtained at every stage of the tmiROM>, 
so that any digits common to the two boundii certainly bolotig 
to the oorrrot value of the root. 

Thus using the figure of the last nootion, anti still aasiitning 
that RD is the arc which is convex to the x-axis, we draw e« 
before the chord Cl) to out the axis of w in the point A' 
whose abscissa a' is given hy the oi| nation 


-«)/(«) 

/(*)-/(«) ■ • ■' 


( 1 ) 


where a, i are the ahsoissaa of the points C, 1». Then o' la a 
closer approximation to the root of the equation than «. Wo 
now draw the tangent at D to out the axis of * in H'. If 6 
is the absoissa of B, then i', the abeoissa of B'. ia given hy 
Newton's rule in the form 


Ah) 


( 2 ) 


and y is a closer approximation to the root of the rcpiatlon 

* B«rlnw'tt Ar«/A«nu»/<iw/ rni/MdSU), 
t Mim, lU I'Acnd, Hoyah fit }trtw)lr\ I (IS’M), p. 80. 
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than b. It is evUient that the root of the equation must lie 
btilwaon tha lioiinda a* and b\ 

We limy now ojieratH on «' and V as on a and I, to find 
two new InnindH of the root, namely, 


a 


whiiih fiivelop the root more closely than a' and ?/, and so on 
for further njtjiroxiinatioiiH to the root. 


ll limy hi- l■l■llml•kt■^I ln«rii Ilia) «l. th.- limwIiiHioii of tlm prodaBH it in 
Uwl In iiiki-, lu- ntir liiinl viiliii- fm- lUa root of thu ciiuutum, tlio arith- 
iiii-lirnl iiifim nf till- imir of valiu-ii Imtl. l•aI(■IlllUt!ll for it iiiid b. 

Hr. — I 'niiBiili-r iigHiti lliti i-qiiuiinii 

p ) 

for w hit'll /(j) h’w n imit IkiIwi-i'ii JJ ami 2-1, wliilu /'(u;) him iio luot 

biitwi—ii llii-M- liiiiil*. 


N’.iw /(2) x/"(2)<0 ami /(2-1) x/"(2*I)>0, 

an if ll «- 2, ft— 2-1, till- I'UiVH 1/ “/(.!■) ia uiiiivux tu the mxIh when xtmb, 
Thu iM'itl H|>tirnxtiimtiiitiH nn- ; 


ft 


2-1 


/( 2 - 1 ) 

/V2-1) 


2'01(.|ft7, 


8 - 1 - 


0-001 
11 •230 


/ l [ 2 ) x ( 2 -l - 2 ) 
■ /( 2 - l )-./( 2 l 


I 

V X 

* ^ HhUl 


«* 0 U 43 . 


< ’tifftfiitring f* nittl t$\ wv tlwt 2*094 aro fligitn of tlm tru« root. 
Huw tnkv - ^^-tm43, // - 

“ o') 0»00()()(K),H4H)4M^‘7» 

" "■ /(ft') -/(o') 0-00884H,04H721) 

-2-0»Jftai,47ft, 


ft- 


fc ' -/ rft ')//(/*') 


2>0|Ufl - 


0 - 000114 1 , ftfioftse 

It- 108047, 48 


2-Ott4flll1,4H3, 


nn till' llr»I I'ijlht iliuil" nf ill" an- 2‘0fl4llll1,4. 
'riie iirilhmi’lli' iih-imi l«-lw<-i’ii n" ami ft" in 


201»4ftril,48, 

M III- h icivio- till- ttml Him- iligilH onrreelty. 
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61. Solution of Equation! by tht um of tho Oaloalni 
of Differences— We have already Been in § :W how minaiioni 
may be solved by invert inttrjmlntion. \Vu aliaU now allow hy 
an example how divided diffetetuieit ((iia}>. 11.) tiiay Iw applifid 
for this purpose. 

Suppose it is required to solve tho eqiifttioii 
yss 5 * + 3®* - 12® - 10 - 0. 

The ooeffloients - 10, - 12, :i, 1. are of lumrao the dividi-d 
differences of y for the set of ooiiicidont arginnetitH 0, 0, 0, 0. so 
we can write down part of a table of divided differonoeN thus; 

le. y. 

0 


0 
0 

0 -10 

and this we shall now extend downward! The third diffnr* 
enoes of y are constant, and therefore if we laku as the ui>xt 
argument » « 2, we have 

B. V 

0 

1 

0 - 3 

-12 1 
0-10 5 

-2 

2 -U 



Here the number 6, which is the new divided difference of the 
2nd order, is obtained from the er]uation {p - 3}/2 - 1 giving 
p-6: then the new difference of the Hrst order ia obtained 
from (? + 12)/2 - 6 giving j - - 2 ; and lastly the valuo of the 
function corresponding to the argument ® - 2 la obtained from 
(r + 10)/2- i -2 giving r 14. In this way 'we nonatrnot 
the following table of divided differannes, taking arguiniinta 
suggested by the sequence of values of y already obtained : 
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X. y. 


0 

O 

V— < 

1 


3 




-12 


1 

0 

-10 


6 




-2 


1 

2 

-14 


7-5 




16-76 


1 

2-5 

-6.626 


10-2 




23-89 


1 

2-7 

-0.847 


10-9 




20-07 


1 

2-7 

- 0-847 


11-1 




26-07 


1 

2-7 

- 0-847 


1113 




26-4039 


1 

2-73 

- 0-054883 


11 16 




26-7387 


1 

2-73 

- 0-064883 


11-19 




20-7387 


1 

2-73 

~ 0-064883 


11-192 




20-701084 


1 

2-732 

-0-0013G08 


11-194 



Having found that 2'7 ih near tlio root, aiiico y ia ootn- 
paratively amall, we ropnat the iuterpolatiou and thua obtain, 
{§ 10 ) 


y „ 0 847 + 26-07(a5 - 2.7) + ll- 1 (a; - 2-7)* nearly, 

giving 0! ~ 2.7 - 0 03 approximately ; ho wo take 2-73 as our next 
approximation. We continue this method until the approxima- 
tions are suilioiently accurate for our purpose. 

If we require the approximation correctly to four digits, we 
have .'Rx 2-732 and the next digit is found to be 0, so the 
required root is 2.732. 

Having obtained tliis root, we proceed to find approximate 
valut'H for the remaining roots of the etpiation. Thus we first 
transform y into a j>olynomial in (as - 2-732), 

(1* i») 


8 
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273 

- 0-054883 


n 102 



28761084 

1 

2.732 

-0.001361 


11 104 



28-783472 

1 

2-732 

- 0*001381 

207H3472 

II too 

2-732 

- 0.001361 



26-783(x - 

2-7.32) ( 1M96{x- 2 732)*. 

(J- 2 732)* (ntNirly) 


We may now divide ou6 the fwlor x ■■ 2 TA'l ami miiva tho 
quadiatio so formed, 

26.'783 + 11.198 (x - 2 732) 7.'I2)* - 0. 

The remaining roots are found to U; 

i X- -fi OOO 
landx- -0 732. 

which are oorreot to four ligniflcani figurea 

(The actual roots of the atiove uqiiation sru 2 7320608 
-0.7320608, and -6.) 

Ex.—Fi 7 ul corrtoUij to four niflnijiraiil Jiijun^ thr nnil ../ fh$ 
equation 

X* - Ox* + 23x - 14 - 0, 
which is between + 4 anrl + 6. 


62. The Method of Daniel BemouUi.-In 1728 haniei 
Bernoulli* devised a method wholly diflhrent In firinciiil.. fr..m 
any which were then known. Though hanlly lu.w of Ilmt-niUj 
importance, it is interesting and worthy of mention 
Let it be required to solve the equation 


rt<iX" + aiX"’' + , . . (Ij 

Consider the difference equation 

«oy (i + ») + Oiy (< + n - 1) + . , , + „ 0. (2) 

The solution of (2) is know;^ to be ‘ 

y(0 -«>i *,* + «>, an* + . . . +fr«x„*, . . , (,q) 

where w,. are arbitrary funotiona of f of |ieriod 

1, and xi, . ... x„ are the roots of equation (1) 

iJ fZrvvn 

/y. I. o&p. XYII. i Up»ng., N..t» tj 
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If is greater than the modulus of any other root, the 
first term on the right in (3) becomes very large compared ■with 
the other terms when t is large ; and therefore we have 

y{t) 

This leads at once to Bernoulli's rule, which is as follows : 

In order tojind the ahsalutely greatest root of the equation (1), 
we take any arbitrary values for y(0), y(l), y(2), . , y(n - 1) ; 
from these by repeated application of equaMon (2) we calcidate in 
succession the values of y{n),y{n -hi), y{7h + 2), .... The ratio 
of two successive members of this sequence te^ids in general *•* to 
a limits which is the absolutely greatest root of the equation (1). 

Ex, 1 . — Find the absolutely greatest root of 


ConHidt^r the diffonnico (equation 

?/(« + 5) + 5i/(i + 4)-5?/(0«O, (1) 


and writn down arbitrarily ilu^ valimn y(0 ) « 0, ?/(l) «« 0, ?/(2) »» 0, 2/(3) 0, 

y(4)t«l. ity mcaiiH of cquaiion (1), wc Imvn llio following valiioH of 
y(5), //(b), : 


/ 

r> ! (i 

7 

8 : 

9 

10 

11 

12 

13 

W) 

- 6;an 

- lan 

(1251- 

3,120 

15,575 

-?7'7iriO 

388,125 

- 1,1)37, fidO 


AImi 2/(14) «- -«5//(13)-i-52/(t)), 


ht) 


2/(14) - . W . . 

1 /( 13 )"“ 13 )“ ‘“''“^ 19375 

- - 4-991948. 


TIh! abnolntfdy gri‘atnMt. root <d‘ tbo cuiiiatuni Ih thmsfon^ givon by thia 
motbtKl an aiqiroxiniatoly »- 4*1)91948 ; tliis value, is hh a luatter of fact 
comMit to tile lant digit, If we. bad Htopped earlier, wo might have 
obtftimHl, ejj, : 

?/(l2) 388,126 


which in in error only in the sixth significant digit. 


Fa 2,-^ Find the maltest root of 

cttrrerthj to ssim plam hy BernonlWs method, 

(iWi/s. — Put ^ and solve for y;.) 

* If tbs ratio tloes not tend to « limit, but osoillatos, the root of greatest 
nioflulus is ono of a pair of conjugate complex roots. 
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63. The EiJfBAi-Honitr Kethod.* — An wo Imvo men. 
tioned in § 41, the method of VioU wm the uotiiiiion muthuti of 
solving algebraio equations unti! it wa« sujianMHloil by .N uwtmrH 
method of approximation. Tho roiiMin why lira NowUinmn 
approximation was found to !« Inw laUtnoua tlmti iu pro. 
deoessor was that the earlier tiioUmd ronUiitml no provision fur 
making tho steps of one juirl of tho priK-jvw fiuntiiaUf thoMe 
which succeed. 

In 1819 W. G. Horner disoovoml a rule f for irrloriuing 
the computations necessary in Viota's iiipiIunI, by whii'li that 
method was made preferable to th« Nowtoiiinn. and m> resioml 
to favour. 

Horner’s contribution was essontially a aonviuiionl nnnrarinal 
process for computing thu coenioiimts of the npmtion wImmo 
roots differ by a given oonstant froin the nsitH of a given 
equation. We sliall first oonsider tliis proom 

Let /(a;) oQ be a given equation wherit ,/][z) in n |io|,vnnniial in 
X, and let it be required to find tho o<|tmtion wtiono r<>otn am 
the roots of this equation, each diniinisheil by r. This fn|ualinn 
will beyl(» + r) -0 or 


0 -yt'') + af/’W + • (1) 

The expressions y(r),/(,-)./"(r)/2!,/'"(i-)/;i!, . . . may now lie 
found in the following way. .SiipjHMw for oxamplo that 

yt®) a A»» + IkB* + (;«■+ !>»*+ K*+ K. 

Write down the ooeffloiente A. B. 0. 1». . . F in a horisonul 
row and form from them the following sohmiifi in which n now 
letter below a line stands for tho sum of the two iminetliatoly 
above it, e.g. P-Ar + B. 


Enfflnl, Sopra la iMtrminatimv MU tadiH, MwIoim ( 18 (M» ; «n<l ^morit 
^ai, « tU Fit, dtlla Hoe. Kallana MU Seiimtf, Vor>’Wi (ISIS) 

Homer, PMl. Tram. {ISIS), Part 1. p. 808 ; ami Th, Maihematieia,, . i iiMf.). 


+ So far ae the cube root la oonoerned, It hwl Wn irivn t.r«« imi-lr l-r 
^sxander Inpam In the Appendix ta hie editinn of lliuintr. 

(Kdlnburgh, 1807). A method bawd on the tame ).Hnr-||.l,.t h«d barn .llwoirriKl 
tn the thirteenth century by the Clitnexe mathenieilclana. 
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B 

0 

I) 

E 

F 

Ar 

Pr 

Qr 

Er 


P 

Q 

E 

"S 

(i> 

Ar 

Tr 

Ur 

Yr 


T 

U 

V 

X 


Ar 

Wr 

Xr 




X 

i' 



Ar 

Yr 





y 


Ar 

e' 


Tt is seen at once that the values of i), (/>, x, <», thus 
obtained at the feet of the eoluinns, have respectively the 
values 

6»-6Ar + B-|y"’''(r), 

4 > -= 10 A?'* + 4B'r + C - 

rp - 10 Aj'* + OB?-* + 30r + 1) -= 

X - 5 Av* + 4B»’* + 30r* + 2Dr + E ^f{r), 

(I) «• Ar® + B?'* + 0/'® + IV® + Er + E -« y’(r), 

and therefore the (upiation (1) whose roots are the roots of the 
equation J{x) - 0, each diiuinishod by r, becomes 

0 - A*® + tfa* + </ix* + + X® w. (2) 


The above scheme therefore enables us to find readily the 
e<juation whose roots are the roots of a given equation, each 
diminished by a given numl^er. 

This process is first applied in order to diminish a root of 
the proposed e<]uation by its first digit; then it is again applied 
in order to diminish the corresponding root of the resulting 
equation by its first digit, which is the second digit of the 
required root of the original equation ; then again in diminishing 
the root of the equation last obtained by its first digit, which 
is the third digit of the required root ; and so on. 


Note that r--" 
X 


is the same as r- 


./('■) 

Ary 


and this is the 
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quantity which would bn given by the NowUm - Haiiheon 
method as an improved approximation to the rcKit, nfu-r r had 
been found as a firat approximation. Thia pmiiorty ia uand nt 
each stage of the prooeea in ord«r to obtain thn iinxi <ligit of 
the root; in fact, we use the two lant ti'mia ya- * w of imi nation 
(2) to suggest the next digit, 

We Bhsll apply thla mtnth.t ./ i*, 

eqmtion 


By niaana of « graph of th.- .wvi* y - /J, ,i nvi.lilv 

that the required owt lUw U'twi'rn 1 nml X, «■ .Iwll (In i|imiiii>h 
th« rootH of the given eqimiioti hy iiniiy, 

1 “4 0 ft(| 

1 

* 3 I. ,1 ^ i 

1 -SI 

-i I5 

1 


The equation whoM roota are tin. root* of tin- origti.al «,|uai|oi, •liinli,i.h»l 
by 1 ii therefore 


We now form the equation wIiom* nK.t* are ten Urn... ih.- ..f il.i. 
equation ; it i« 

*• - 1 Oa* - BOO/ + *000 « 0. 


We want the rtwt of thia equation whli-h lie* I* 
other ro(^ being inmierically greater I Imn 1ft. 1 1 
8 and 4 • no wo diininieh the nnit* Ijy 3 , I him 1 


'IW m ii I Alid I ft. I he 
i* fulllid III In. Im.IWin’II 


-10 -BOO 8(100(3 

* - XI - 1B03 

- 7 - BXI 487 

3 - 18 

“ 4 - 888 

^8 

- i 


BO the tmnifomed equation U 


■08»«+487-( 


being evidently email compered with the two le*t term.. 
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Multiply thtu of fliiH l)y ]()j it Ikh'ahucs 

.r® ~ 1 0.»« ~ na3U0.u + 4^7000 «« 0. 

'I'hiH tuiuaiioii hiH ft mot botwooti 8 aiid 9 (aB in hocii liy tlio in- 
Hporliott of tin* IftHt two toMuH niiim 437000/63800 w 8*1 9 . * .)> w<> 
\v«* {liiuioiHlj thu I’f H>t,H hy 8, 


-- !0 

- 53300 

437000(8 

8 

- 16 

- 4a0528 


- 53316 

ib472 

8 

48 


6 

- 53268 


K 



14 




1'lu‘ tninBforiiftsi <*<|Ufttioii in thoroforo 

+ l4/« 53i268a^ + 1 047i2 »i 0, (3) 

fttul, muiliplying liio root« by 10, it becomeH 

1402 «-. 53208008 ?+ 10472000 - 0 , ( 4 ) 

f<u‘ whir.)i ft It approx inmto valuo of tho root iw 


m72000 

”5320tt6o 


or 14)659. 


ThuH, fhiftily, wt! obtniii for tho ruquimd root of tbo original oqnatioii 
iho vrtliir* 

1 ‘ 38 19659 , 

whii'h iM In rrmr tmly by unit in iliu Hovmitli placo of dwiinal». 

Wci nifty imU^ Unit ftppmxiinatti valmtH of tbo utlior two rootw may 
Iki obtftinifl from llio oquation at thin Htago in a v(uy Hinii>ln faHbion. 
For if ft t?ubi(? oqimtion luut two rootH M and N, wbicli aro nnmoriiially 
vury largo in comjtftrlHon with ilm third root e, tlm cubic is nearly 

.r» - (M + N)a?* + MN 8 ? - M Nf - 0 . 

'rim otlmr twtt rtxttM of tho cnbio ( 4 ) will therefore lie approximately 
the rcKtin of the quadratic 

/:*+ 1408 ? -. 5328800 - 0 , 
which arc .f- 2239*05 

fttid .r- -- 2379 * 05 , 

and thoreforo the two corresponding rootn of tlu^ original cubic are these 
vftliieM hy 1000 nnd incnmsetl by 1*38 (the part of the root 

already found), vix. 

8?- -0.999 

and 8 *- 3 * 619 , 


These are in error hy one unit in the tlditl place of di‘(iimalB. 
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We inny UOU< that /Airwr*/# in rfVi//f/ tht of ri tMr of 

dinded diffnmivM, TIiuh Ukiiig tli»» Wl cjiaiu|ili' imnw, ii i** 

reqiiiml to fltul the <M{uatltm wluwe ro«i|M nr»’ lln* ».f 

X«.r* 4.1* } 

each (liininlsliod by utiity. We nc»t<’ llmf llie e<M4hrirnli< ft, *», I, i an* 
the (lividtMl ilitferiMUU^ of X for the Hi»t of eniiM eli nl f», t>, 

BO we mij write down the fulIuwiiiK labh- of ulrd iliitm inrw 

X 


I 

Oft ^4 

0 I 

Oft 

-3 I 

IS -s 

--ft i 

IS i 

- ft 

I 2 


whence^ by Newtoii’a fonuula for tiiter|ui)a(i<Mi with af^iiinefttii 

(§ 16) we have 

X M 2 -- ft(4J - I) - I )« 4 . (.r ^ 1 1 * 
or X«8-fty-|fHjA 

which iH equation (1) above. 

riiereforo the ©qiiatioii wh(NM« roofu are ten litutv I hi’ of ibn 
reduced equation i« 

X m soon - mur ~ 10/3 4 ^ 

Now diniiniHh tlu^ vmUi by 3. Tliia ia •lone by the dtlfen iHv ulile 
it' X 


I 

0 SOOO 10 

ft(M) I 

0 2000 .. 7 

- ASl 1 

3 437 - 4 

-* ft38 I 

3 487 

A33 

3 437 


so that X ^ 437 - ft33(j' « 3) ^ 3)« * 3)i 

which give* u* preoinoly cqimtioii (8) bIm.vp j bimI m. ,.ii. 

Ex. 1. Find to tix ntjnificmnl digiU Ihr jmnlir* rout uf ihi nimtlum 

12/-- 10»0 

hy performing three Homer'e tranefarvuilione M... 
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Kirnt, dimitiiHli ilir l»y if, 


3 

- I2 

-10 

2 

10 

- 4 

5 

- '2 

- 14 

2 

14 


7 

12 



2 


Thurcfur*' tlu* uuw iMumtiuii in 

-f 9/^ 1 — 1 4 ■* 0, 

lliu i*<hUh hy \i\ 

4- 90.1^ + 1 - 1 4000 1- 0. 
Idinininh iIm^ rtH»l^ hy 7, 


90 

1200 

- 14000 

7 

fl7» 

13103 

97 

1H70 

- 847 

7 

728 


104“ 

2007 


7 



1 n 




Thvn'ftiri* tlio i»«w t!<|UiiUoii Im 

^4* ni/« + a«074^-“847*-0. 
Multiply ihii r(H»t4 by 10, 

.r*» 4 tl 1 0^ 4- 200700^ - 84 7000 « 0. 
l>iiuit»u*b tlui by 3, 


1110 

200700 

- 847000 

3 

3339 

7»2n7 

1113 

264039 

- B4H83 

3 

3348 


Tub 

S07387 


3 



1119 




tlu^ now oquatioii k 

^ 4 U 1 9/« 4 207387/- 54883 » 0. 

Mc.w.v. r, - O-aOft (luwly), 

lo limt tho roquired root Im 2»73205, 
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To gel. n Imtlw ftiiiiruxiinalioii, we Imve finin lln' InM >'<|iialiiiii, 
ni>liroxiinHt(')y, 

ft48tw ma ^ 

' “s!8f887 “ 8IJ7:W7^ 

-0'S0ft8B7 -(O'OO UH 111)1 <i. i'll, *1 » 

-n'8(i(V8f>7 - 0‘0n(il7(i 

i.0-8()IV0H|, 

BO the retj[uiml rtnit in si»73si05(),H, 

/iV. 2.— comctl^f tfi nitfnijif'tini ttittif* r^ytin/uni 

jiar- 

which 18 bdtiiwn +4 and *f-5, hjf p^rfurmtinj dn^f Hmurr * mu- 

Hans and th8n appruxtmaiing, 

Eu% 3 .^ — Find hy Hont«r*M method a md uf th egufttim* * 

54. The Boot-sqnftzing Metibod of IteadeUa, Lob*- 
ohevsky, and Qraeffe. — Wo siiall lu'xL ontiHiiicr n iui'HumI 
of solving equations whioh was suggcsUHl indo]MMifI«titIy by 
Daudeliuf in 1820, Lobachevsky ; in 1H34, lunl Oriielfi'g in 
1837, and which is ftoquouUy of grtmt inw. »'s|i«>omUy in iho 
oase of equations possussing oonipUix riHils. It him the 
advantage (when performed oomplolnly) of liinling nil iho 
roots at once and of not requiring any preliminary cioier- 
mination of their approximate position. Its prineijiie is to 
form a new equation whoee roots art* mime high jaiwer of thi’ 
roots of the given equation; suppow! w« say the 12Hth isiwi-r. 

so that if the roots of the given e(}untinn an* Xt, ar,. t, 

then the roots of the now fl(| nation are X|’*, x*'**, x*’**, . . . 
These numbers are mdety separated ; tliiis if Z| worn twio«i Xi, 
then Xj!* would bo more than lO** timi’S x%^*, ami. ns wo shall 
see, an equation whose roots are very widely se|iarat«si ran 
solved at once numerically. 

* A pupil of D« Morg*n by Horiwr'a mstlietl ruiiiiil llie rwil nl W«IIU'« wrll 
known «s»mple 

to SI plooeii to be 

a»2'0M 661, 481 548, 888 691, 483888, 640 679, 808 9(18, 857 80(1. lOf. nai* ZIP. 
Thli wae eubeequently extended to 101 deolmel nlnoM i of. n» 

8 (1860), p, 890, 

t Mm. di I'Aead. RayaU de Hnmlht, 8 (1838), p. 48. 
t Algehra or Onlcntliu of RiinUm, Kaiten (18.14), f 367. 
g Au,fleiung dor laheren fiumtritehm UUiokungoo, Zurich (1887), 
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Snj)|HtHo it iH ntiiuinMl lf> h..1vo Uio oquiitioii 

»" + ma:'’ ' + .i^“ i* I- „aa;« -a 4. _ _ _ 4 „ q 

In lIuH iHjUtttion we Himll Unnnte tlw roots, which will lor the 
lircrtiMit U> iihhiiiiumI to Im real aiwl umi(|ual, hy -a, -h, -c, 
- li, • . -I ill*’ order ltoinj{ tliat of duHcendiug niuiierical iiiagni- 
tudo, HO lhal . . , 'I’|m valuoH a, h, e, d, . . 

whicli an- the riHiU of the equation rovorsoil in sign, will be 
oailod the Knekr * roots. Kquntion (1) may now be writt(ni in 
tho I'onu 


*■' I |ola-" ' I (o/>]x’' » f[a/r|a:'*-s + , . .-0, (2) 

where [oj UeiioUm 0 + 6 + n + ,/+., . that is, tho sum of tho 
Kneke mots, [<*/<] tleiioten tho sum of the 

priKluntH of the Knoko roots taken two at a time, and so on. 
If, »nor»Hiver, wo doiiotti tho sum o'" + + r/''‘ + , . . by [o"*], 

then the 0(|uatioii whoso nK)t8 aro the mth powers of the roots 
«»f tlui given equation will evidently, if vi. is even, I© 

/'• ( ■» t 4 + . . .-0. (3) 

'I'he prolileni luifure us is to construot tho equation (3) when 
tile eipiatiuii (2 ) ih given, and m is soino presoribod number. 
In praotioQ m is a large numlior in tho equation (3) which is 
itiliiimtely formed, hut wo do not attempt to construct this 
etpiation at a single Htep of tlie process ; instead of this wo first 
take vw~2, that is to say, we form a now ecjuatiou whose 
Kiiuke riMits are tin* wiuares of the Knoke roots of tho original 
etpiation ; then, liaving done this, we repeat tho process, 
forming a new etpiation whoso Enoke roots are the squares of 
the Eneke rootH of tlio etpiation just obtained — that is, the 4th 
iwwtirs of tho Enoku rotits of tho original equation — and so on. 

Thus tiur immetiiato problem is to construot the equation 
(3) when et|uation (2) is given and m has the value 2. This 
we tit) in the following way. llearratige tho given equation 

X" + «!»"'’ +rt|a!"‘* + n»af""* + . . . + a„«-0, (1) 

iMi that tho terms containing tho oven powers of z are on one 
side t»f tho equation, and thn terms containing the odd powers 


* Ki»okt» fUr Math* p» 193. 
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are on th« other aide. SijimrinK «'<••■« "• lit*' ri'Hiihiiijf 
equation, wo have at ona> 

(a5“ + ttjB""* + « 4 X" * + . . , )* - 9 ( , jj 

or, putting -x*^y, 

+ " . 2-.,)r . 0 (.») 

Since the roota of etpiutioii (I) an* ~ a, ■ -r 

thor(K>t8oroquatiim (4) art' -«». ~U*, - , a, ; 
is to say (writing x in ])Iauu i*l y), thr rifunfinn v'lttM Kiukr nmU 
are the squaree of the Enoke route <y'(l) 


-2aa/ 


Ji** ' i \ 4r" 

“ I 

+ I 


4 io, j 


The law of formation of tlio otHillioioula in wpialinii (h) nmy 
be stated thus: The coefficient of any jmicrr »/ x it j'urineii hu 
adding to the square of the corre»fioiuUng corffictenl in the 
originai equation the doubled produc t of every fm,r «/ rorffine„/t 
which stand equally far from it on either eidr. three prod art t 
being taken with sign* alternutely negative and fmeitire. 

Having thus formed the liquation wIkmo Kiioke riHits arw the 
squares of the Etioko roots of (1), w.- r.-|H.at the i.ro,'««i, thim 
obtaining an oqiwtion whoso Knokn rcMits am thn winan’s nf 
the Enoke roote of (6), that i. to my. i|„, 4tl, „r U» 

no aroo a o (1). Ihe noxt ala,{o yjiOito an mfiiiilinn wIhmo 
E noke roots are the 8th powers of tho Knoko nsiis of (1). and 

"''“""“I «'■»" 

prrato ha> boon ropoated eovoral tiniM, «. tiuit wi. havn oahnr 

SinL^‘ “l““r (8) »1»™ n, I. („,) 64 , 2 „ 2 p,„ 

Sinoo « 10 nnmenoany largor tlian h. thomfin,. a- i. onimnnualy 
than i» oro-or d- . . ami thn. tho ...m tn-l iJI™ 

near to unity, and so on. ^ 

then, tho ratio of M to o- i« I ♦ , j. „„ 

log [a'«] - m log |aj + log (1 + ,j 


I' 


AI.(iKUHAIC * TIIANSCKNDKNTAL EQUATIONS 109 

or l« la! - log j a- ] - 1 log ( I + «). 

SiiiKo wo Imvo ttiili-.uklotl [a'"], the right-hand side of this 

eijUiition Ik known oxnujit for thn Hiiinll quantity -^-log(l +€), 

which wo may nogliHd ; ami thus |ol is dntoriniiutd. 

Next, sitico +y), where y is small, wc have 

log |rt/'| «• log neglecting log (1 + y), 

umi 

log \ll\ ~ log log [o'«], 

wkirh ilftfi miurx tht vuiiliiliiit of {lie Her.ond root b, and so on. 

In solving an oi|natiou iiy this method, it is all-important 
to know whtm to stop. Obviously tho time to stop is when 
another douhling of m would give a result not diilerent (in the 
digits we wisli to include) from tho result which would be 
obtain«'il hy stopping at once; that is to say, when the 
omiifloients |a*’'’A*’"], . . . of tho new equation are 

praotiiMilly nothing Imt the squares of the corresponding 
oooilicionls fo”*]. ... in the iMpiation already obtained. 

Kf, t. — 7(1 Wi'i' Ihn niiiiituiii 

X* I )tx»+a»x+ U-0. 

'riic i iiuiilloii Ktu'ki' riKtts nrn tlt<’ Hiiuarns of llw Kni'ko routs 

of lliix ixptnliiiii in 

.d> + 3ftx»+ 277/ + 190-0. 

Tim I'liuiitiuii wluiMi Kni'ko rimts aro tlm siiuan-s of themi ii> 
x“ + 07 1/* + 03000/ +38410-0, 
amt priN'i-ixliiig in this way wn nlitain Urn fallowing nqiiatiuns : 

/* I 32 ia23x» I 3-lHHftHx 10»/+ l'47ft780x 10* «0. 

/* I 0-7aH3 t X lo’M f 1 -(1304 81 X in*'/ + 2‘177nA3 X 10** -0. 

Ml- 1333ft X to»ii« + 2‘3ft7ft4S x 1 0»»/ + (2>l 771)03 X 10'«)*-0. 
x» + ».H|(H702 X I««*r« + (8'3ft7ft48 X 10*«)*/ + (2'177»ft8 X 10i*)*-0. 
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Stopping nl thix we lmvi< 

log (ri“)«iIog X i;ni mki^iiu, 

whtmon log |ii| «. 0-()Hii70N», 

HO the tiuiiwrionlly gwatiwi nml ia± 4 HilimiH), 

AIbO log (♦“A** - i log (a-IIATA «H * III* 

~ i(l'74 lliaitf, 

«) lug |/.| - a',{7ll-744!tlll« l.’Ht MCUllir - (i ,m |;|j ] 

-lug !i-S!n4til|n. 

The next root in tlii'rtirut-n + .l-^ri dnui 


IjUHtly, 

liiga*‘6Hi««.4 lug tsJ ITTli.'ia x H)'*. 

Im ji’l " (|’|(73'3A)J lllIKI - 7(l’744liai S/ — I )l4illiHH(t 
- log O HHliO&U, 


The numerimlly KinalleNt root la then'fuiK 
A rough graph ahuwH ilml all the 
therefore 


± n HHA(Mt!;4 

n*-l» ant iii'gNilvi-; ilioy am 


-4'8()080«J, -S'gnttOlft, ami (l'HHA(iu<4. 

We do aob usually recjiiiro to con.|.uu» vmU of il,.. r.«.u. of an 
equation to the same degree of lioouriwy, although wv may nniuirB 
to know the approximate vuIuom of all tho roots. Wo sliall 
thewfoK) give hero n more rapi.i way of ooiiij,uti„g t|„. u» 
two or threo significant figures, in which w- um. a 4-plao.. uhlo 
of squares, such as Harlow’s Tal.Im, nml 4.i.hu« tal.lm. of 
loganthms. We shaU denote by the ••quatiim whose roots an* 
minus the mth powers of the roots of th« original wnmtion.and 
we shall write, 1890*’ for the number 1'800 x 10", 

Ea. i.—To ioIm liy this rngthwi tk» ntfmUtm nf Kw. I .* 

‘^+»**+g!tt+ 14-0, 

We fimt arrange the coefflrientx „f ih„ . 


ir^, 

I 


9000 


j*, 

«900» 


1400« 


of tb. „»»i„ ,,,ii ttbni; 


ALdKBHAIO & TUANSl’KNDKNTAl. EQUATIONS 111 


1 

- 4«00 

5200* 

- 2520 

1900* 

I 


2770* 

1000® 

1 

1 ^25* 

7073* 

- 1372 

3842* 

1 

»«7I® 

0301“ 

3842* 

1 

17102“ 

12«<1 

31170'' 

0052 

1476® 

1 

.'1242'' 

311 1«» 

1476® 

1 

ior.i'> 

- 007H 

1535'* 

2 1 79“ 

i 

o»7a'> 

1535'* 

2170“ 

i 

11407“ 

- oo:u 

2350** 

4748*® 

r 

114 30“ 

2360® 

4748® 

1 

HIM)4“ 

566 1« 

2254™ 


KxiuniiiiuH llt« uf p**, wi‘ Hcti that if the coefilcientB of 

WMiv forini^l iIm'V would \w (to four ligniflcaiit digite) th« aquareH of 
tliP of ;»•*, **o wo utoji ilu' prowsaH horo and compute the roots 

of tint i'«iimtion an in Hat. I, uaing, however, 4-plaoe tables. Wo have 

log ««*»43»949e, 

whrncn ±4*B0l. 

In nider Ui «h*ti*r«ilne the Hign of the ratjt wo note that/(“4'8) 
^ 4 <o aflHniiil/( • 4 9)«» where /(£r)®;i:® + &y^* 'H 23.7! 14. The 

eiiuiilion has tliert^fure a root iM^tween - 4*8 and - 4*9, and we have 

rt- - 4*861. 

7«‘7444 imd»tmctingloga«*,we find log |/>|- log 3*264, 

whmiee 

hm, «. 3*254. 

Again, h^ 73 . 3530 ; nnlitracting the value of leg we 

Hnd log jr|v^|i»g »VBH5I, whenee 

r*. 0*8851. 

The miuiriMl eorreetlv In four Migniflennt figiires are 
-4 ‘Bill, -3*254, -0*8851. 
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Ex. S.— Apply ikx root’$qmrln!/ molhml l<> la Iht roalt 0 / 

ths equation 


to three dtpiijkanl 

2 ^ 5 c , 4 » Find corrertl^ to ditjiti thr timt$ h / tUt nfooftao 

44 ^+ 

55. OompAriiOE of tb# Boot-iaaiuiAf Uotbod with BornouUi^s 
Method. — Thti fiXit-fMjimritig im^lluici mity U> i<» 

thesanio gimeral typ« an tlmt tif wi!)» ttliirh ii iimy U’ i MutunH^’^l 

iu the following way. 

Let the equation whow rootH are l 4 * ilelonntiif^) U* 

o'W + ttjjrw • + . • * ♦ *««-<'. (I) 

Bernoulli** principle (§ 52) U lliat, if we mAwi ftrltilmnly any \n\um fur 
y{0)i y{l)i * • M then ileleruiiiui y(H>, y(M 4 * in niwrm> 

Bion by the equation I 

y(t + W) + 4- tt - I ) -f . . . -f W 

then the ratio of two mn^eeiHivo luemlwri nf ihe uf yV {iukU ni 

general to a liinlt| which in llii* alnxiltiUily gr<’itU*iii iih*i nf iln' fHiuntitin. 
Now let 8p denote the euin of the pth |H»wrr»« of I hr nmin i*f njtiiitinii 

( 1 ) , and take y( 0 )«»i^ |/(« - 0 -*^f Hitov meh riHii 

of equation (l)Bati»heH the equal icm 

+ * + , . . + ( 3 ) 

it is evident that if we form n er|ttatin}iH by nulNilitutitig to I bin niuJitifni 
the different roota in Bueoeenion, and Uten add ihmr n «n|tmtioitis wr Imvr 
at once 

BO that considered an a function of I, MtUnfiifu the clifftirtuini ii>qnAiiiitt 

( 2 ) . We see thereforo that with the valuta wn liavo rhieirn fur tin* Hrni 
n of the y\ y(t + n) will \m eqital to ami Bcrnoulli’ii farmiile ymhU 
the reault that the absolutely gmtoBt root of the ef|iitiian (I) in 

Lt -*+-» 

This is obviouBly closely related to the result of the rrii)i*#qtmritig tnrihod, 
by which the root in question is given in the form lit 

* The value of tlm numerioally Rroeto.t root nf an M)iMtlan In tli. font. 
(«»'+^+7*"+. . wl>»« 7 , . . , are Ui. wU, and - 7 . Ii«d 

been given as early as 1775 by Waring in tiis MMUniionsi AnniyUrni 0 ^ ii, .ill. 
Euler u«e<i the method to And the roots of J^l^) in 1751. 
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f)fi. Applioatioa of the Root-squaring Method, to deter- 
mine the Oomplex Roots of an lquation.-If the roots of an 
iHjuation are nut rml tho im-thoti of § 64 is equally applicable. 
SupiKiHOi for exHiitpU', that the equation is of the 6th degree, 
the ri«»tB in Eneko'a aonse Iteing o, re**, re-**, b, c, where a, h, e 
are ri«al and la| .>/->|6|.-.|r|, bo that the equation is 

{j t «)(J5 I re**)(x ^ re-‘+){a: + b){x + c) « 0. 

Tlie oqimtion whoso Knoke nxits are tho 7/tth powers of these is 
(x + o'")(x ^ r”‘p”'**){x f r''*e~'"**)(x ^ b“‘)(x + c’") >= 0, 

and if m is a largo number, and we retain only the dominant 
jiart of tho coollioiont of each power of x, this reduces to 

56* + a^os* + 2 o’"r"* cos + a’"/'*"®* + a'^r^^b^x 

+ a*«r»«<6)»c"‘-0. (1) 

The root a may be computed at once by the method already 
given in § 64. Wo now proceed to find the other roots. 

It is evident from equation (1) that, corresponding to a 
|iair of complex roots, there will be one coefficient, namely, 
cos which fluctuates in sign when m takes in succes- 
sion a sot of increasing values (owing to the presence of the 
cosine factor). Wo also see that tho value of r* corresponding 
to tho i>air of complex mots may be computed from the 
onefficiimtH in the terms immediately preceding and immedi- 
ately followiiM tho fluctuating term: in the above equation 
f* - (rt'V"/rt"f /*. Having found the value of r*, we now find 
tho valuiw of the Bneko roots b, c from the two last coefficients 
in equation (1). Lot o', 5', o' be the actual roots (i.e. roots with 
their proper sign) oorresimnding to the Bnoke roots a, b, o. 

In order to compute the complex roots r^', fe-% we write- 
them in the form u+iv and u - iv, where m - f cos ® - r sin 

so that re**’ + - 2m. If the original equation is written 

afi + «!** + + ttj ■■ 0, 

w«f see at once that the sum of tho roots satisflos the relation 
- tti - o' -I 2tt + 6' + c', 

from which m may be found. Since « r* are known, v may 
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now be found ftom tlio relation r* •- «• ♦ r*. Thu two ooniplex 
roots are thus determined. 


Eis, — 1. Solvt thif equation 




A- 

2j^-«r*+2na' 






ir». 

*r, 

.1^, 


1 

- 2000 

- mao 

2601)* 

- 2800* 


1 

4000 

12000 

10000 
- 5000 

0260* 

- 330t) 

THiO* 


1 

1000* 

HOOO* 

2 Hill 1* 

7H40* 


1 

2fl«0* 

- 1000 

0400* 

H362* 

- 12644 

•1147* 

pi 

1 

0000* 

- 1280* 

- 41112* 

0147* 


1 

021l>> 

2060 

1638* 

B04B 

1220 

1767* 

1674 

3770“ 

pB 

1 

117B« 

lOOO* 

:i331* 

8770“ 


1 

13Bfl« 

-0218 

1102“ 

-078R 

OOOB 

1 1 10“ 

- 0826 

1428“ 

pti 

1 

1170* 

0416“ 

0286** 

1428“ 


1 

1309“ 

- ooos 

178glT 

-0007 

8128“ 

- 1 1862 

2080“ 

p9t 

1 

1301“ 

ion6»» 

- 3780“ 

8030“ 


1 

IBOB** 

1118“ 

0102 

1801" 

- 4302 

4168“ 

pU 

1 

18a2»« 

1216“ 

- 8»11" 

4168“ 


1 

3430“ 

147e“« 

0011 

8474*“ 

- 10104 

1720*“ 

pliB 

1 

8480“ 

Ti'a?*** 

[ - 2030*“] 

1780*“ 


It it evident that ftirther eqimtiotm are uliUlnrd liy nitiiiily winartiift 
the oorreeponding cwfiiolenU of the previmi* vqiintinn with llii'eto-itilon 
of the eoeffleient of x (wliioli flitetimti't In nign, thtu imtii'alliig the 
presence of n pair of complex roou). The imicniit of fnrmitig ww 
equationt may therefore be itopiwd hew. 
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Taking logt», wo ubUin tho resulta 


loga^*** 64*5^53, whonce log |a| 
log a***/#**^» 108*17:^4, whonce log |/i 
lBft*Si377» whonco log 


0*ft042 and a*« 
0‘34DS) and ?)« 
0*6021 and 


3-193(-). 
2*lfl3( + ). 
4*000. 


It nmy Ik^ r<Mnark<Hl hon^ that tho mont iniportaiit mimbers in 
doti*rniini«g tho valuoH of the quantitieR a, ?>, r* are the indiceB 
ropnMionting tho ptiworn of ton in tho factor of the coefliciciitH in the 
final o<jimtiott, For exainido, in tho equation donoted l>y we obtain 
practically tho m\m vahn* of tho roola «, 6, if we neglect the lant two 
digitH *»f tho ninulj«r« 3430 and 1487; hut an error in the indiccH 
64, 128 wouM give (ptito a diffenuit reaiilt. Mince the above nnniberH 
cannot bo rolinl upoti an rogarda tho accuracy of the fourth digit, wo 
Mhnll cunnidor tho final valuoH of the roofi^ to be corro.ct only to three 
Rigid ficant figuroa. 

In ordt^r to compute tho values of the complex root« ti ± iv, wo see at 
once, from the ctHdRcicnt of in the original equation, that 

Su- 3*193 + 2*193-1 2, 

whence ««■ 1*500, e-* ± ± 1*3228, 

and tho complex roi»lii are 1*500 1 l*323t. 

TIiur the rotpimMl r<HiU of the equation correctly to three signifi- 
cant digits an' -3*19, 2*19, l*50il*32i. (As a matter of fact the 
aiiovo values of the r<K)tM are correct to four significant digits, the roots 
correctly to six places ladug- 3*192582, 2*192582, 1*5 ± l*822876i) 

Sa root$ of tkn aqmtion 

^4 4 . HiT* -f 2 a; - 28 "■ 0 . 

67. Xquatiotti with more than one pair of Complex 
Boots. -Tha cane where tho given etiuation possesses two 
{wirs of complex roots presents little additional difficulty. 
Siipixwfl tho process is applied to the equation 

af + «l!B"** + fl,SI!"'* + * . . + tt„-l» + «»-0, (1) 

and that the ooeffioients of two of the powers of x are found to 
fliiotnate in sign, thus indicating the presence of two pairs of 
complex roots. Denote tht^se complex roots by r^, re- , r «**, 
/«-<*. We shall assume that the values r®, ?•'*, together with 
the actual real roots b', e\ have been computed as in the 

last section. ^ / • - iv. 

Writing w-r cos w-r sin 6 , «'- / cos tj>,v <mr sm <jf>, the 
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oomplox roots are denoted by uiti’, and u' i if', ntui ilmir sutii 
is 2{ii + u'). Writing e[{uatinn (1) in tbo furiu 

{x-a'){x~b'){x ”<!'). . . (*•- 2mx + ~ • I '*) - (I, (2) 

we see that the ooeflioietit of z in this o(|Uiiliiin in a linear 
function of u, u' whioh wo niioli mil i^(m, m'). 

Then 0(it. «') - (3) 

By comparing tho ooofliaionts of z" * in ei|uatioiM (1) and (2), 
we And 

-uj ■•«' + ft' + e' + , . ,1 2» I 2ii'. 

The two lost equations oxiiroiw tho luikiiownn u, u' in 
terms of the known quantities ft', e‘, . . .. i-*, f’« anil iniiy now 
be solved for tt , «' ; the values of v, «' Iwing llwn detorniined 
from the equations f'*-.f'*-w'», Xhe two |iaira of 

complex roots are thus known. It is evident llwt a niniilar 
method to that given here may lie applieil to solve ei|ualiuu8 
with more than two pairs of ooniplox rtMitn, 


Et* — To $olv$ ths equation 

a!^+ 7a*+ 8l4^+6Sii!*+ I47if*+ 18Br*+ ) Il»r- 401 « 0. 


As in Kx. 1, § 60, w« flrut form the riimiiiutni fur «*, lA. i.s 
follows : r t t ' I >■ 



1 

7000 

a*. 

-1470* 


0911* 

-6610* 

IH4S* 

2034* 


1 

84S0* 

8698* 

im* 

4866* 

-01 83* 

6690“ 

4I37»* 

p^ 

1 

0486* 

0891* 

-1856« 

8964“ 

-68S9“ 

834»** 

i7n« 


1 

1119* 

3860“ 

-408e«* 

;)644»» 

- 1621** 

1068“ 

a»a«** 


1 

0882“ 

8044** 

-04n«i 

1201*» 

-6088“ 

1119“ 


pH 

1 

3842“ 

8178“ 

-3004*« 

I4.ia>** 

-0104“* 

1362'“ 

7»ao*** 

pin 

1 

6442“ 

8680“* 


806«*“ 

-3690*“ 

1668“* 

ii4oa«* 

pm 

1 

4018“‘ 

4469*»* 


4377'** 

[0640*“] 

3469“* 


Tho coeffloienti of 

and K* fluotiisto in 

iiiriii whivnait wi* tlm 

pre86iiC6 01 two pAtn of oonuplfix rootw, 

Tnkitig 



866 l(«a-141'8087, whenon 
866 log oft. 879.6496, 

866 log »6r*- 604 <68 11, 

866 log ~ 0RR<390B, 

866 log oftcVV!' M 679<4661, 


Joglfl 

-0-Aoai utifi 

m • 

- a*ft74i 

log H 

<»o*ASPi 


-3*481. 

lag f* 

• 0*8Tft« 


7*5«5, 

logr'S 

- 071 78 


A'SSt. 

•“g l«! 

«iP808 

4?' «a» 

0*933. 
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III iinlcT lo cMim|iiil« lliii viilmiH of «, wo write down tlio value of 
thu ctK’fUuiuiiL nf in i\u*. original ciijuation, 

-3‘574 - 3*461 +0*92.3 + 2n-^ 2a', (1) 

nmi thon tin* vahiu uf tln^ wnsflioient of a?, 

n 9 M 4 h*c* + f'«') + 2a'/iV'(i4r'* + a'r*), (2) 

SuljHtittitiiiK ill Lhmi iHnuitioim thti known valuuH of a\ cj r\ 
f'*, wo huvo 

a-fHmi, It'- - M25, 
whenvM v m 2*665, d' - 1 *989. 

Thw tHn|uinNl rooU of tliw i^iven iMjuation aro 

« :V574, - 3*461, 0*681 + 2-665i, - M25 ± l*989i, 0-923, 

in whicli vahu^it tlio lin^t digit in uncertain. 

[The rcK)U corm^tly to four Higniflcant digitH are ->-3-678, “3*468, 
0*684 1 2*664t, - 1*128 ± l*987t, 0-923.] 

5H. The Solution of Kqnations with Ooinoident Roots 
by the Boot-sqnaring Method.— When the root -squaring 
prooesa is applied to an equation possessing coincident roots, it 
does not lead ultimately to an equation in which every co- 
efHoient is the square of the corresponding ooeihoient in the 
preceding e<iuation. We shall now consider in what way the 
process may be applied to solve suoh an equation. 

Suppose that the Enoke roots of the given equation f{x) -• 0 
ore a, b, h\ c, d, . . . where ft' are coincident roots, and 
where |a| > |ft|> |fl|>|dl . . . The equation, whose Enoke roots 
are the mth powers of those of the given equation, will be 
denoted by 

55*+ [«"*]»''■* + + [ffl^ft^ft'”*})?""* + . . .-0, (1) 

and, retaining only the dominant term in each ooeffioient, for 

large values of m this equation reduces to 

af + «"•»“•* + + ... - 0. (2) 

We see that the ooeffioient of »"■* does not follow the usual 
rule, via that when m is doubled the coefficient is approximately 
squared. Here, on the other hand, when m is doubled, the new 
ooeffioient is approximately half the square of the old one. 
This observation enables us to detect the presence of a repeated 
root. It is evident that the value of ft may be computed in 
much the same way ae r* in the case of complex roots, namely, 
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by forming the quotient of the oatllioiantit iminotluitely fulluw- 
ing and immediately preceding the irregular cMiellicient. Thun 
from equation (2) we have 

A - Vln*/'*”/"*"! . 

the remaining rootn, a,e,d,... iNiitig im lN*r(in< by 

the method of § 64. 

Bx, 1 ,— -iSoitw by Um fotA'Hjwtriuy Iht rquutum 

/■+7x‘+ Jflj + U-0, 

The Biiucewivi’ Mtunltojiii nrc 

p® + I + 144 (K 

p* n3** + gB4«j+a073fl-.0, 

jfi i:*+707as®-f .'>•48Ax 4<3<)Ox |f»*«.n. 

pl» a;* + 4.31B X 10®a!* + 0-5fl6 X 10**T+ 1H4U X 
p“ «(•+ l-8ft3 X 10“x*+ l-OO! X »i»»ar+ 3 .IIII X 

It la evident that the ounfUolente uf ihv iK|unti«ii p** wihiKI U’ iIi)< w|iiArai 
of the oorreiponding ooeilloianta Ilf p*® in ihn imm! nf ibi' i ivaii teni 
of X. We tlierorDni denote the Kiiitke rwjl* uf I In- imiiuiIiuii by n, fc, h’, 
Where b, 6' are approximately equal, ami wlinn- |.(| - |h|, Teklnu bwi, 
we have 

loga**- 1B>9670, whenre Ing |n|«0' l77l niid In j » .l-niKi, 
log a®®&**ei34'53S9, whence lug Itl-O-Snln aihI |t|«. g om) 

The actual roota of the given miiutiinn are - 3, - g, - t, 

Bx. %—OaleulaU by th* rnot-tqmring mWW fh* 0rmh4l rv4 of Ikt 
tqmiton 

e* - 7ir* + 74r® -Tjr * 7 ■> O, 

UMiJu to prow that tht olhor tkra. roots nr, nmriy mmt in msdnlns, 
bwt that only tm of thm i$ rmi 

69. Xzte&sioa of tlio Boot-iqaiuriiur Mothod to tho Roota 
of Ihmctioas giyaa aa lallalto Sarlta. —-The root-aquaring 
procesB dependfl eaflentially on the fact that the ooeffloiente of a 
po 3momial (in which the ooeffioient of the hightmt power of at is 
unity) are the elementary symmetric functions of the roots ; or. 
If the polynomial is divided throughout by tho term independent 
ot », w that the term independent of x lieoomes unity, the 
coefficients are the elementary aymmetrio functions of the 
reciprocals of the roots. This, however, is true not merely for 
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polynoiukls, but for all entiru transcendental functions of genre 
zero ,• and lusnct* wo can readily see that the root-squaring 
process is applicable to any entire transcendental function of 
genre zero; and, indeed, os has been shown by Polya, f the 
inuthod may Uf used in connection with functions of any finite 
genre. 

Kje. \.—Tu find hy the rout-uifiumny vuihod the loweet roots 0 / the Fourier- 
limit /liHCtmis 

TiiD KuitriDr-Ut-sHDl luutilitm may h« ddinid hy Uu‘. i)owur-Hei'ioB4 

•i 

••o'*) + • • ■ 


Ti !)* (3 I)* (4 T)*' (in? (6 !> ^ (81? ' 


wliwrtJ jrm - |»* KvubmtiiiK tlio tta'ms 011 tliu right side of this equa- 
licni, niid relaiiiiiig «I«vbii plaotw of dcrinialH, wn have 


Jo(is)- I +3C + 0-a54'* + 0-027777, 77778a» 

+ 0-00 1736,11 11 la:* 

+ 0-000009, 44444it:» 

+ 0-000001,OS001a;* 

+ O-OO(lOOO,O3037a:’ 

. 4- 0-000000, 0006 Sh:®. 

Tile wh(iw< roota (in Knuki-’a mame) are the squares of the 

r(«)U of this (Mpintiiin ih 

0- 1 +0-nj- + 0-0 104 IB, 606(10, i:» + 0-000038, 6B024a:» 

+ 0-000000, 0430Ca4 + . , . 


'rhernfoi-B the etjuation wIkihw rtsfU am the 4th powers of the roots 
(if I he original equation is 

0- 1 +0-3801 66,60067a- t 0-000070,01 883a:* + 0-000000, 00060 j:* + . . . 
ami the equation whose mots are the 8th powers of those roots is 
0-1 + 0-088377,8861 7a; + 0-000000, 00477a:® 


Kvidetitly wn can take 

tifim 

0-088877 


19-0983, 


whence r— - 1*4488 and s — 8 <7 — a; — 2-4048. 


* On 111# iulijoct of yenre tif. Horel, Let^ttns sur les fowsUnns entiirts 
(I'sris, 1900). 

t XeUsrhfift fitr Math. 63 (1918), !•. 278. 
t Whittaker and Watson, Mudem Amlyeis, fl 17.1. 
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Therefore the loweet root of Jjta) ii» * it ’ 404 H, 

Ea 8,— -CWeufole ir from ihi lAnl wit i* Iht rtmt i»/ ik» 

$trui for COB 



4t 


A 

01 


4 


M ! 


60 . A Seriei Formula for tho Root A jm'ilnKt iiuliliniietl 
in 1918 * is soinevhab diffennit in I’hanu'lnr frum llnwai whirli 
have been doscribiRl hitherto, Hinoo it rm iiiwIu’H u UumhI forinnla 
by mere substitution in which the r«H<t in olitoiiini. ’Ihc 
result inay be stated thus : 

The mat of the equation 

0 » Oo + «i» + + '*•** + "s*** ■ • • (1) 

whioh is ih4 enuUteat in abaalute prtiue, is given hg the errit* 


.«P- 


i»fl 


Vosf 


*t “t “• 


ai f9| ft|| 1 

oo'hi 




“o"i 'hi ’ 



0 Oprti 

1 «o«i i 

I 


a, a, fi, 

u, «,», 

.1, a. 


in 0 


"i 

"• "I "s 


n, .1, .1, a. 


"« "I "I 


"s '*>! 


As a numerical ezainplr, ouiwidvr tha iMinaiiim 


(a» 


Here Oj-ao, a,« -381, o,- - 4, ii,« 1. 

<• -S3II718), 


ototl-iioaiai. 

ffj (tn 

*0®1 1 



0 %ai 


*1 '** 
“I «t 


The eraalloet root of the equation i« therefore 
SO _ S0*x4 80*x337 

881 “ aarx 108181 ioalai x samisl ' 


837. 


or O'OeaaOS.aO- 0*000048,88 + 0-000000, 70, 

“'f 0*088867,78 oorrectly to eeven derlnuil plaoea 

The series converges rapidly when the ratio of the emaUest 
root to every one of the other roots is small. In calcuhtting 


• Whittaker, Proa Sdin. JfotA. 8k, se (1918), p, 108. 
Jmm. Ina. jiet. 1« (1888), p. 868. 


Cf. De Mor|eB, 
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any root of a givoii equation by the formula, it is therefore 
advimihle in many canoH firet to transform the given equation 
by two or three r«Kit.iKiuaring oiwrations each of which re- 
l»liicoH the tjquution ojMtratod on by an equation whose roots 
aw the squares of its rtxtts; or else, if an approximate value of 
the niot is known, by llitrner’s process to reduce the roots of 
tlio givuji 0 ({uatio!i by a, whore a is an approximate value of 
the riHitdreil rotit, so that the required root of the new 
etjuaticHt is small conqtarod with any of the other roots. 

Proof of the Formula, — Ix)t the roots of equation (1), supposed 
for the prostmt to l»e of degree n, Iw * 1 , an, . . Then if * 

lie any number whi«e modulus is smaller than each of the 
moduli of the roots, we have 

Oo ^ 1 

Oo + Oi* + O*** + . .7+0,.J'‘ \i'-zlxi){l-z/xt) . . . il-zjXn) 

-(1 + */®i + **/*«* + ' • •)(!+*/*» + + - 

(I + */!»„ + a*/®,,* + . . .) 

- 1 + 1’,*+ i’i** + r8** + . . . 

where U, <lenotea the sum of the homogeneoAs powers and 
pnxluots of the reciprocals of the roots taken r at a time. 
Therefore 

Oo *• (Oo t ^ «•** + • • • ) (^^ + I'l* + + EaSi* + . . . ). 

K<]uatiug uooHiuients of [towers of z, wo have 

0 “ Ot + (*ol’i, 

O-og + rtfl'i + Oora, 

0 Og + 0*1*1 ^l*8r 


whence ' 


I’l- - 


at 

Oo 




«i <h 

, P* “ - \ 

aiOoO 

Oa ai Oo 

0* at 

Oo* 

an (hat 


, etc. (3) 


Now sinoo 


at a* 

OoO, 


- ttj* - Otflt, we see that the first two terms 


• Til* rorniulwi of gqiistiou (8) known to W miiikl, Inirod, a la philo$, 

dm tuatk, (1811), burii. 
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of the series (2) are equivalent to the Bilibin tiTui 


OoUi 

la, a, 

I Oo 


or 


I’l 

IV 


H) 


Moreover, by Jacobi's thooroni on the iniiiora of llu> ail- 
jugate we have 


Oo «i a* - 

0 Oo a, I I *0 **« 




11, fi, I 
|«i "4 I 


and this shows that the term (4), together with the thinl U’rin 
of the series (2), is equal to 


^ j aoa, I 
0, 0, a, 
Oq 0| 0, j 

0 Oo Oi I 


or 


I'l 

IV 


Again, by Jaoobi’s theorem we have 


a, 0 , 


®i flf 04 " I a, 0, a, I • - a," o, fl, o, 

Oo Oi «i Ot I I Oo a, a, n, a, n, 

0 Oo a, 0, ! 0 Oo a, Oa a« 

0 0 (to a, 


( 6 ) 


and this shows that the term {6), together with the fourth 
term of the aeries (2), is equal to 


-Oo 


<*1 Ol Oi I 
OoO, (1,1 

0 do a, ! 

010,0, a, 

OoOi 0,0, 

0 0 , 0 , a, 

0 0 doO] 



which is therefore equal to the sum of the first four t«nn« of 
the series (2). Proceeding in this way. we see that the sum 
of the first a terms of the aeries is equal to I’,. ,/lV 

If now for simplicity we consider tho case when « -* 2. so 
that there are only two roots, », and a%, of which we shall 
to have the soialler modultm, we have 
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1 1 

-.-A. 

1 

Xi' ' * X|' ^ 

Xi'~*Xi* ^ ' 


1 J_ 

1 

1 

ar,' ^ i|' - ij-, * 

Xi-*Xi*'*'’ 


1 . . •"'! 


-1 


a^i" 

1 

• ! 

®l' 

Xi Xi* 

Xi' * 

Xi' 


ami Hi»w 1 ^' < 1, lliiK j(ivoH at once 

r*! 


Similar roawmiiig laada to tho aamo result when n>2. 

TIiuh the 8nm of the first « terms of the eeries is equal to 
1', i/lV As a inisreaaes indefinitely this tends to the limit Xt, 
where xi ia that root of equation (1), which has the smallest 
luoduluH. Thus the theorem ia established. 

Kx, I, - Find lhi< nuit, w/tiV/i m nnallaal in abmluU value, of the equation 
J4;r«-ft32fl8x+ 10478-0. 

Kx, 8 . — Find the numerifatlij amalteet mat of the equation 
j* - 8ft/* + 800/* - «00/* + 1 200* - BOO - 0, 

61. Qeseral Eemarks on the Different Methods.— The 
pKxiasa of oaloulating a root of an ecjuation /{x) - 0 may be 
regardud as conaisting in general of three stages : 

I, LactUing roughlg tka jiodtiun of the roo^. — This is, in 
general, liest done by plotting a rough graph ; in the case when 
/(as) ia a polynomial, it may also be done by divided differences, 
or by tho rules of Ileacartea, Fourier, and Sturm, which are 
explained in works on the algebraical theory of equations. 

II. Tranaforwing ike equation eo as to isolate this root from 

the other roots of the equatione. — I^et Xi he the required root of 
the equation /(x) - 0, and let . be the other roots. 

Then, {lerforraitig a transformation ®-«^(y), where <f> is some 
given function, we obtain an equation F(»/) -O, which we shall 
suinioBo tf) have mots ?/i, »/g, f/s. ■ • • corresponding respectively 
to the n«»ts * 1 , iTj, xs, , ■ . This transformation is to be chosen 
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80 that the root t/i InearH to the other roota y,. y». . . . niiiim 
which are eumll in absolute value. Tito rtHit //, ih lli<<ii mid to 
be i$olated. For this purpose we may uw, fur oxamplo. IlDriior's 
process, or the root-squaring pmoosN nr iiivomt iiit«tr|Hilitt.iuii, 

III. GcdetUaling tha raid 0 / the lntmj»rmrtl nfuiiHon. 
This may be done rapidly by one «f llio ilonitivo liifiiiiHlH, i-.y, 
Newton’s (§ 44), or Uemoulli's (§ r>2), or by Whiluikoi H m<ri«B 
(§ 60). Having found yj, the rcxjiiirod riMil of the ortgimd 
equation is given by the hirtnula xi - •/•(.Vi). 

62. The Htunerioal Solution of the Onbio. - For the 
solution of cubic and (juartio ei(uatioiiH wtniu Hiionial iimtIitKU 
are available which cannot be applii'd to ei|tmtionH of higher 
degree. To one of these, known as the tnafrlian tmthmi of 
solving the cubic, we shall briefly now refer. The torm in *• 
may be supposed to have been removed in tho usual way, so that 
the cubic may be written in the form 

as* — 7® - r « 0. 


There are two principal oases to consider ; 

(i.) If 27r*>47*, tho cubic has one real root and two munplux 
roots, which may bo found by Cardan’s fomnila 


® - {Jr + (ir* - ,V?*)*}* + I ir - {|f» - .‘ry*)*)*, ( I ) 

or else (if q and r are both positive) by ilnding euoh that 

oosh^-g 

when the real root is given by formula (1) 


»- ( 2 ) 

or (if q is negative and r positive) by finding </> suoh that 

"i“h 

when the real root is given by the formula 


2 
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W 6 can III ways Bitp{ioac that t is positive, since changing the 
sign of r ui^roly cliaiigos the signs of the roots, 

(ii.) If A f, the cubic has all its roots real. In this 

case wo iind tho smallest positive atigle such that 


wluui tho real roots ore given by 
xi - 

t TT 4* </) 

*,--^5,100, 

fU- 1 . — (‘ontiiirr (hr ri/uiilitiii 

/■+»x* + S8*+ 14-0. 


( 4 ) 


WHlini^ a fo r«si«ovw t\w wsc^atl term, the equation becomes 

1 (1) 

TIhmv lire rral imoIs sinre 4.4*1.- 27«1*, 

Wm liiivi* at niiw 

cm i/i • nml l»»g fits </» - 3 log 3 - li>g 1 6 « log cos 7 1° 2' 56^*4, 

so llml 


One value nf f/ in tiuw obminiHlby writing 

log yj •-* log 4 - J log 3 4* log oos 23® 40' 58'' '8 
« 0-32521) I a 
«-log 2‘1 14007, 

y,-2a 14907s (2) 

Kor the aeroncl root we luive 

h»K ( - l^l) “ ^ - I H ^ H 40' 58''*8) 

.0*2607010 
.tog 0660806, 

-0800806. (8) 

LwUyi 

l«»g ( " ^ 1 i 3 + lug (60® 4- 23® 40' 

- 0'4050073 
. log 0*254 1015, 

yg. -0*2641015. (4) 
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The required roofai are therafen 8-t 14007, - 1 snoHOfl. - u K)!#. 

Sw. 8 . — SolpM th* tqmlim , 

*• + S/* + Sj' - 87 •• 0 

by tht iriitetion mrihnd. 

63. OrapMoal Method of aolviag Iquatloai.—Wu ahall 
now consider the solution of an e<|uutiim J\x) ~ 0 by a grapbiral 
procedure. We first write the e<]uatiiiu in thu form 

/!(*) -yi(®) 

(os may usually be done in aeveral wnya), and draw gra|iita of 
the equations y»/t(a9)> y-/i(3)). For example, to solve the 
equation - 4x + 6 0, the ourvea might be taken to Iw pi <> x*, 
pt >i4ir > 6. The abscissae of the points of intenootiun of those 
curves evidently satisfy the ei]uation/l£)<-0, and are thus the 
roots of the given ec^uation. 

Let one of these abaoiiaae, ae measured on the gniph, lie 
denoted by at; we must, of oourse, recognise ttwt o| is only 
an approximation to the root, since the aooumoy of the reading 
is limited by the usual defects of graphical representation. 
To overcome this difficulty we now re|ieat the drawing of the 
portion of the graph near the abscissa z » oi on a larger aoaln. 
From the new diagram we find a new value z • >i« such that 
is a closer approximation to the root than «|, i'rtwaeding in 
this way, we form a sequenoe of values ai, a,, at, . . ., wliioh 
approach continually closer b* the oorrocl value of tho root of 
the eqxiation. 

Ex,— Find th* r*al root of th* rqunlinn 

(tiw rmx 

corrtetljf to iwm pkcti of donmait, hariny yivm 

oat 48* SO' 40*-.0-78»I08,B8, 
cos 48“ SO' ftO* - 0*78W)78,ie, 
oos 48* 8 1 ' 0* - 0 78004 8,60, 
and r/e48000 - 0'OOU004,84R137. 

Suppose xmy*, then the given BC]Ustion Iwcamee 

0000004,848.187V-. roe V. (1) 

Wb flint plot the citrvee 

/j(V)- 0-000004,848 137v\ 

/,(V)-co»y j‘ W 
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umIiik following daU j 

4a“ so' 40*- lft2440*, (l•a00r>04, 848137 X 162440-0-739050,0, 

42° 20' 50* - 152460*, 0-000004,848137 X 162450-0-739098,6. 

Fig. 12 MUggwUi nit a Milution tli« vnliw j-42°20' 47''-3, so tlio first 
a])|>r<>xiinaliiin for ;/ ix 

H, - 0-739084,98. 

Now ttw 42° 20' 47"-2 - (1-739086,30, 

itt* 42° 20' 47"-3- 0-739084,98, 

mill 0-00()004,H481 37 X 152447‘2 = 0-739084,91, 

0-000004,H4HI37 X 152447-3-0-739085,40. 



Pto. IS. 


Pig, 13 giviw M a noliitlon 48“ SO' 47"-248, ami the value of the 
mwinit it ihi'ii 0-739086,14, Thu wtcoml approximation to the root is 


then’ font 


rtj- 0-739086,14, 


which in llic reipiirwl vnlup. 
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64. Nomography.— Nomography in a upooiftl kiiui of graph- 
ical oaloulation which difTera from other gruiihiont iiiothodB 
iu thus respect: that with graphical mothoda gonorally it ia 
necessary to draw a fresh diagrutu for every prohlout that is 
to be solved, whereas in nomography it ia {HMaihlo to itmi the 
same diagram over and over again for the solution of iliiroront 
problems, so long as those problems Itelung to the stuiio tyjte, 
and differ only in regard to the nuiiioritini tiata is-oiirring in 
them, for example, there are many woll-kiiown graphioai 
solutions of tiio ({uadratio equation in whioli tlio nsits arc 
obtained as the intersuotione of a cindo with a straight lino. 
The practical objection to thesn solutions is that a fresh iliagram 
has to be drawn for eauh particular qiiiulratio oqiiatinn that 
has to be solved; and the time occupied in oonstruoting the 
diagram is greater than the time retptired to solve ihn i<<|untion 
by the ordinary arithmetical method. This objection no longer 
applies if the diagram is of such a nature that when onw con- 
struoted it can be used for any quadmtio, whatuvor 1st tho 
values of the ooefBcients. Such a diagmm, in which the 
construction is made once for all and is upplicahlo to any 
number of special oases, is called a nomogram, 

The detailed treatment of the suhjitct, which is an oxtensivo 
one, is somewliat beyond the awjpe of tho present liook ; the 
reader may be refemid to the works of M. d'Ooagne* and 
S. Brodetsky t; we shall oooflne ourselviw to illustrating the 
fundamental idea of nomography by describing a simple 
nomogram,! by means of which quadratic eipiations may Ui 
solved at sight. 

The accompanying diagram consists of two rectangular 
axes and a circle touching one of them (which we may regard 
as horizontal) at the origin. The oirola may Is* of any arbitmry 
radius E, The horizontal axis is graiiuatod so that the gradua* 
tion p on it is at a distance 2R/p from the origin, and the 
other axis is graduated so that the graduation p on it is at a 
distance 2R/(1 -p) ft-om the origin. The graduation at any 

• ^’riwjW denoinographU (1898) tod Caleul grafdti^n* rt nomagravhU (IBM). 

j A FifBt Cmne in Fomography (39^). 

t E* T. Whittakw, Edi/n* Modh» Soe* NoU$t Nn, it {!)«o, 1916 ), |i, 915 . 
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pnint of tho circle is tlie eatne (with sign reversed) as the 
graduation at tlial point of the horizontal axis which is derived 
from it hy projection from the highest point of the circle. 



Fjo. 14.— NnffloiirMn for tb» Bolutlnn of B?+aa!+A=0. 

Tho method of using the nomogram is as follows: Let the 
equation to he solved be 

ai* + 0 ® + 6 - 0. 

fHnd the point on the horixontni axis at which the reading is a, 
and the point on the vertical (ms at which the reading is h, 

10 
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Imagine these im ptnnte joined hg u etroig/it tine (rg, by 
stretching a thread ^iween thotii, or by liiyitig a atraighUedge 
across). Where the line meet* the rirrle, rrnd off the gniduiilion* 
on thecirole; these are the required rimta nj the quitdnitir. 

The proof may bo left to the roador. 

If the lino is not oonvoniently aitiiated on lh<‘ (liiignim, wo 
may replace tho given otjuation, e.g. by tho iMinjilion wboae 
roots are the roots of the given mjimtion with aigua roveraed, 
or the equation whose roots aro tho nxita of tho givoii iM]miii«n 
multiplied or divided by 10 or some jawor of 1 0. 


M1S01CU.ANBOUB Examim.rh on (')IAITKK VI 


1, Find the |K»itiva root uf tlm ri|iiivlimi 

a; 4- jj:* 4^ jf* 4. ,r* «» ft, 

S. Find the poiitive root of moh uf tho ftilluwing tM|UAtii»f)ji 
(a) oJ log, aj- 18, ifi) log, (/ 4 !)/(/ - 1)*^ 

3. Find oorreotly to four Higiiidoiinl digitu itio jKiiiiiivo root uf the 
equation 

ie-4-5/- 1000, 

using either the Newton- liatihmm methis) ur thr itM^huit uf iti^miiuit. 

4. Compute to sevon plaoee tho pemitivu nxit of 

ill’ + 28/*** 4 HO. 


ft. Iiooate roughly the real routs of thu mpmtiun 
4* Tfi* * loooo i.* 0 , 

and calculate one of iluuu by the Nawton-lU]ihwfft tttetht«i Ui four 
of decimals* 

6. Show by the Newton-Hiphson method tlmt a rout of tho eqtiation 

y* 4- ci(«j + a)y - 0!* - « 0 

1- 85, ftOM 

y “4+e4rt+678«»+ 108g4^ +• • • 

(Wallin, Alqdfra (IflSA).) 

7. Solve the equation 

a^ + S3:*-«*-/~«8lO047W8-O 
by Horner’s method, 


(iht Morgan.) 
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H. Ajijily tin* ro(*t-iMpmrin{; luttUiotl t<> approxiiiiato to the roots of 
llio fullowing injimtiutjH in tlm«s Bignifluaiit figures: 

(fi) - .r* » 7r -f 5 - 0* ([i) iT^ - 5.^: + 2 *« 0. 

U. Kiiul by the iTMit-mjuariug n»*tho(l the iiiiinerically greatest root of 
the 

4 A ♦ 1 ^ mA -f 24a- - 2 « 0, 

ftiui tli-leriiiiiM* tlie iiattm* nf the remainitig roota. 

10. Show ihnt the mot-nquariug method may he ajiplied to determine 
the enitieidetit luiM nf the equation 

A - I 4* ■« 50a- + 25 - 0. 

11, Oelerniine t frmn the equation 

nm0 sin (n + »), 

whert» a is the eeiwntricity of a planet, ’s orbit, 

H is the mean anomaly, 

having given the vatuee sm 0*208, n — 30* ■« 0*5235088, 



CHAPTKU VII 


NUMBKICAL INTBUKATtON AND HtniMATKiN 

65. latrodaotloD.— In the preaonl ohAiilor wo nlmll nhow 
how to oaloulate the numerioal value of a duHuite ttilogral 

f/(x)Ux 

when /{x) is a function whose numerioal value ia known for 
values of a between a and b. 

In works on the Integral (Jaloulua it ia ahown that the 
above definite integral can be found, provided w« oati tint 
find the ind^niU integral of /(«}, aay K(x} : for the value 
of the definite integral is then F(6) - K(a). Thia method is. 
however, of very limited application : for even when /lot) is 
given as a compound of the welUknown elementary functions 
«*, logo), its indefinite integral oannot in general be 
expressed as a compound of a finite number of thoao functions: 
and when is not given in terms of the known elementary 
functions, but is merely speoified by a table of numerioal 
values, the indefinite-integral method is altogether inapplioable. 
The methods described in the present chapter, which are of 
general application, are therefore of great praotiaal importance. 
The problem of calculating the sum of a sequenoe 

«i+«,+«i+«4+. . . +», 

is closely connected with the problem of numerioal integration, 
and IS therefore included in the discussion. 

66. The Approximate Value of a Definite Integral- 

A definite integral 

I f{x)d» 

a 

182 
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may be r^arded aa the uieamiru ot‘ the area included between the 
curve y-y(a:), theordinateax-oanda-a+nt), and the axis of®. 

liBt !* and Q bo the two points on the curve whose abscissae 
arc a and a + w respectively, so that the area in question is 
PLMQ in the diagram. 

Let the base l-M bo divided into r parts each of length w, 
at the points U, V, W, . . and let the corresponding points 
on the curve bo H, .1, K, . . . Then we have 

area of tjuadrilateral PLIIH •• + /(a + w)}, 

„ II H U VJ - \v){J\a + w) +/{a + 2w)}, 

oto.. 



and the sum of the areas of the quadrilaterals PLUH, 
HUVJ, ... _ 

-isliyto)+/l[o+w)+y^o + 2w) + . . . +yta+f-l.w) + 4/(<*+w)}. 

This sum may be regarded as a rough approximation to the 
area PLMQ, so that we have 

-j /(x)dsi!mlJla)+/(a+w)+/(a+2w)+. . . 

+y|a + r - 1 . t«>) + 

where T denotes certain correction-terms. 

We shall now show how these correction -terms may 
be found. 



134 


THK CALCUUTH OF OltHKKVATlONH 


67. Kiiler-llMl»nrin ronsttUk— Lat un ooimider the 
case in which the function J{x) ia r” whem v w iiiilo))«n(iiMit 
of ax Then the alnve formula beoomoe 

1 la+rw 

*1 eW'rir- + +“’> + <!'<• + . 

4 Jr"* ( T, (1) 

where T denotes the correction •U'rraa; or (jHirfonniiiK the 
integration) 

{I + + . . . + rf -'»«•! + 1)4 T 






so 


1 


1 


w> «"* - i 

Now we have 

1 1 


+ i + 


~l)fT. 

T 

1 ^* 
0 a* 


m 


«»-l 




1 /, 0 o> \ > 


(8) 


■ |(l - + teriiiB in &*, atn’.'j 

1 1 „ 1 ^ 

"r 2 '^ 12 ^' 720 ®^'^- ■ • 

It is oustomary to write this expansio!! 

0 2^21 ir 6 r ■ ■ •* 

where the numbera B, which are called the Bt>mouUian 
nvmhera, have the numerical values 

“‘-S’ “--sV “*-w “•-SS’ "•-sw ■ • • 

Comparing equation* (2) and (8) we have 

T -l)(-®l»,fl + ^,^, a + , 

Now ifyi;a!)-«'», we have /(aj)-.w'», /'(*)-r««» ... and 
therefore when /][»)-.««■, we have 
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T*< ' «»)-/(«)! +^!.r(fl-i 

- w)-Aa)l+. . 

80 that ill tho oaao where we have the formula 

I /»i ♦ r#r» 

-1 j{x)dx-’ kJla) +,/][o + Mi) +y(a + 2^’) + . . . 

+,/'(« + »• - 1 . w) + \J\n-^rui) 

-^iy'(a + »•»’) -./'(a): + {/"'(« + H -/'"(«)} 

- “J’f !/''(«+ W) -/'■(«))+■ • • (4) 

or, 08 we may more brioHy write it, 

wjf “ ('V® ■' /* + • • • +/r-l + g/r) 

Now let /(as) be an arbitrary function of as. We shall 
oBBUine that it is poesihle to represent /(as) between the finite 
bounda ®»o and x-a + w to a sufficient degree of approxima- 
tion by iiiuanB of a sum of terms of the form A«®*, where A 
and V are independent of ® : eay let 

./l(®)-Ai«»i* + A,rt'v+Ag«’W’+. . 

where Aj, Ap A* »j, vp i% . . ■ are suitably chosen 

oouHtants. 

Applying formula (4) to each term of this sum, and adding 
the results, we see that the formula (4) or (6) may be applied 
to Buoh an arbitrary funotion /(») in general. It is known as 
the Kvler-Mnelaunn formvia, having been discovered inde- 
pendently by Euler and by Maolaurin in the years 1730-1740.* 

rtO* ^ 

Kse.—To mmpuh I — eorrtetly to oight phet$ of ieoimah. 

Jm ® ^ 

111 tlw Kttlwr-Maclaurin formula put a« 100 , w-l, r- 6 , /(a)--* 

* In lioth oaiwt tlw jmbHt*tlon wm Mveral yoBW Hubnaquont to the 
tllwHivory. Cf. Euler, Oomm. Aemi. Set, Imp. P*trap. S (1788), l>. 88 , and 
Maolaurin, Thiatiu (/ Ptmiom (1743), 1 >. 873. 
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Thus 

1 I 1 I 1)1 

y,o, se^a loo'*' 101 '*■ loa"^ 103 ^ 104 a loft 

I / > . I \ ) / I 1 A 

"ia\“ loft*'^ ino»y ' iaf)\ iiifl* ' iii()4' ' ■ ■ 

- O-OOftOOO 000 _!/ noon 100 1 Hid. 

0-0091100 090 “ 1 al o-oooolio 703/ 

0>009B03 »a8 

0*00970H 788 
0-00981 ft 388 
0-004761 906 

- 0-048790 940 - 0-000000 775 

-0-048790 168 

The oalouUtecl value of the integral io tlierefun- 0-0487110,108. 

Thi* raeult may be verified by ra)iii|mting log, (lo8/|oo} fruni the 
logarithmic leriee, m follova ; 

1 iq9_, 5 1 8* 1 8> I 5« 18* 18* 

^ibo“io6"a ibo»'''s r6o»"4 fbo*'^8 ioo»”ii loo*'*"' ‘ • 

- 0-080000 000 - o-oni aon ooo 

+ 0-00004 1 887 - o-unooo 1 aaa 

■f 0-000000 089 - 0-000000 003 

- 0-080041 799 -0-(«Ut81ft08 

« 0-048790,184 

which agreee with the proviou* reeult U. one unit in the ninth nlmw of 
deoimau. ' 

68. Application to the SnmsiatioD of 8erles.~Th8 Kolor- 
Maclaurin formula is often Hat'd in the comptitnUoR of auinn, 
when the integral whloh occurs in it oon bo oalctilated by 
other methods ; the method will be obvious from the following 
examples : 

Iht ** ”‘1'***'**^ ohUtin torrmily to mint q/ denmaft 

9^’*-9^+8h8l + ' • • + iS9»’ 

Euler-Maelanrin formitla with a-SOl, w-g, r»80, 

ird« 1 1 1 , , , 

~ijm 'S* 9 a01» 903* + • • • + £99* + 9 30, » 

- * j. * N 

“OV 8 o 1 *’’ 801 V”*’ ’ ■ ‘ 
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' + + ’ » V ' - ‘ 'i I V ’ M 

s!oi»^' • aVaoi m\) ' aV20i*“»oiV 

»»0‘()0()8un 4325 
0‘tKHHHm 8575 
<»-0O0rK)0 0288 

•« 0*000833 311), whiuli iH the* value* 

AV. 2. — 7'd ihfi utm uj tht infinite mm 

I I 1 I 
101*'^ 103^"^ 107**^* ■ ' 

If ill the Hitler- Miittlnu rill ftirinula w« |nit /(u^) >« 1 /.r*, rswoo, 

\vt» have 


2« *■ a.t* (.1 + 2)* (d ^ 4)* (rt + fl)» ■*■••• ■ 3,ta ■*■ 15o* ■ 


mt lhat 


1 


I 


f4* ^ (fi -f S)* (a + 4)^ ^ 
Putting am lot, thill givw 
t \ 


1 


111 4 


103 * ■'■ 1 ()»*■'■’ 


“ 2.101 8 . 101 *’^ 3 . 101 ® ~ 16 , 101 * 


- 0-004960,4960n - 0-000000,00003 

-K)-00004tt,01480 
-f 0-000000,38363 

• 0*004990,83386, M'hieh in tlie required sum, 

AV. 3. Valrulate enrreHty to ton ptam the mm of the infinite eeriee 

1111 
11*^ la*'*' IS*'*'!**’''' ■ ■ 

69. Tht Btmai of Power* of the Whole Numherfl.— The 
Bumn of the first, aecond, and third powers of the first n whole 
numbers are, as is well known, 

I*-)- 2* + 3*-t- . . . + n*-il»*+ J»* + J«, 

1* 2« -I- 8* + . . .+n’‘m \n* + \n* + \n\ 

We shall now show that the Euler-Maolaurin formula 
enables us to find readily the sum of the |»th powers of the 
first r whole numbers, where p is any positive whole number. 
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For taking rt-0, -arf in tho formula 

I +•»./>) “ './o) 

we have 

A*p I* 1 II 

- , « 1P+ 2*’ + IV' + . . +(' - I)' 

^ -f 1 » I ^ 

+ i7-2-g7'{7'“ l){7' * 


and therefore 

i» + a.+s- ♦ . , . * r. - * ’:; + - j >|/' - =>.»-■ 

p+l 2 12 «2U 

+ ^?tP ’ ^)(7' - 2)(/' - ‘‘X/’ - » _ 

^ 30240 

the last term being that in r or A 

This is the general formula for a sum of posilivo {mwon ; it 
was first published in James HernouUi's posthtunous work, Ar» 
Coiytetandi, in 1718.* 

Em. — Show that Uu turn of the Ttk ami Mh pnvrere nf ihefirti n idAo/* 
numbiri it doubb tfu tquart of thi turn of their ruW 

We have at onoe 

l» + SJ + 8»4.. . , + n» « in* + ’j»» 

Similarly 

l‘ + 8 *+ 8 » + . . .+ i«*+ /,w*- ^»,»* 

We have tbnrefora only to prove Uial 
(H + *»’’ + ,?,«• - ,Vn‘ + ^n») + (i»* 4 in* + ,*,n« 

-in*(n 4 l)«, 

whioh is evidently true, 

70. Stirling's Approximtion to tht rMtoriaJL— in the 
Euler-Maolaorin expansion 

- (|/o +/j +/i + . . . +/. 1 + ^r) - igtA' -/o’) 

* -/o'") - . • . 


♦ Ar$ <Jm^, ji. e 7 * 
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writ!) «) •' 1 . .I\x) " log X. tho formula then gives 

£ +'■ 1 

logjjf/a:-..^, Iogo + iog(o+ I) + . . . + Iog(a + r-l) 

+ .' !og(a + r) - " ( ^ I ^1-. 

- l2\o + r a) 300\(ffi + r)® a®/ 


or 


-t r + 2)J‘*K (« + r) - (o + ) loga-r 

Writing n for (a + r), this becomes 
2 )*oB »-^o + J)log o-» + a-log(«l)-log(fll) 

12\» a/^360\M» aV 

We have therefore 


( 1 ) 


where 0 is indeiiendent of n. 

In order to determine C, we refer to Wallis’ formula 


2n 


2n 


IT . /2 2 4 4 6 6 _ 

2 * 3 ‘ 3 ■ 6 ■ f> ‘ 7 ■ ■ ■ 2w- 1 ‘ 2n + 


i) 


- Lt 

2 .iil.piM2t“+ i)’ 


or 

and therefore 

log A - Lt [4n log 2 + 4 log wl - 2 log (2nl) - log (2w + 1)]. 
Sufaetituting for the 1(%> of the factorials from (1), we have 
logg- Lt ^4nlog2 + 4|(n + ^^logn-» + cJ 

- 2f (2n + i) log (2») “ 2n + c) - log (2w + 1)1 
.-21.„2ViO,' 


BO 


0-ilog(2^). 
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and finally 

log («1) - (» + 2) log n - n + ,^ Uig 2ir 


I 


1 


12»i ■ :»$()«• 


or 


7t I-n"+* s/2r ■ « '"^1 + 1 *^ + . . 


This formula is due to Stirling;* it ia of great vnlno for 
computing the factorials of large nnitiliorR. 

Ex, 1,— TVi empuU 

In Btirling'n fortnuia, itf{ik»tng Uig{Hl) l\v {logO* - U'-f wi* 
obtain 

J./ . J__ 111 1 

IS0O«»“ ■/ 

where M-log^ii- 0-434S»4,4Hl»na,SA|H*H. 

Taking n-80, Iogio8(J- l-»080Hfl,»HtlttUl.»43ftH8 

and 79.fl IqgjoSO- lftl-S06flft3,lHlftHftu,ftl6 

then 

^ aUn.HO* ’ lllHO.HoO 

- 34-74aftftH,aA3*flO,l46 

- 0'nnmMHi,iH»»3ftn,i)ifl 


-iei-S»66S3,96ftBaB,AlA 
O-3»90S9,93417»,OftH 
O-00046a,3»OOHB,31fl 
O'OOOOOO, 000000, 1 Oft 
-Ifit<09A19e, 9901 93,904 
-116-96 1637, 78ftB07, 849. 

This ia the required value oumiotty Ui Aftmtu |ita<m 
Use. S,~—8hm that 

~J^ Mdx - (/i +/,+/, + ... 


34-743ftftH,Aft4(l 10,34ft 


7w» 


31w* 


■6706^''"“^"'^* 907630' 




71. The Eemainder Tern in Uie liUer«llMlftu1xi 
Esqiaiisioiu We shall now investigate the error oommitted 
by truncating the Euler- Maclaurin expansion at any tenn.t 

• Utthndm tUfermtinlU inaO), 187. 
t Jacobi, Joum. f%r JUiM. it (1884), ji. 868. 
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Let a net of polynooiiaU Vn(/), ... be deBned 

by the statement that «^(/) is the ooeflloient of s"/wl in the 

^4 ^ J ^ 

expansion of j in ascending powers of a. We readily 

find 

'/i(o " “ i)i ~ p* + i<, . . . 

Tlie jHilynumiak ./,„(/) are called the polynomials of 
/krnoulli.* 

From the defining ei|uation 


«"-i t Miy 

>-l nl " 


( 1 ) 


we see on putting < - 0, and 1- i saocessively, tluit all (he 
/isfnoullinn jmlymmittlt vanish when <»0, and all of them 
after thrjirtt vaniah when I - 1. 

Moreover, by differentiating equation (1) with respect to t, 
we see that 

t. a_ 

,“o (n I 1 )! nl “«•- l’ 

Kemembering that 

a a lJj«* Rj«* 

2! " 41 


and e«|Uating coefHuients of {xiwers of a, wo have 


i«^i'(0-</n(0-4. (2) 

\^{() - ^(<) + Bi, (3) 

i^'(0-‘A«(/), (4) 

(6) 


and so on. 

Now denoting by /(») *“ arbitrary function, we have 
J" -ufj^f(a + v)t)dt 

”2/0 ./'I® + “ !)• 

* Till) nKiim WM givau by KmIni in honour of Jumw Btiruoulli, the author of 
Af§ Vonj^ct^ndi, 
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and, by repeated integration by parte, 

,l\x)ih » p./(o f w) f ./{o)! (LV l)/{a , frt),// 

W I#** f ' 

-j^!/{o I w) f/{a)l y {« • 

* «') ♦yt«)! • •MOy' i" • (6) 

But by (:{) we have 

/** lij* /* 

“ - 2 + ■* .j.j 'hV)/'{» ' 

* ” ^ 2? ^ ./" ('» ' w')'/i(')'* 

“ ~ ' 2 T* ~/{«)l / 

- - “Jf {,/'(« + ») V»1 I . «•/).//, (7) 

On Bubstituting fnmi (7) in (H) wn have 

£ yi(®)rf® -“{/to + w) +./to)l - * ») 7 («): 

t®) 

But by (6) we have 

" 41 Jo ■*■ ft i jg '^ft'(0/'‘{O ' 

{/"(o + w) -/»! ^£/1o + W/)V,(/)r// 

“ ^4£{/''(o + w) -/"(o)| 4 "’£ i^(/).r'(fl 4 »/)»//. (D) 

Substituting from (9) in (8) we have 
f{x)(}x - |{/(a + w) + /](o)l - 5^^ (/(a ^ -/(o)i 

+ ^{/’"(o + ») -/"(o)l + 4 
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'1 Ilia IS the Jiulef-AfttclauTinJonnulct with a TemaiTider-teTm 
expresHinif the error committed when the series is tmmcated at the 
ieriM inmlnny the third derimtives. By proceeding in the 
Btviiie wiiy we tain find the error committed in truncating the 
Euler- Maclauriii expansion at any assigned term. 

1 1 j\r) is a |x)lynoinial, the Euler-Maolaurin series terminates 
and is exiuit. 

72. Cfregory's Formula of Numerical Integration. — 
The earliest formula of numerical integration to be discovered 
was one in wliich the correction terms were expressed in terms 
of difTorenceB instead of derivatives. This formula, which is of 
great use in practice, may be derived from the Euler-Maolaurin 
formula in the fallowing way : 

In the Euler- Maclaurin formula 

U' ' " (2-^" +/.-■ + \f) - -/•') 

let us substitute for the derivatives fVom the equations 

v'Jo - A/o “ i^Vo + A AVo “ i + I A% - . ■ . 

»'jV - A/r-i + 4 Ay,.. I + iA*/f .g + |Ay,-« + j-Ayr-j + . . . 
</-yo"“Ayo-iiAyo + iA%-. . . 

- Ay,., + sa*/,., + lAy,., + . . . 

«’»/o''-Ayo-. . . 

Hy/-Ay,., + . . . 

etc. 

It may Iio tviiiarknd tlmt the formulae for the derivative, of /j are 
gtvtnt ill { 3ft, and that the formulae fur the derivatives of /, may be 
(ihtaiiieil hy forming a ditferemie-tAble in which the mttrie, are reversed 
In unler, i-a/n/r-i. • • -i /i. U »ud applying tho equations 

of g 3ft. 

Thus w« obtain 

“jf “ (2/0 ■*■/» +/*+••■ +/*•-! + g/r) - “ A/o) 

- i(Ay,., + Ayo) - 

' 50480 ^^^ " ~ ‘ ’ ' 
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This formula was discovered by Jamas (Gregory:* like his 
formula of inberpoUtioo (§ 8), it does not raquini ordinates 
beyond the limits /o and/, in onb'r to form tlm diirflron(v>a 
Oti taking /(;*)« 1, a«*0, liii* furiinils 

-(I “') + V"- 1)-- . j' - »■ 'y 

V $ 

+ aV'- '>*»• ■ •• 


which twidmitly brmkn u|t into Uh’ 


1 

V 


1 t 


III 





1 1 
jii 


IS’ 




• T- 


III 

7 so' 


n -f. 


*$ 


which are the ox]iauMii>iiH iif 

, i 

log'{ r+ ■(«» - J )} I 1 _ ( I _ , rj} 

reepeotively. Ihi nummeal iwfflntmln in Ihnjuqt't /••rm u/it nr* thmi/of 
th» tame tu thou whkh occur in (k« mfmntitm iff "■ {t'lg (i -r)] > •'« 
Msending powcri of x. 

That this must be so niay lie M<uti at onoe by eyntiMilir rmwinitig « 
for if D donohe the o{WMtmit of liitfaranliatiiin, an timl U ’ ' iltnotaa 
integration, we have (| 3ft) 

awo-K - 1 +A, 

and therefore 


^ f) I „ ^ ^ ~ * 

V 1ok(I+A) logil-AK »)’ 


whence Qregory'e formula may Iw derived aynilKdiially. 

ExprMBione for the remainder after n leritia of wvemi furmubie of 
numerical integration of thia tyjw have Ih-oii fmind by II, I', NIelaen, 
Arkwfer Math, A^nm. oeh h'gdk, 4 (lOOR), Nr. tl. 

Ex. h—ftkoio that tho oocficirnd <f - jA*/, ,tA»/a) in Ortgorf* 

JOfWtUm ii 




0 0 

0 0 

I (I 

i J 


aud that it may aliio b« written 


({ft 4* 1 ) nme] 
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Ha — To cainiiate 


/m ^ 


ronertty to trvm ptacrt of drcimnh. 

iiy <IivK<.ry’H fi.imiiln, tlx! iiH..gral in wqiwl to 

i lOO + 1 +102 + l on + 104 I- i in* - i'2(A/i 04- AAoo) 

" 2'i(‘^*/ios -t- ^*Aoa> - 7 2o(^*/ioa - ^%oa) ■ 


( 1 ) 


. /■ 

A. 

A'-*. 

A«. 



«(M)01}9<K)in) 

-9901 

194 



- 9707 


-5 

,ij,-o-()onHoa»a 


189 


,Jg-0*OOB70« 74 

-9618 

183 

-6 


- 933fi 


-0 

,^4- 0*0096 IB 39 

-0168 

177 


,^g-0*009fi«8 81 





HiilmliliiUiift in (I) tlu! mjnirwl iHfroromiwt, wo liavo 

- ,V( - 91B8 + 9901) - a'<(177 + 194) 


/•10ft (U 
/ - » «*005000 00 

Jm ^ -f 0*00»90D 1»U 
+ o*oof)«o:i m 
+ 0*00«70H 74 
4- 0*0000 1ft m 
+ 0*004761 91 


-6S 


-16 


- 0*04H790 9ft 

« 0'04«790 1« 

Thi^ tvquirwl value Ih thort’fom 0*0487902 correctly to Heven placea 
Ka 3. ih$ taht$ 

287026,699801 
287767,439208 
287888,218227 
288019,036864 
288149,895126 
288280,793016 
288411,730643 


A 

1 

2 

3 

4 
6 
6 
7 


tkmpntr f f(it)dx Ity the (hegory formula. 


(l> 01) 


U 
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Ex, A,-^Oakulat0 

tlj 
jr 

73. A Oentr&l'Difftnaoe rornalA for Ntmat rioal latogrA- 

tion, — The formula of (Iregory 

'■ . . '/r , < !/r) 

- - A/o) - < A%) JJI,(JkVr , - A%) - . . . 

utilises dilferenoes which lie in liiit« HlopinK tHiwiirtlH ilm ccuitn 
of the differonoe table. Evidonlly tlmre hhihi i-xist « mm- 
spending formula in which oentml-iliirorcniuw int» um<i|, und 
which will therefore be of the form 



wja + ‘ • • '/r I ' .*,/r) 

+ aI^*" *} 

+ B{Ay,.,-Ay.,l 
^(,jAyr.n^AVr.i_ Ay Ay ,j 

+D{Ay..,-Ay ,t 

+. . . ( 1 ) 

where A, B, (J, I) are ooeflloientN as yet unknown. To 
determine these ooeflloients, we may tranaforin the derivatives 
in the Euler- Maolaurin formula, or more dii'ootly, we may 
write yi[®) -«*w, 70- 1 when formula (1) bHoomes 

«<«+»■)» _ «»» ^a+r)» _ j 


or 

or 


1 

V 



+ g4 A 


Binht> + . , , 


«... 


1 

V 


/lie «» 
Vc ■ 2 ^ 12 ■ 720 



r(w» . . , .) I- . 


« • 
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Ktjuating coefficioats of powers of v we obtain 


A- B = 0. 
iind thus wo have the formula 


0= -ii 


n 

720’ 


I r* ' / 1 1 

„l f./i ,,/i 4 . . . f/,., 1 /,.) 

„ ^ /A/"f I A/r- 1 A/o 'l A/’_il 

12l 2 2 ' / 

4 1 ’ Ay;..j Ay.i + Ay.*^ 

'720l 2 • +. . . 

'i’his formula, whioh is extensively used by astronomers in 
the calculation o{ iHarturliations, is in general more rapidly 
convergent than (Sregory’s; but it involves values of/ outside 
the range of integration. 


hx. 1 . S/mw tliiit the afmn furmtUi may h» ohfai.ni'd hy intfiimting 
mih rxxitrei tn «, thii Umih 0 and 1, th,^ ivkrpnlati,m.J,tmnla 

/(rt I nw) + („ _ Ay , + A*/o 

«(»-!)(» - j) w(n»- a) Ay, ,+ Ay_i 

»! 41 * 2 • • 

hjt, 2 . 7 m ntlritfali' T fravi llw fnnimla 


JT f' dx 

psm I • 

■I Ja 1 +!>:» 


10 


laking 10 ■> pm 10 wo Imvo 

I 1 1 1 1 1 1 1 

+ /»'’2 2^00+ 1-04 1-40+ 1.3fl + r2-fi + ]Tfl + 7¥9 




• ^l-fll + I-04’''l-40+1.3fl + r^fi + ]Tfl + ' 
4 . ’ + ^ . 5 1 fA/,„+A/, A/„+A/ ,1 

^ 1-04^1.01 +2-00 i2l T 2 / 

iifA%-Ay, A y , I Ay 
^7201 2 “ 2 - I + . . . 


[Table 
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A. 



f ,m ' -O-BOIftHSa 

j-t 1-04 

•JH5605 



f _ _L -1 0-9U0(>»l)0 
•'-» l-Ol 

»0(no 

- 186595 

- 1 1485 

» _L ■ i-oonoonn 
1*00 

imiiKi 

l!l803n 

1 M85 

/, » V-_o-9»()nttno 
•'1 1-01 

- 3Hft6{»5 

- 186595 


/. « ' -0<tt(U63Hft 

• 1‘04 




/, ---~--0-«097B0l 

-578699 



/, -..|.-0-liBa4868 

-584868 

47837 

1918 

^tO - — -0-6000000 

- 4751 1.1 

49749 

- 1168 

/u -j;|^^-0-46248H7 


4H5H7 



- 4S0AS<i 

/tt -0.40B83(H 


We have therefore, neglecting cliffereticeii of oitler higher than the third. 



dx 



>-0*3500000 

0*5584863 

0*6097561 

0*6711400 

0*7858041 

0-8000000 

0*8680690 

0*0174318 

0*0615385 



( 4099BH 0) 


7'Jo(S7ft-0) 


O-BnOOBlIO 


O'flOOOOOO 


-7-R49Hiao +41fl(lfl + e 

•-7<HnS98S2. 
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Thorufore 

JT = •( X O'THftUnftiS = 3-J 4 1 592,88 
wlii’MiH the comwt valutt nf rr is 3- 14 1592,05 . . . 

74. Lubbock’s Formula of Summation. — In the Euler- 
Miuslaurin formula 


1 /tifrtu 

J (./i ‘/i f t-. 

^ Jit 


+/r)-2(/0+/.)-n(//-/0) 


'720 




8Hp{H>Ba that ejujli iulorval in subdivided into m parts: the 
Kuler-Maiiliiuriu formula corresponding to the division is 


fi J nr 1 

Jlx)<h - ifo +/. +.A + . . . 4-/r) - +/r) 

m lit M 


m 

w 


Kliminuting the integral between these two otiuations we have 
yi +/!. +,/'« +./« + ■ • • +/r ” W'(./o +,A +/2 + > • • +■/>•) 

HI m IM 

^ O' I /■! 1' /■'! ~ ^ I f" f"'\ 


'I'liis formula enables us to deduce the sum of a large number 
of values of the function taken at any interval from a smaller 
number of values of the function, taken at intervals m times 


greater. 

If the derivatives in this formula are replaced by their 
values in terms of dillerences, as in § 72, we have what is known 
ns l,iibh(u-k'n formulii,* 

Jo +yj +j't + . . . +jr iii{jo +,/i + ■ > • +/)■) 2 

- + A» 

(7«» -1)(9w»-l), 

4H0///» 




• J. W. Luhhook, aainb. mi. Trnm. 8 (18211), p. 328. TI 10 formula a* 
given uriginall; liy Lublwok Invnlvwl mlvaiioing dlffaranoo* of/^ ; the formula 
liorii given, wlileli ilraia not requiro n knowiodge of f, for valuee of r. greater 
tlian r, in line to A. do Morgan, //(/A Jut. Gale., pp. !117-818, i 101. It may lie 
olitained readily iiy tlm uan nf aymhollu oporatora j of. T. 11. Sprague, J.T.A. 18 
(1874), p, 300. 
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Kx, - To calfulith th« mm 

I I t 
10 ( 1 * *■ 101 * I (IX* ' 


1 ftO* 


Lot w««10, wm\()^ find form iJh* ilifTurunm* mldo of /(«)« 


1 


beginning with I be vnlno/o- 
ivono 10000 


/^«.04)()00Hsin.| 

*^0.00000014 

/;i«o.aoooAon 

/,»^O.OOOOAlO;J 

.^0.00(K)44M 


J7:io 

IOl'O 

105?7 

»H15 

0A8 


4 10 
iiliO 
tilli 
1A7 


-HI 

AA 


li? 

^0 


ft) 


By Lnblxwk’ji A»rmuhi we Imve 

9 0» 

+4) - +4> - J ^ A/o: 

"" j^4(/ A /» + A 4) ~ ^ A /# A /o^ 

4HOOUO ^ 

«» 400710 - 04008 « 88»*ari - 'iao ao I7*70 ^ lil Ol 
a4onr>o. 

The rc(|uiml valuo in tlnm^fimi ()*0oa4050, 


EXn 2 . — Evnluatfs fa Mtivm plHc«$ 

ON) % 

V * . 

Ex» d,—Show that (hepory^M ftmnuln ntay h$ uhtainfrl hy tnnktt^f in in- 
tffdOrW inddjinitdy in Lahtmek^M farmnlUt 

76. 7omulae which inrolve only leleotcd Vkiati of the 
Function. — If the function whioii ie to Ini intograted t* euch 
that its differences btiyond a certain order n may iai negloctedt 

the formula of Gregory (§ 72) enables us to ex i»rc8B ^ ./(ir)./® i n 

terms of the values of/ and its differences ns far as order n, 
at selected values of a. But these differences can in turn Iw 
expressed in terms of selected values of/ by reductions such as 

^0 ~/i “/o, A% ""/i - ‘4A +/o. ot<!., 
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11*.. . 

and thendott^ it in possiblo to expressj J‘{po)dx entirely in 

Ja 

toraiH of values ot / at selected values of co- Among formulae 
of thin class may lM^ tnentioned specially the following,* which 
are ticcumte for Ituictious whose fiftli differences are constant: 


AH fl 

J ./>/* ,u/„ , f G/; ,3 + 64^., 

(Weddle.) 

£ ' , „) l-(t2(,/;+, 4/„.,.3) + 2-2/„+3. 

' , HO Hardy.) 

f ' 1 8 fl|S(./rt l-yn+m) ^^>(./« 1 1 +/rt+S +/(t+7 +/ffl+9) 

-'rt 


^ , j +/„+4 +/„+, +/«+8) + 36/„+5)}. 

(Shovelton.) 

These formulae may bo proved directly, without reference 
to Uregiiry’s formula, in the following way : 

liOt it 1)6 re<iuirod, for example, to prove the second of them 
((!. K. Hardy's formula). Since /„ is a function whose fifth 
(lilfonmoes are constant, wo can represent /« by a polynomial 
of degree fi in x, «u«l therefore by a polynomial of degree 6 in 
the variable z, where z x a ~ 3, say 

/» “/« 1 8 '• '** + + y*® + S** + tz\ (1) 

where H, fi, y, 5, i are inde|)ondont of z. 

Therefore 


I /fdx »» f (/„ +8 + liZ 4 /3*® 4- yi»® 4- fi** 4- «**)(£* 

At «/».8 


. 04+84 18/i 4-^|®fi. 


(2) 


Now let us see if this can be represented by an expression 
of the tyi)e 

A(/« +/(. *9) + +.4+5) + ^i4+8> (®) 

where A, B. 0 are absolute constants. By (1), (3) may be 
written 

^(%+8 + + 1628) + B(5^4 (8 4- 8^ + 32s) 4- 04+3. (4) 

Since the expressions (2) and (4) are to be identical, we may 

* A vniimliln ilintiiiKHlnn of ri)riiiulH(* of tlii» type ih givwi liy W. K Slieppard, 
/‘;w. /.mid, Wn/h, Siiit. 89 (1900), |i. lifiK j nnil n ilntiiileit olmnontary traatment 
liy A. K. KltiK, Traiu. fne. Aet. 9 (1828), p. 21& 
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equate the coetliokiuta of fi, anti X in tiioiii, and thus 
obtain the equations 

f2A+2Il + (V6 
J 18 Af 8 lt-lH 
[ 162A + 32H - 4H«i/n. 


These equations give 

* 1 

^'•26“ 


0‘28. 


81 

‘60 


I*«2, C'-2'2. 


so (3) booouies 




and thus Hardy’s formula is establishod. 

Weddle’s formula may fm deduoinl at oncui Uy addiuu the 

zero quantity gy^Yn to the right-hand side in Hardy’s formuhu 


Ex, I . — Smimtf 





Weddle*! formula may he written 

■■ +/i» +t»p + 


^/rt ♦ !»r* /f» I |»r rf « !<«> I gi^), 


Let a M 0, 



and/,- 1/^(1 

^(1*000000 + 5*01 1 4ai2 f l-OUlHfy 4 «• 1 00775 

I *0(1(0100 4 A-ftCKI HM i 1 * 1 54700) 


-0*523fie»0. 


The true value of thi» inUgml ie |jr i»r t^imn ily oi 

places. 

Using Hardy*! formula we Imvi^ 
dx I . 

Jo X ^•lft47005) + (I*0si x S*i08ftSH5) 

+ S*8 X I 'OagTOAO) - 0*5Ssi50aft. 


Ex, 2,'^Evaliiats 


unnff seven ordinates. 


f. 


TT**' 


76. The Newton‘Oot«i Foranlae of Intogration.— Among 
formulae of the tTpe dieoussed in the last section, the oldest 
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and best known aro the Newton-Cotes formulae, which we 
shall now derive from first principles. 

Ijet it 1)6 required to calculate the integral of a given 
function between limits ® » o and a: = 6, By the transformation 

0 + 6 /< - 0 . 

wo can rotluoe the integral to one in which the limits are - 1 
and + 1. l^et Ao, hi, . . /t„ be numbers intermediate between 

- 1 and + 1 ; wo sluill try to find a sum of the type 

JMAo) + Ht,/l[//.,)+. . . + H„y(A,„), (1) 

where Ho, Hi, . . H„ are constants, wliich will closely 
represent 

j ^,llx)dai. (2) 

We are thus trying to represent the value of the integral by 
a kind of weighted average, in which weights Ho, Hi, . . H„ 
are attributed to the values of the ordinate y’(®), corresponding 
to the abscissae Aj, Ai, , . A„. In order to secure that the 

sum (1) shall represent closely the integral (2) we shall lay 
down the condition that the sum (1) is to lie equal to the 
integral (2) rxaethj so long as ,f{x) is any polynomial of degree 
less than (n + 1). 

Denoting the product {x - Ao) (® - Ai) . . . (® - A„) by F(»), 
we see that the sum (1) exactly represents the integral (2) 
when 

since this function is a polynomial of degree n. The sum (1) 
then reduces to 

IMA,-Ao)(A,-A,) . . . (A, -A,,), 
where the factor (A, - A,) is omitted ; and this may be written 

H, Lt , or H,F'(A.). 

This gives at once 

a formula which determines the H’s when the A’s are known. 
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This formula aiight have U«h dfrivod hy rotnarkiug that 
wheny1[a:) is a polynomial of tU'grwi luiw tlmn (h + 1). it may be 
represented aeeurnt4}f by l4iigrangi''H formiiln of iiil«r|Mi|atioii 
{§ 17), which may Ihi written 




V 



KM 


lV>,) 


The required fonuula m obtuituni iVnni ttuH at by 

integration. 

Let us suppose tfmt the A*h iiru at tM|ual intervals 

apart so tliat 

A-o- -1, Ai** - 1 f , ' I ♦ ‘ * >• I- 

n n 


Then 


-(® + l)...(x+l--<’‘^- j,, 1 . (r I) 

...('»•* !)(/ r I) . , . U »*)1. 


where t - J7»(® i- 1) and 

E'(Ar) - (A, - /to) . . . (/*f~/»,.l)(/(r /(,,i) . , (/l, /l.) 

We have at once 

j‘^./t»)c4r-Ho./M!,) + H,/(-l , 2^, . , . , H,y^i). 
where 

ThAi$ is hThowu dtS ths NtiHon •Volts fovtuuln oj' if^rtjtiUion,^ 
More generally, writing \ rtr, wo Imvo 

/a+nii> 

I /{x)(h - Hoj^rt) + H i/la + w) 

fvb 

+ H*./][rt 4 2ii) I . . . t ( nir), 

* Nowton, heUrf to LHhnit* of (l«ln 84lli OntolNur IrtiB ; I ( IBS? ), 

Pro]), xl. Lemma 6 ; Cotei, Jtarmmia rnrHOnnirum ()7!W) ; Jaiiir* llrranry lieil 
given the fommk for na'J in XairHt. gtom, {IBBH). 
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whore 

~ •■■(<-»• 4-1) (/!-r-l) .. . {t-n)dt. 

Tli.> valui'H (if llm wH'IttciniiUt in ii numln-r of (wes are civoii here 
fur : 


For n »»liy ivm \ 
l*\*r It A 

I* or H m 3, W m ^ 
For Urn 4^ Warn I 


lU*" (M)» ^^s*“ 1 ft> 


„ , , “o-n,-,V„u,-n4».i{S, 14 = 11 , 

riir n •• Cl, wmm J 

N«t« llmt wo iiiuHt nlwaya liavo HQ + H^^ + Hg-f . . . 

A ft»riiiula making imc of tlio urdiiuitos at tlio initldlo of the intervals 
('hmtiywl of tin* onda of the intervals) was given by Maclaurin, Fluxions, 
2 (17458), p. 831 

An exjnvsHioii f(>r the remainder after n terinw in the Newton-Ootes 
formula luw been given by #1, F. Steifensen, Bkandinamsh AhiuarieUdshnft 
(H)il), p. 5801. 

AV , — (kkututn 

r‘ dx 

Jq 1 -f 

by the NftiHon^Oote* fomtulit mih titjfU ordinatss, 

U»t ID** A **** "• write 

#)-^(^-l) * . . (^-8). 

The cva’flieieiiU H,* may be written 

n ^ r 

"''““f i(8-r)l8jo C-r 

and we have the valuiV!i 

Ho- H,- ,SS1|„ : n, - 14- iV,V» = H,- H,- : 

•* “ uVt*^ # ' “ "" aWx* 

Hi nee /(j*)"* ; ■ , we have 
I + X 


f> i 


iK ye iHi 

W * n 5 U n 1 fl T Tlf IT 

14175// 494*5 2944 - 404 5248 -2270 5248 -464 2944 494*6 


i s 

y « 

n 1 n 


» 7 

fir 

i H 

7 Tlf 
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Then 


4ai 848284 

1 / 192 48 11)2 * \ 

" laft ■ " :.A ‘ ^43’ 3 ■ ***^‘') 


«iO*«93l472U 

wlmrtuw the inie value 18 0*09314718, 


77. The Trapeioidal and Parabolic Rnlei.— The Hiin{ileii 
esases of the Mewtou-CoteH formula are tliu follnwitig : 

1® n - 1. 

r -f- W« 

t J »;/][<» » tv). 

This is known as the /rtt/u-titulal nth. It in I’xaet whoa 
/{x) is a funotion whoso first diirorunoos are i nnsUint. When 
/{x) is a function whose first diiroronaw are not oonsUnt. the 
difference between the two aidos of thi> alMivo may 

be written 

t (hv), 

where 0 <e< 1. 

2 ®. »- 2 . 

<1 1 'i«f 

I /t*)'*®*'' iS«yi[«) * i'l’A '* ' »'■) * ' 2»’). 

•'rt 

This formula was first given (in a geoinetrical form) by 
Oavalieri,* and later by James (Jmgoryf ami by Thomas 
Simps9nt; it is generally known as Siwpimn'ii or llm paraMie 
rule, It is exact when ./(®) is a function whoso third dilferenoes 
are constant ; when _f{x) is a function whom third diirerencos 
are not constant, the error involved in Iho use «»f Simpaon's 
formula, i.s. the difference lietween the first and second members, 
may be expressed in the forWg 

- Jq/'’'(o 

where 0<^<1. 

* CciUuria d% mriiprohhmi, 1h>1»Knii (lfl<lO), |i, 445, 
t Mtmrdt, Londmi (1668). 

t MnUu DiiinHuiimn^ l^nrloti (1748), |i, 109. 

§ Poano, Applicazimi geanu lUt m/mln in fin,, TiiHi) (1H87), ji, »i08. 
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3“. 71 “ 

rat a ti' 

J f(x)(ix - gw{./(o) -t + •//.) + y{it. + %o) +J{a + 3m))}. 


This is j^ont^rttlly wtllod the tlme-eujhfhs rule. 

In i>nu!tii-e, whuu it is rtiquiretl to compute an integral, we 
first divide the range of integnition into a number of intervals 
and tlton a{n>ly one of tho alwve rules to each of the intervals 
ai»d adtl the nmults so obtained. Thus when we use Simpson’s 
rule after dividing tho range (say from «. to a + 2pw) into p 
intervals, we have for the value of tho integral 

‘ iw/\a f w) + lwf{a + 2w) 
i iti'/lit > 2ir) » 4 3i/’) 1 ?,//;/](« + 4?/>) 

4 4 4«’) + ^wJla 4 6v/>) 4 lw/(a + Qw) 

I . . 

or 

4 4 274’) 4./l[ffi I 4/'-) +. . •! 

4 4(yi(fe I 7/') 4y(a + 3/r) + . . .} +/(« + 2po)], 

whinict) tho form in which Simpson’s rule is generally stated : 
fhrm the ttum of the e.rtfme ordinates, twice, the mm of the 
even ordinntee, and four times the. sum of the, odd ordinates; 
and mvltiidy the result hj one-third of the interval of the abscissa. 
AV, 1 , — UakulaU 

/•' </»; 

A1+'* 


hy thif sumption fnrmuln^ unnfj ninn ordinates, 

I/^t /(/) , « « 0, and • Wu have the values 
1 -f “ 

/ 0 • i 8 1 g 2 i 1 

/(*) 1 !! i I’l « A J A * 

Then 


/' 1 1 .4 “ iif (’ + s) + + 3 7 ) + ^(1 + n + A + a)} 


•>0<fiii3in4 n. 


TJio viiliie olitniiuHl in 0'4(031ftfi, whereas the correct value is 
log 2"0'6«8147, ciirmi'tly to six placea 
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-^05, S , — Show that if in mtlutthfuj fhr nrim hHusfrn fh* vrdinnt^g 
a;««l and ^ — a uf the rsctan^utar h}f}inMo ry -- I thr fannuk of 
Binri^ion with 11 onltnaiim u mnpio^edt fA# terror i» 

78,— WoolhoWa Poimulw, A inimlMi *»f inir^rminn fnriiiiiliii* 
akin to thorns whitih lmv« Imhui iti ilir hi^i ihhn^ wm* 

given by WimlliouHe in Joum, /«w. Af t. 27 ilHHH , j., Jl*, ^,^* 111 . 

mtmtlefl the two fulltjwing itjierUlly for their **h\^h ami inmiMenl 
approxinmtion,** 


Udtmfi 




JH14 t'"‘ *■ 


lOS/V 4] 

loftH i "* ' ' na"» 


•■[t»- 44 S 5 t> 38 j(iij+ j.| 0 .){ji»i 44 »||Mj i 

(whore the miinlMnn in bmekeb* iim the lu>n» »if ihr 

und * 


j^udt . 14( ^g(«o+ ly + 


IHH 
^ iHfi 

-[»-7011914](«j+ y + [0-fl47ftft7ft](«, ( «, 


( «• f »l- 


71 

1 




+ [ 0 ‘ 7 »H 4 tiaij{w^ f fi^) I (iJ'Mll 7 nA 2 <l)iij|, 

79.-~-01wby«l3Laf« PomizljMi. If, in*>tivMi uf hivmK down th,, 
condition in fornmltt (1) of | 7« timl the intervaU A, 1 A.., ^ 1 «»tr, 

are to be equal, we lay down the eondilion llnii iln* ooi'Hh mnu 
Hq, H,, * , ,, !!„ are to Im etjual to enrii other, \\v obtain a ih<i of 
formulae ftm given by (?hebyHlmf/ whirl* havo funinl a. n.pianm. diielly 
with naval arohiteotH, Ihey liavtt a n^rtain miynntitgt* when the ortlitmUie 
are experinwntal data liiUdu U> iinkiK.wit |.rn.p.i for if m.. hnvi- a 
mimto of qi»ntitiuii which m, ii«hl.. u> U< «irr,-i.,| with nm.r. 

and if a linear function of theiw i|itn»tilii« U ronin,!, ihr Mtiit of the 
^ffloienU in thU funotio.! indtig fl*«l, Uihi Hi.- .-rror of the 

function ii leant when the co<il!ioietiu am all m|nab 

{n + l)th differenoea are negligible, then 
n 


f 




whero »J, au . . . ^ arc the i-oou of n .-.•ruin iKilynomial, which ie, in 
feet, the polynomial jiartof the ex|Hitt»ion of 


x**e 


n 


4.M 


in deaoending powure of a. 

we who*, eixlli .liffenincee are negllgihh-. 

• Joum. * n^tk. m, It ( 1874 ). p. 19 , Franf. . (l.yon. 1873 ). ,, 80 , 
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wluuv 
HU that 


•» the rtKjtH of the (‘qiiatiou 
**-S‘^ + /a=" = 0, 


*1 


• 0-H324.’$7 = 


-a!,-0'374ft4a = a:4^ 

^ 0. 


('h«l>y»li«ri< fi.niiiilm! w.-iv hU^gcntiHl l.y a formula due to Broiiwin* 
nmuuly 


57r\ 

tfij 


■ +. 




whiuh in rigiH-uunly true wIumi /(.!•) k a function who8t» SJnth diirerencch 
an* zero, 'rhitn if /(.i ) in a function whu»o sixth dillei'cnccB arc negligible, 
we liavi^ 


80. Qauss's Formula of Numerical lutegration.— Suppose 
now that instead of prescribing the numbers ho, h^, . . of 
§ 70 by tile condition that they are to be at equal intervals 
apart, we dutennine them liy the condition that the formula is to 
have the liigliest possiiile degree of accuracy; since there are at 

our iHsposal {'In i 2) constants //«, hi h„, Ho, Hi, . . H„, 

we can choose them so as to make the formtda rigorously true 
wlieii /{*) is any imlynomial of degree (2;t + l). Denoting 
the proiiuot (x - Ao){» -- hi) . . . (® - /i„) as before by F(»), we 
must tlierefore have in particular 

f [ <h{x)h'{x)dx‘‘0, 

'-1 J-i 

where tji{x) denotes any polynomial of degree less than (« + 1) 
Now it is a known property f of the Legendre polynomial 
Pn+i(®) that 

f '^(»)I’„+i(»)ff®-0, 


80 long 08 «^(») is any polynomial of degree less than {n + 1). 
Wo see, therefore, that the stated conditions are satisfied 
by taking 


• mi. Mng. 84 (1848), p. 262. 
t WhitUk«r »nd Watson, ^f<}dern AnalyH^i § 15*14. 
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so the numbers hi h„ an* the roola of the l^igenilre 

polynomial of degree {» ( I).* The H'h are then given by 
formula (3) of § 76. 


In 

the simplest 

oases we 

olitain 

the 

folliiwing ’ 

rallies for 

the A’l 

3 and H's : 






n-1, 

, 1 

, 1 
JTf 

\h 1. 

11 

, - I. 


n-2, 

1 

“\/6* 

Aj-O. A, 

V:$ 

*■* ^.v 

n„ 

O' "‘-6< 

11 

"•o 

«-3, 

Ao* *“ As* “ ^ 

2 .yU . 
^7^6* '' 

A,» 

3 

7 

2 s/ 0 

7s/b’ 





.10 

1 

11, 11,- 

18 ( ^30 
SO 


Converting to deciraale and traueforming tfie variable w> that 
the range of integration is ftwu 0 to I, we havo 


( ^{x)dx - Ao^(ao) + Ai^(Z]) t , , . + A»^f 

•'ll 

where av and A, are the transformed valutw of A, and H, 
respectively, and in fact * 




Zb “0-21 1324 87 
zi - 0-788676 13 

Ao- A, O fi 

n»2 


zo- 0-1 12701 07 

Ao - A| - 


ajj •• 0-6 

asi- 0-887298 33 

A,-t 

a« 3 


a:b“(V08943l 84 

Ao- A, -0-1 73927 4 


®i -()-830009 48 
x% m 6>668990 52 
0-9.30568 16 

A, - A| - 0-326072 6 

w-4 


»b- 0-0469 10 08 

Ao- A««0-11R4634 


«i - 0-280765 34 

A, -A|- 0-239314 3 


csi«i 0-6 

0-769284 88 
»4 - 0-963089 92 

A, -0-284444 4 


Qauu, “Methodui iiovs Intefoalium vslom 
Ooinm. ni. ( 1814 ). Wtrkt, », ji, 168 . 


per •pims. invMitgtil," am. 
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Kj'. - hii iliiiiM'» muthail, mih n»=4, tha valua of 


L 


1 <>K (1 +;i?) 


i 4*/* 




Writing 


- iV- 

a 2»:i025fi5 01) 

*''Klo U i- ir; 

l+x* ’ 

\vv timv aim«gi‘ Ihr working 

in tin* f«nn 


1 4^' 

-Til' 

! -OHIO 10 08 

-I'l- 

1 -230760 84 

l"Kro'l +-') 

0-()I»»0» 88 

0-090176 26 

A 

0-I1H463 4 

0-284444 4 

1 +,.» 

1 -002200 f,6 

1-053252 04 

l"KlO 2-802ft8f( 0)1 

0-302215 (m 

0-362216 69 

I'Vio l'"KloO ' ■')( 

8-209057 73 

8-966087 40 

l"«lo A 

9*073584 20 

9-378968 66 


17*734857 02 

18-090271 74 

l"Kio(l +■'') 

0-000954 04 

0-022582 56 

l"Kip A^(j ) 

7-733902 98 

8-673739 18 

A^>) 

0-005418 80 

0-047177 96 

W»i lliiw tlin valine 




Final iy wtt havr 

1 


Ao^j-o)~(H)Ofi418 80 
0-047 177 06 
A,iKj-,)-O-0»2ae5 82 
A,V^(-f8)-0-08fi7Bl 36 
A|^(/^>0-041S64 03. 


' Aoi^/o) + + ■ 




-0-272108 0, 

whttmM lliH riirniot value of thU integral log 2^ ia 0-272198 8. 

Ka 2. --f^how thnt a degree of accuracy equal to that of Oaust^e fonnula 
M obtained hy the use of 


m 


the stm hiny extended over nil the roots h of the equation 
Fn , iW-F,, i(;r)-.0, 

that ovm 4-1, - 1, rt«<^ the roots of PnV)*^* 


<i*no 


(Hacku.) 

12 
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Misoklunkous Examplkh on (;ha!Tk« VII 
l. Show tliAt if nflh (tifr«mitr<w an* tu’NliKil'h' 

•nfdw 

m 0*28(/|| + 2/rt I e I IS ^ ^ < Jn , rti. ' 

I 

Shtivi’liim.) 


Hliow that if fifth (iiffotvtii’ini uri« u»>{li^il»lr 

j ■■ At(/tf ”!"/» + 1 +/« 1 4 4 - . . • 4 /« , *„) 

+ 5(/a+l4*/fli+3 + ' • •+/« i) ^ i/n I a ♦ /fi , B ^ • * . 4 /rt , a)J 

i ShtiVoiftiti,) 

3. Show that the ititi^grnl 

I ^^)(l -.r)^(l +;r)#-(/x 


may bo roproBoiitwl by the nitiii 


H^</K^o)+ + • . . 

exactly ao long aa ia u |tutyiiuiuial uf ifogtw Iom ihitit ifn, prnviih^l 
the abaoiaaoe ^ • * » arti the iiMita t»f tlio (MiiuiSiuti uhore 

F(a;) la defln«Kl by the relation 


tilt 


(aJ«l)^a;+l>‘F(/)-^*^^,J(.r-. 1)« • V 4 I ** • ** j, 
and the H*a are defined by 


H, 


^ ^ /* 


(Ibidiin.) 

4, The valuea of a function /(j) are givon by iho uble 

l^OftO I ‘2^.180 

1*080 l•X80tHI 

1*070 l-XHOHl 

1*080 !*30Ji54 

1*090 1*31003 

MOO l‘33fl06» 

Using the Gregory formula, mloulate 
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ft. Tim viilncK nf ii fimctioii /{j) aro givwi by tlic table 



A*). 

41 

31)5 254 101 

42 

40C 580 896 

4 a 

418 101 001 

44 

421) 1)81 090 

45 

442 050 025 

4(i 

454 371 856 

47 

400 948 881. 


hJvuhuitu 


fii 

I 

Jai 


<1. fuimtiuti wlumi fourth diilV^roiieoH aro negligible, prove 

that 

jf ~/^A2 + ^2), 

atnl, nu»rt? giuiorally, if f{x) Ih a function wliosc 29 ith (lifierences are 
tu^gligihle, ubiain a formula 


Jo kml 


tin 


whrn^ .j'rt am tho rootn of tho polynomial 

(A. B(u*gor.) 

7. if/(/’)lH a function whowo nixth (litforencefl am nogligible, prove 
that 

and mure gtuicmily, if /(/) m a function whone 2ntli tlUVerenccH are 
negligible, obtain a fttrmula 


I « **a*M»"“ S ^hfin), 

J -ft *’**1 




where /j, j^Ii • . wro the rootn of tho polynomial 

(A. Berger.) 



CnAPTKH VHI 

NUUMAL. I'HliVlUliNi'V HiMTiilHUTiUNH 

81. Freqaeno; Diitributioai.— iuxtatiiiiuiil luveHiiifniiotiR 
attention is directed to a group of {tersuuH or uIiJmcU, and an 
enumeration is made of the individuals in the group who 
have some particular attribute: for inaUucu, wo nuty ooq. 
sider the group oousisting of ail the iuhahiUnts of Kdiutnirgb 
and enumerate those who are widowers. In ihn tnosi inijiortant 
and interesting oases the attribute is one which is caintble of 
being expressed by a number; thus the attrihuto might \m Ibo 
height of the individual, which is oxprossiblo as a numlier of 
inches. In suoh oases the whole group muy lie {sirlitioned 
into classes or 8ub-grou|« aoconling Ui the value of this 
number: thus the whole group of t!»e inhahitnnla of Kilinburgh 
may be arranged in classes uooonlitig to the iiumtier of inches 
in their stature ; one olaes, for example, might tmnsist of persons 
whose height is between 68i itiches ami OBJ inchea Now let 
% be the number of inohes in the height of the shortest pomon 
in the city, and lot the number of jiersons whose height is 
between ajj - J and aJi + J inohes be .vi ; lot », t 1 1« denoted 
by 12 %, and let the number of persons whoso height is between 
a% - i and ®8 + J be yi ; lot 1 be denotiHl by a%, and let the 
number of persons whose height is between 3 % - J and a% + J be 
denoted by ys. and so on. Then we may regard »i. sP|, a%, . . . 
as suooeasive values of an argument and yi, ,vi, ys, . . . aa the 
ooiresponding values of a function of this argument. The 
table of values thus obtained specifies the distrilmtion of the 
heights among the inhabitants of Kdinburgh : suoh a distribu- 
tion is called ifrequeney distribu/ion. 

ta4 
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As an exaniplt! of a fretiuency distribution, wo may taku the follow- 
ing riisults of inoasui'onutnts of the chests of 67352 soldiers in Scottish 
reginiunts.* 


(vVitbfi in uitktis 

33 

34 35 

3G 

37 

38 39 

40 

Numlmr 0 / men . 

3 

19 81 

189 

409 

753 1002 

1082 

dhed mmHure in inth^e 

41 

42 43 

44 

4f) 

4G 47 

48 

Number of men . 

935 

G40 313 

1G8 

50 

18 3 

1 


The tyi>e of frequency distribution which is most familiar 
to the worker in experimental science is the distribution of 
the measures obtained by repeated measurements of the same 
observed quantity. Let the true measure of an observed 
quantity bo a. Since measurements made of this quantity 
by the same or dilferent observers are alfected by errors of 
observation, the measures actually obtained will not all be 
equal to a, but will form a group of measures cti, iti, eta, ett, ■ ■ • 
not differing greatly from a. The practical problem is to obtain 
the best possible eatimate for a when we know the measures 
tti, Ut, oa, . . and also to estimate the error to which this 
value is liable. In order to solve these problems, we must 
study the type of frequency distribution to which the group 
an Oa, . . . belongs. 

82. Oontinuous Frequency Distributions.— In the above 
numerical example we have grouped together in a single class 
all the 768 men whose chest measure is between 37i and 
38J inches. Supposing that full information regarding the 
individual measures is at our disposal, we might have divided 
this class into two classes, one i’onsisting of men whose chest 
measure is between 37i and 38 inches, and the other whose 
chest measure is between 38 and 38 J inches; and in this way 
we might subdivide each of the original classes, thereby 
evidently doubling the total number of classes and so producing 
a more detailed stutetment regarding the chest measures of the 
men. Further, wo might divide each of the new classes into 
two, thus quadrupling the original number of olasses. But 
evidently if wo attempt to proceed very far in this direction 
we shall meet with practical diihoulties : thus no statistician 
would think of trying to arrange the men in classes each of 
* JSdinbittgh Mtdiml Journal^ IS (1817), p. 260. 
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which oomprehenda a variation of only one^thoumndth of an 
inch in height, partly booaiiae the ttioiwurea catinut ho relied 
on to such great aootiraoy, and {uirtly tiecanno tint ituiiilMirs of 
men in the olasaea would bocuinu Htnall and irn^tilar, and 
would cease to present to the mind a clnar picture of the 
frequency distribution. 

For theoretical purposes, however, wu imiy disrtJgnni theee 
practical diilicultiua and consider an ideal casu in which the 
measures are supposed ptirfectly acourain, and Iho iiunilirr of 
individuals in the whole group is 8 UP]nisch{ very largo, so that, 
however narrow we make the qualification for iiiouiliornhip of 
a class, there will always be enough nu'iuli«n« iti it to make 
the sequence of the numbers of members of olnssoa a regular 
sequence. Now consider the class oonstimunl of individuals 
whose measure is between sb and a + 1 , wrhero « is a small 
number. The number of members in this class will evidently 
be approximately proportional to s, sincse doubling th« range 
of qualification for the class would upproxiinatcly double the 
membership; and it will also be proportional to the number 
N of individuals in the whole group, since, if twice as many 
soldiers were measured, the number of soldiers in »wich class 
would be approximately doubled, l^t us then denote the 
number of individuals whose measure is lielween a and a + s by 
N*y ; then the number y depends on a, and in fact the way 
in which y depends on a speoifies completely the frequency 
distribution. Wo shall often express the dependence of y on a 
by writing <^(») for y. and we shall use the differential notation, 
writing dw for t, so that in a group of N individuals the number 
whose measure is between a and a + rfa is denoted by N^a)fte. 

Expressing the same idea In other words, we may say that 
represents the probability that an individual ohoeen at 
random, iit. the whole group has a measure Ix'tween a and 
® and hence if the frequoney curve y » ^(a) be drawn, 
the measure of any individual is equaUy likely to be the 
abscissa of any point taken at random within the area bounded 
by the curve y - <f,(x) and the axis of a. 


Ths mtllmt nialhonistical (fiMtiwlon of s frequ^nBy (fislribulion mem* 
to have been tliat of Simpwn (1756) in ronnoction with the Tfirory of 
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Errow of Otervution. Simpson assumed that the probability of a positive 
error lying between x and a + da was ^{x)dse, where <f>{x)=B -mx + c, 
n and c being positive eoimtants : the probability of a negative error 
was assumed equal to the pwil lability of a positive error of the same 
antount, and erroiw of greater magnitude than ejm were assumed to be 
im])OB8ible. The frequency curve for the errors is therefore, in this case, 
two sides of an isosceles triangle, together with the prolongations of the 
base outside the triangle. 

83. Basis of the Theory of Frequency Distributions. — 

Wo sliiill now approach tho discuHsion of frequency ourvos from 
the tlmorotioal side. Tho coiisidomtions on which the theoretical 
iavoRtigation is hitnod were first put forward by Laplace, and 
may Ite desorilred as follows. 

Gonsidor tho frequency distribution of (say) the chest 
measures of tlie soldiers (§ 81). If we fix our attention on an 
individual soldier, we may say that a groat many different 
factors have contributed to make his chest measure what it 
actually is. For, owing to heredity, it will have been influenced 
by the ohost measures of his father and mother; but the chest 
measure of his father will in turn have boon influenced by 
those of hia father and mother, and so on, so that ultimately 
the chest measure of tho individual soldier we are considering 
may bo regarded as infliionood by the chest measures of a very 
large number of individuals of a remote gesperation, each of 
thi'm singly making only a very small contribution to the total 
effliot. Moreover, other factors will enter: for example, his 
ntmrishraont and exercise at different ages of life. Thus the 
delation of the acfwrl choat mmmre. of an indwidual from the 
average may ht. regarded a a the mim of a verif gnat number of 
verg amnll deviatiana {pnnifiva or negative) due. to the aeparate 
fnetora in the heredUg and environment of the. individual. These 
multitudinous small component deviations will be assumed to 
bo independent of each other, in tho sense in which tjjio word 
" independent ” is used in tho Theory of Probability. , 

84. Galton’s Quincunx. — An interesting pieod of apparatus 
was devised by Galton* to illustrate the formation of a 
frequonoy distribution from tho joint offoct of a large number 
of small and independent deviations. 

* N’ntitral Inheritnnee, p. 63 ! for experimental reeults of. 0, Ortibar, JStitt. 
/Ur Math, «. Phyn. BS (1908), p. 822. 
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Into a board iiiolinad to tho iiorixontol about a thmm&d 
pins are driven, disposed in the fashion known to fruit 
as the jainfliitt.'’, t.<. so that every pin forms iHpiitatonil trinnglea 
with its nearest noighiKUtrs. At the lop of the lusiril is a 
funnel, into whiuh Binall shot is jHiurtHi. Tlio shot in ()i*Hoemi. 
ing strikes the pins in the sttccossivi* mwb, I'aoli piece Isung 
deviated to right or to loft at uvury unwnuilor with a pin. At 
the bottom of tho Iioard are alsiut thirty roitijiarlini*nls inUi 
which the shot ultimately falls. It is foutitl that tho mitUlle 
oompartmeut receives most shot, uml that tho failing-olf in tho 
amount of shot rooeivud by tho conijiartmenls, as wo procotui 
outwards from the middle uoiniHirlmont, rasmiihlos cliNMdy the 
falling off in tho jmmbor of mon having t!orn*B|Minding dovia- 
tions from the average chest measuroB ($ Kl), or tho falling off 
in the number of moosuromonts which liave otirros)H)ndiiig dovia> 
tions from the average of the tteasureB of an otworviai ipiantity. 
In fact, the curve forraotl by the outline «if tho heap of bIioI is 
a firequenoy curve of a commonly txscurring tyjto, 

85. The Probability of a Linear Tnnotion of Devia- 
tions.*— ‘We shall now proceed U) the niialytioal diBintBBion of 
frequeney dittributiona We start iVom tho fact that a moaBiirod 
quantity, such as the chest meaiure of a solilier, is liahlo to 
vary from one Individual to anotlior, or. in oilier worda, to 
exhibit a from its average valnn •, ami we shall snppneo 

that this deviation is the total (iffcot of a vast nnmtsir of very 
small deviations, due to oanses which ojioraU) indo{Mnidently of 
each other: denoting the small deviations by t,, . . we 
shall suppose that the total deviation is their sum. or, iiioro gonur* 
ally^is a linear function of thorn, say, A,,f, + A,*, 4 . . , + A*f,. 
We want to find the probability that in thn case of a given 
individual soldier this total doviation shall have a value 
betweeh (say) m)j and w,, where «*, and «*, am ghrcn numbors. 

In the present section we shall not rivpiire to make use of 
the assumptions that the deviations s,, , . are very 
small or very numerous. 

fb 

Let 4>f(ir)ilx be the proUbility that the rth doviation •, has 

* Laplaofl, Thiorif nnnL deg livfo If. Iv,; ruiiwatii Conna^Mnnrf 
des Umpa (1827), p. 27«. 
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a value between « and ft, so that <l>r{x)d.f. is the probability that 
it bus a value between x and .»• + dx. Now the probability of the 
oonourronoe of any nninlxir of independent events is the product 
of the probabilities of the events hapi)eniTig separately; and 
heno(* the probability that the first constituent deviation has a 
value l)etwoen <, ami + while the second has a value 
between c, and <j 4 de^, and so on, is 

'/'t{«i)'/'»(<i) • • • (1) 

and the proltability that A,€, + . . . + has a value between 
(/’, ami vCj is therefore tho int(‘gral of the expression (1), taken 
over the Held of inttigration for which A,e, + A^Cg + . . . + A„e„ 
lies lietweon ami 

Now by Fourier’s Integral 'I’heorein* the expression 

ir. 

has the value unity when x lies between ii\ and and has the 
value zero when x d<K»s not li(f between tluise n^inibers. So 
instead of integrating tho expression (1) over the licdd for which 
w>, < A,f , + AgC, + . . .+A„«„<J/',, wo can first multiply the 
expression (1) by 

r f /.'«’■ - - Va VrfW, 

liir/ - M Jh'i 

and then inbigrato the resulting expression over tho field of all 
values of «i, t*. . . f„.t The probability that A,<, + AjCg + . . . + A„«„ 
has a value between /'•, and is therefore 


1 pr r . . , r . . . 

£trj -tit /-<» 

• ■ • dfndTi}6. 


* Tho tlinorem in qtiootloii U that miller nortain oonditlojia (for which of. 
Whittaker ami Wateoii, Modtrn Amtlyti*, S B‘7), the integral 


1 r r"'” 

<isf ciwffl(iii-T)lArHT 
or if i/fff 

hail tlio wlicn a? lien biitwuiin ami and han tho value zero when 

ir dooH tmt lio hfltwron tluiHfi niimhfirH. 

t d«vicjfl In dun to Ciiuoliy» Vompttn lkntlu»i 157 (ISHS), pp. 109, 264, 
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/** 

Writing iir(ff) for tiio roqiurwi probability is 

^ •m 

therefore 

1 r 

or, performing the integration with rt'ejHHit to t. iho prolmliility 
that A,*i + Va + ■ • ■ + ^ 



where Q{&) is written for ll,(A,W)W,{A,w) ■ ■ ■ i 'HiJ 

therefore the probability that A,t, t , . . + K*» him laitwoon x 
and X + </.r 18 <t,(x)dx, where 

( 2 ) 

From the last equation we have, by Fotirier'n Integral 
Theorem, 

e-%(r)fii-, (.■*) 

so 12(®) boars to fi){x) the same relation that llr(.r) la-atH to 

It thewsforo^ that when fUiviallntii* nfi^ furin an 

aggregate deviation, the cofre«|xMicli«g fnncllnn* a***’ 

together to form the function 'i'ho uiHicrIyitig mtnon fur thU i« 

that when the are multipliwt tugt’lhcr, liic argumenla of the 
exponential! add together in preciarly the «aiiie way im the deviatblta 

Now write «ib forj^ «o that (i*> language 

of the Theory of l^ohability) tlio f^rprcMian of tlm Hh jiower 
of the rth deviation. Then by the dofinition of ilr(9) we have 

Now let the logarithm of the ac'riea on the right, when 
expanded in ascending powers of 6, Iks denoted by 

log - - %Bfy_ - . (4) 

so that 



"j I'l 



\ 

0 


»% 'll!’ 



"i 

1 





*• 

2*. 
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1 ho ijuantity w uallod * tho sdiniwoaTia/iit of ordeT k. By 
(4) the funduinental Ibrmula 

12(6i)-Si,(A,e)Q,(V) • • • 

or log u{ff) - log il,{k,e) + log i2j(A,«;) + . . . + log 

limy now Iw exjiruHscil hy tho Himplo statement that tho Jeth 
mniimn-vmi of a hum of dvmotmis . . . + €» is the sum 
oj the kth Hi'itiinviti'inTifs of the itulividiuil deviations, with the 
furtluT roiuark that tho ^th amiiinvariant of Xe is A* times the 
Bouii II variant ofc. 

8«. Approximation to the Frequency Function.— Wo shall 
now derive ftom tlie result of tho last section a formula of 
great practical inuxirtanoe by introducing the assumptions 
(which have not as yot lioen used) that the constituent devia* 
tioiiB .•..<>» are very numerous and are individually very 
small. It is easily seen that by shifting the zero-point from 
which the deviation t, is measured we can secure the vanishing 
of its iiiBt seniiuvariant ; we shall suppose this effected for 
each of tho constituent deviations Cj, « 

I.«t 0, 7 > 3 ,, . . . lie the sominvariants for the devia- 
tion lot 0, />„, ... be tho seminvariants for the 

deviation and so on; then, as we have seen, the semin- 
variants of the aggregate deviation c are Pj, P,, . . where 

1»3-Ai»p,i + ^% + As% + . . . 

Pj " ^l^#l + + ^PSS + • • • 

We shall suppose tliat P, is tinite; and we shall further 
stipixxie that the constituent deviations are very numerous and 
are approximately of the same order of magnitude (or at any 
rate that a very large number of them are of the same order of 
magnitude and the rest are smaller than these), so the condition 
that P, is finite implies that each of the quantities k^ir is a 
finite quantity multiplied by l/», and therefore Xrfptr is of 
tho order of »“*, This being so, k?pzr will be of the order of 
PsrPar and P, will be of the order of and so 

will — at any rate in a large class of cases — be small compared 

* Tlilaln, AtminitligJagUa^UnlateniGo'ffa^t^tia, 1897! Theory of Obterva- 
Hotu, London (C. k K. Layton), 1908. 
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with P,, on aooouut of tho factor n *. Hiiiiilarly. 1’, will Ih) 
Binali oom^tanui with P,. and w) uii. Tliim for thu aj^^roKatt^ 
deviation wo have 

iifl,. ti*. 


logSl(O)- - 2 |l*,i :.",|', . 


r r.. 


whero P,, Pj, P^, , . . am a rapidly di’i’ri'aniim Hi'niionco of 
quantitioR, and indood in a lai'Hi' idaHM of omi'ti 1'^, P^, , , , urn 
negligible coinpanid witli P,. Tin- pniltabilily that tin* aggro- 
gatu deviation Inw Imtwooii ./• and r i tt.r in lltori'rom 
where, by equation (2) of tho liwt Hootion, 




- Jl'*- 


■ (fl) 


Writing 


irP.+!i*'*+' 


’■ - 1 + A(ttf)» > U((W)* ( ('(Iff)* * , . 

where A, B,. . . aroinalargoolawiof raiii.H nrgUgii,!,,, ipuroil 

with P, (as followH from what Iioh Immui aaid abovi-), wo liavn 

<#•(■'•) + ''(«»)*+ (•(tff)* ,.. . .p/fl. 


Now 

7” J.Vr 

•Pt. 


and therefore 

1 



^(.|•)-{l + A( 



. (A) 

In tho largo class of oases to wliieb wo 

have referred, 

when 

A, B, 0, . . . 

aro negligible, lliis Ik'Hoiiios 





{») 


The formula (B) in dun to Ijiplacio, ami tho niom general 
form (A) to various later writers* TIioho formulao sjaKjify 
the nature of a fVequency distribution in whioh the deviations 
I * of th« «.i.liUon.l tnrm, ro.ui.l hy P«l»«,n. simI ll.* re.t by 

Rlr„,rntmr (iROr): K.l«. 

Ghirii’ *’■ •’ol- 

Oharllnr, Arhvfar Math, 9 (1008), No. 30. 
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I'roni tlu! jivt'ragtt niwiHiira are duo to tho joint eilbct of a very 
large nunilu-r of iudoiKiiidont oauaeB, each of which singly has 
only a very slight iiiiliioiico; tho deviation of an individual’s 
clH«t nu'aHuro I'roiii tlio avorago, for instance, hoing thought of 
as alluctod liy iuhoritaiico from a very large number of remote 

aUCUMlulH, 


87. Normal Frequency Distributions and Skew 
Frequency Distributions. Formula (B) of the last section 
shows that, at any rate in a large class of cases, when a chma- 
tioii e u runxtituft'd /»// Ihi^ Hummulion of a Vfiy large, number of 
iiulvjir.ndrnl ilrrUiHniie Cj, e^, . . the prohcdnlUj/ that e lies 
lu'turrii ill and .»■ I d.e in 



*• 


HP, 


W, 


udi.rrr 1’, U iudepr ndmt of This is called the normai law of 
deviation, 

NtiW oonsider a frequency distribution consisting of N 
individuals (where .N is a very large numl)er), and suppose that 
the numiier of these individuals whose measure is between x 
and if + dv is denoted by N</>(.r)flLr, so that (ji(a:) is the prob- 
ability that an individual taken at random in the whole group 
has a tnoasure lietwuen atnl n’ + dr. Let a denote the average 
value of .»■ for all tho individuals of the group, so that {x - a) is 
tho deviation of the measure of an individual from the average. 


Then on tho nssumption that the deviation is due to the 
operation of a very largo number of independent causes, each 
of whioh makes only a very small contribution to the total 
deviation, we have seen that the probability of a total devia- 
tion between x-n and x-n + dx is (at any rate in a large 
class of cases) 


, f.r-oV 

1 - aP, 




dST; 


where P, is independent of .r. Frequency distributions to 
which this applies are called normal frequency dietrihuHons, 
Other distributions, for which the law (B) must be replaced by 
the morn general law (A), are generally called dkew freqwmy 
dinfrihufinnn. 
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As the Buhjeot of the present ohu|itor is noruml (iiMtribtitiong 
we Bhall Bay nothing more about akew ctiatriliutioiia exoept 
that formula (A) leads to an uxpremion for a akew froquoncy 
function as a series of the functions whioh lire calloti pimitmlie- 
cylindtr funetiom* or If«iinit/n /utirfunin. In nioat casos two 
or three terms of the series are aUoiiuato to represent the 
function with sufficient aooiiracy. 


As an ilUwtratitm of tlio way in wliinli n gh-ai ititiulNT of fri'i|iii>i,ov. 
distributions in nature conform to tlm iioriiial low, wi< give ilio roli..wina 
data relating to lOOO observalioiw iiiwlo ui (Irts-iiwicb, of ilu, Him," 
Asoension of Polarie. Lot * denoto tlio ilovinliun ..f otio sitcli mwisurn 
from a value near the mean of ail tint musourM, oxpmswvl no iisiial in 
seconds of time; b-t y denote llio mimls-r of imvisumi for wliidi the 
amount of the deviation is m ; lot y' ilminio a value wlnilaliHl from lite 
theoretical equation of a iiomiai froqiicncy ilistrilmtloii, 




lOOOfc 


t 


where a 


0-06 mid h""0‘dt Theti w« Imv© ihn ffiiluwitig n^tdt# * 


0 , 

y* 

y- 

-3*6 

a 

4 

-3*0 

la 

10 

-2*ft 

25 

22 

- a*o 

43 

10 

- 1*5 

74 

H2 

- 1*0 

120 

121 

-0*5 

150 

152 

0 

10B 

10.*) 

0-5 

14H 

147 

1*0 

120 

112 

1*5 

7H 

72 

2*0 

3s1 

40 

S*5 

10 

til 

3*0 

a 

)0 


The agreement of y end y' le, geuvrutly gmul, 

tmng MU to an trror wAwA may hav$ any vatu* hriw*m * nmt - s, alt 
Mch mlau Mng tqually lik*ly. Th* turn of th* r mm*uru i, by a 

SAow that v)hm I tsmfr to ssro and r t'nersasM indt/niUty U lurh a my 
ilMt iJrtm^Uafinxt* wlu* k, then the prahabilUy that * lit* btimtn a 

md flj + </oj Undi to 


* For ftti account of 
Analytia^ § 16*7, 



iii 


tliewi frnotions of. WIdiukw and Wsl«.n. MmUrn 
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88. The Reproductive Property of the Normal Law 
of IVequency.— -ConBider a frequency distribution which is 
normal, bo that if < denotes the deviation of an individual 
measure from the average, tiien the probability that c has a 


value botwooii .<• and .r + 


(te is ^writing A* for — 

S/TT 


The eouHtaiit A was called by Oauss the modulm of precision. 
The fuuotiou 12((^) is, by equation (3) of § 86, 


R(e) - r 

ao 

- -i f 

n/w-« 


■0* 


so 


log a(fl) 



The only Betuinvariant is therefore of order two and has the 

value 2 ^^,. From the additive property of seminvariants it 

follows that a deviation which is formed by the summation of 
any number of partial deviations, each of which obeys the 
normal law, haB all its Hcminvariants zero except the second ; 
anil therefore this aggregate deviation itself obeys the normal 
law. This is the reprodwtivi'. property or yroup property of the 
normal law of frequency ; an aggregate deviation, formed by 
the mtmimiion of any number of deviations vdmh obey the 
normal lair, itself obeys the normal law, 

80. The Modulus of Precision of a Compound Devia- 
tion. — Let a deviation < be given as a linear combination 
X,*, + + . . . + Ken of a number of deviations cj, «j, . . 

each of which obeys the normal law, so that the probability 
that tf lies between x and r + d/: is 

fr 

where h, is the modulus of precision for Sr. 
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Then by the Ust neotion, the nciniiiiviiriiitil for t, in * and 

2h*’ ““ 

therefore the sominvnriant for A,«, i . , . i which ja ai*, 
of order two, is 

VV.V, A.,*, 

Now, aa wo have hooii, « ulwi oIk-j-h th« lutriiiHl Inw of 
frequency; lot the luodtiluH of prociHitin for « int H, ho the 
probability that c lies iwtwooii x ntni x i d, ih 

then the aominvariant for t io KtiUHliriK ihia u. the value 
obtained above, we have 

I A' A,* A.» 

■ ‘A/ 

This important furtnuln given tho modtiitin of pmriHinn of a 
compound deviation in tarma of tho mnduli of precimon of iu 
constituent deviations, whoii Ujoat* nro of tho noriiiai tytw 
90. The Frequency IMitrlbutlon of Touei of a (Join.-. 
The earliest example of a norinal dialHhtition of frtxiueticy was 
discovered by l)e Moivre in 17fi0* in cotiHiaoring the following 
problem: A coin m /omciI N /imM, whrrr N m o pn-j/ Utrgt 
number (which for convenience w« HupixMa even and ei|iial 
to 2n)! (o,fi.nd thr. prahthUUg of t^raclhj (JN-p) hmde and 
(JN + jj) tnHe. The prolwhillty of exactly n heads and n tails 

is, by an elementary formula of proi»ihility, J[ . Wo. 

^ ^ 2*” nln! 

placing the factorials by Stirling's approximatii value (| 70), 

namely, this becomes (irn)-« or f ®,V The 

'rN-' 

probability of exactly («-p) heads and (« + ») tails is 

1 2»I j . 

2»» (»-;i)I (n +;))U the ratio of this to the former 

probability by E, we have therefore 

""(»-?’)!{» t /')!' 

• T)(»trint of ChaiiiOit, Snl ml, p. 3|8, 
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80 log B - 2 log ral - log (?t I - log (n+p)l 

Replacing the factorials by Stirling’s approximation, we have 

log E - (2ft + 1 ) log ft - (ft - ;» + i) log (n-ji) 

- (ft +55 + 1) log (ft +5?) 

- - {(“-'' t 2)‘°«(‘-0 + (’‘+'' + - 2 )‘“ K ( l + 0 } 

n 

- 2 / 5 *. 

--^+ — 

Combining thoHO results, we see that the jmhMUly oj exactly 
(JN - 7 ^) hmiU tmd (JN +j>) tails is npjmxiwMely ^ ^ , 
whence the pruhaHlity that the mmber of heads mil he bety^een 

© I 

e~^da!. 

This is evidently a oaae of a normal frequency distribution. 

A'a 1 . — Shiiw that tin jirobahilitit that the number of heads mil be 

between JN + J^/N anil JN ~ J,/N is 0 - 6827 . 


Kr, ii,— ^ coin is txeeed 1000 Umee. Hhme that an absolute majority 
of the S!*®* juieeiblH sequences gives the difference between the number of 
heads and number of tails less than seven. 

91. An niUBteation of the Non - truivereality of the 
Normal Iaw.— T he following example* shows that a great 
number of oausea, each producing a very small deviation, do 
not always by their collective operation give rise to a frequency 
distribution of the normal type. 

Suppose the law of frequency for each of the small con- 
stituent deviations . , , is so 

«/>(.»') -• when .7! is positive, 


13 


(l> 3") 


« Hauwlurir, Mpsig Ssr. 98 (1901), p. 162. 
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and - i'»* when .r Ih ntigntivi), 

In this case wo Imvu (| Hf>) for onoh of iho t’(>nHlitunut 
deviations 

S2,(«) - f ' )'/•'■ - i I '' '''' ' 4 r '■ ‘ 

Jmrnm * n ' •#> 

I 

“ I + f/*' 

Let the oompouml doviatUm Im) (kdinmi tn Im «, wlioro 
2/ I I \ 


Thon {§ 85) the proltahiliiy that « hiut a value Im'Iwooii .r and 
ic + is <fi{x){ix, whore 


and m-«,C«)4l“Hir'') ■ ■ ■ 


Therefore 



1 + 


2»<2» 

3M 


1 


I 4 


2*«» • 
5»ir» 


_1 

ooafTitf’ 



f!* + «■*' 


This integral may readily iio evaliiuti*d liy integrating ~ 

in the plane of the oomplex variahln 0 round a reutAiigle of 
height rr and indefinitely great breadtli, one of whueo sides is 
the real axis of ft The result is 


Thus ihn prohnhility thni thf. tlrvinlinn t hnn n pitlur hrfit’ffn .r 

.r + fi/! M This is dmriy dilfenuit from the 

normal law. 
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Thoory awortw, nml (ilworviitiott coiifinim tlie aasei'tion, that the 
iiornial law iH to lie expected in a very great inimlicr of frequency 
diatribiitioiiH, but not in all. Tliia state of thhigs led in the past 
to much eoiirusioii of tbmight regarding the validity of the nornial 
law, whieU was wittily referred to in Lippniann’s remark to Poincard:* 
“Kvurybisly Isdieves in tlie exponential law of errors: the experi- 
menters, Uicaiise they think it can be proved by mathematics; and 
the matliematicians, Isieausu they believe it has been established by 
obKurvHtion,” 

92. The Error Fttaction. — Having now established the 
theory of normal frequency dtHtributions on a theoretical basis, 
wo prooood to investigate the properties of these distributions. 
Denoting the modulus of precision by h, the probability that a 
deviation lies between x and - ai is 

e-^'^hdx, or ^{hx), 

where 4»(u;) - «“**«&!. 

On account of its importance in the Theory of Errors of 
Observation, 4>{.i-) is called the JUiror Function. 

If the iirobiihility that a deviation lies between x and - ® is 
given, 4*(/w') is known, and therefore hx is determinate : so 
the deviation x corresponding to this probability decreases 
as h increases; that is to say, in the case when the devia- 
tions are the errors occurring in a set of measurements of 
a quantity, the precision of the measurements increases as 
h increases. This is the reason why h is called the modvlua of 
pre^sidon. 

We intist now see how the function $(.■?:) can be computed.f 
1®. First wo have 

* Poinciin^, Ontmt (hn p. 

t For the aoElyticnl roliitionw of tho Krror Function, of, Whittaker and 
Wation, Modem | 18 , 2 , 
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and, integrating this, 



;»!7 


t . 



This series oonvergus tor all vninoH of 
For uxatupUi, whan wf linvi- 

/ J* .!■* J* 

1 “ I13'^alft"3!7 4!l» ■' • * 


1 1 1 I 

“ si “ i ^ Sao ~ ft37« ^ I KiftIK 

-0-50000- 0-04 1«7 
0-00313 0-000 lU 

O-OOOOl 


-0-4«laH, 


■0 


■I*(x)-0-4Bll8x 1-I«H3S 
-0-AtfOAO, 


2°. Next, write 


I «r'*Y 

Jq 


DKferentiating, we have 


or 




Now y evidently begins with a tiTiii r. So aulistitute 
+ + + + . , .in the lost equation ami equate oo- 

efftoients of powers of as; therefore wo obtain tlo-2-0, 
6J - 2a - 0, 7e - 2 hm 0, etc., and therefore 


Therefore 


2 m 2* . 2* 


This series converges for all values ofa^ 
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For example when xm,0*C}^ wo have 




1 


X 1 + 


1111 


M283BX 0-778801 x x 

A 


a + 3.6' 


1 




23"^a."5.7.9 24'^* 


•/ 


r '^0 + 60+ 


«. 0*50410 X 0-778801 X 1-000000 
0-1600C7 
0*010067 
0-001190 
0-000060 
0-000003 

«. 0-50419 X 0-778801 x M84593 
« 0-52060. 


840'*"l6l20‘^’ 


■} 


3®. Next, since ^/jr-> 2 / vre have 

(ns) "m2 1 e^‘^*dco 

•'jj 

- f 

• V 

m [ - e-Ui/-iy^ - 
^e-yy-\ + 


where a^* </, 


•mfi 




and therefore 


... . «-•*/, 1 1.3 : 


1.3.6 


}■ 


^7^1 ^ (&P)* “ (2a!*)» 

This is an mympMw eu'pansion,* which is convenient for 
oomputation when to is large. 


A tahk of valuoa f is 

(T, X, 

♦(«). 

JB. 


Xe 


0-0 

0-0000 

0-6 

0‘e039 

1-3 

0-9340 

2-0 

0-9963 

0-1 

0-1126 

0-7 

0-6778 

1*4 

0-9523 

2-1 

0*9970 

0-2 

0-2227 

0-8 

0-7421 

1-6 

0-9661 

2-2 

0-9981 

0-3 

0-3266 

0*9 

0-7069 

1-6 

0-9703 

2-3 

0-9989 

0-4 

0*4284 

1-0 

0-8427 

1-7 

0*9838 

2-4 

0-9993 

0-477 

0-6001 

M 

0-8802 

1*6 

0-9891 

2-6 

0-9996 

0-6 

0-6206 

1-2 

0-0103 

1-9 

0-9928 




• Of. Whittaker »nd Wiitaon, Modem Analytiii, oh. viii. 
t More extaniled table, will be found in a memoir by J. Burgess, Trmu. Roy, 
Sot. Min. 89 (1898), p. 267, Of. also W, F. Sheppard, Biometrika, ii. (1 008), p. 174. 
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ifa 1. — Shota that th* probability that Ihr lUnntum u ijrmtar than 
M tightly lu$ than O'OOl trhnt 4i^(Jur) <• ()-WttMl or Aj' •• S-S. 

Ex, 8 . — Obtain tha/ormnla 

^ «-'• 1 


rjtr 


I I " 


1 t 


t f 


3.) 

t t 


whera y* jp. 

93. Uoa&8 oonueotAd witb Normftl Dlitribntiosi. — Witli 
the normal law of deviation 


Jl 

Jtr 




the arithmetic mean of the nth powers of iho alwohite valmia 
of the deviationa is 


2A r 

Writing this beoomea 




or* 



In particular, writing tr for we Itave 
Arithmetic mean of the absolute valtioa of— 


First powers of the 

deviations •• • «r, 

Second „ 



Third „ 



Fourth 

M 


Fifth „ 

n 

2 HJ2 . 

AM IM . . , * gM 

n/ir 


• Of. WliUUkor«nd W»t«on, Madam Analyik, 1 113 . 
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Itoiu th© above we Bee that ihe of the Mean of the 

ahsolitle deDiaiioiiH^ diinded hji the 7 ne(tn of their scpia/i^esj has the 

valae 

TT 


Kr. 1. fS7*f)7/’ ihti in fht* mrvr ?/>« die product of the almma 

and the nnhtuiHjtmt in ruuHfant, 

AV, -2," — Shov) that in the rnrre ahsemae of the points 

of ioJhAtm are ±tT, 


1)4. Parameters connected with a Normal Frequency 
Distribution. 

1*^. Let the curve whicli represents graphically a normal 
fretjuency distribution be written 

y Hi J}. 

fit 

Then the arithmetic mean of all the observations 


"SP, The quantity tr which has been introduced in the last 
Bcotion is (os wo have seen) the square root of the arithmetic 
mean of the squares of the deviations, and has the value 

tr is called the Kfnrulrird dfivutfion, or the (putdraiic mean devia- 
tion or the error of mean square,* 

In terms of ir, the normal law is that the probability of a 
deviation Iwtween r. and a; + dr is 


1 

^(2rf 




By the formula which gives the measure of precision of a 
linear function of deviations we see that the square of the 
standard deviation of a sum of quantities is the sum of the 
squares of the standard deviations of the separate quantities. 

* It w«« Bttlleil l>y OauM the mean error. 
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Henoe the danthird deifuttwn of the urithmetie nimn of n 
qvantUieB ia n~i x the atnndard dri'uttiou nf une of the funntitiea, 
3**. The arithmetiu mean of thu atwoliiUi vuIuoh of the 
deviations is called the wwwn tihmlnte ileeintinn,* Ikmoting it 
by t}, we have (a« we have noeii in § ii.’l) 


1 /2 
Vir’"' 

The arithmotio mean of alt thu oiiMurvatiuns that are Kn<aler 
than the mean a ie « + • <r, so, denoting this hy A. wo imve 

«r- ^J(A-«)-1.2r>:5(A-«). 


This formula is oonvenieut wlien the olwervations are given in 
the rough, not arranged in order of magnitude ; for then, after 
adding them all and dividing by their numlier so as to obtain 
a, we have merely to add ail that are greater than n and divide 


by 


their number in order to obtain « + «f 



4®. The prohfdde nror or qvartUr f is delined to U» snoh that 
the chances are even whetiiur the deviation exceeds it in 
absolute magnitude or is leas than it. So if Q denotes the 
quartile, we have 


which gives 


1 2h 

2 " 




-I* 


dt, 


QA- 0.476936 -/.(say). 


or 


^-0.67449 (roughly 


BO (r-1.4826Q, Q-0.67449.f. 

Q is connected with q by the equations 

7;-M829Q, Q- 0.84686,,. 

Q is evidently that deviation which stands in tho middle of the 
sequence when the deviations are arranged in order of absolute 

• It WIM onllwl by lAnlnun tbp mmn error. 
t Thu nama (n iltm to Oultan. 
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tnaj'nitude. It therefore furnishes a means of determining the 
parameters h or tr of the curve as follows : 

Let there be » measurements. Take n equidistant points 
along a baso-line, and at these points erect ordinates pro- 
portional resjHictivoly to the measures arranged in order of 
magnitude. Wo tiius obtain a curve as in the diagram : 


A' 



Kjo. 18 . 

Divide the base AB into four equal parts by points of division 
C, D, E. The ordinate at 1) is the mean value w of the 
measures. The ordinate at E is such that there are as many 
measures greater than it as lie between it and a. The difference 
DD' - EE' or CC' - DD' is tlie (Juartile Q. 

More generally, we can determine the parameter or <r of 
a curve l>y finding a measure \>\ such that (say) f per cent of 
all the measures fall within the interval between the mean a 
and In order to obtain <r, we have only to multiply (.rj - a) 
by a known numerical factor depending on 

The degree of accuracy of this and the other methods of 
determining <r will be considered later (§ 103). 

For fixprewitig naulto in t(!rm* of probable error, the following 
form of llio ta>)lo of the function 4>{r) i* twoful :* 

0'6000000 - 4»(0-478980a)-4^), where p/h ie the probable error 
o-ooooono 161)-i4>(l‘247790p) 

0-7000000 -• »I»{0-732Hfl91 ) d>(l-6366iap) 

O-HOOOOOO - '}>(0-9061939) - 4‘(l-9000.72p) 

0-842700B-4»(1) ■.^(2-09671 Op) 

0-9000000 - '1>(l-l 630fl72) - 'I'(2-43Bee4p) 

0-9000000 - 4'(1 -8213884) - '!>(3-8t8930p) 

0-9090000 - «1>(2-32787B4) - «I>(4-880475p) 

0-0999000 - «K2-73 10084) - ‘I>(n-7e8204p) 

1 - 4 >(<*) 

• It ie 4uu to ClauHH, IFwAw, 4, p. 109. 
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Wtt «ee, 

The prolMibility timi the umir I'xw'ib 

2*4380(14 litm^ lhi< jirnUihli* I’rn'r ,\j, 

3'HIH»30 

Ex*— A number of W*v« Itimihr ni mui thu^ihj tlijfry ilujhtly 

in ihnt lenyths imny yronprU itb$iuf ti u*fh »iittufn$d drvu»tu,n 

(T. If the ipeiyht »/ #* tmtty if tenyih / m im*, $iunr th^f fAr v rujhu tuf 
yronped abuut a meun ni* iHtb the Btnudutd drruifiou 

95. Detenoination of the Parameteri of a Hormal 
Freqnenoy Dietrlbntios from a Fioite Namber of Observa- 
tions. — In the preoodiug Boctiuii wn liitvi* hIiduh how tu thui the 
parameters a and v (or *} or k or i^) of a noriiml dmtril>iitiou, 
aBsuming tacitly that tho obeerviitioiiH nru intinilii in niiiulier 
80 as to furnish continuous distrihutiuii. In n'ulily, iiowovor, 
the number of observations is finiti', and wo hitvi< Ui deU’nnine 
the best values of the parametom from lluuii. 

Suppose there ani n obeervatiotiH giving ihi' valiios i*,. ,r,, 
• • •> respectively for r. The « firiori prnbaliilily of the 
value Xj is 

V'{2r)./ 

and therefore the a jniori probibility that tin- nlse'rvntions will 
give the set of values actually olisifrvfHl is 

(viU' 

The most probable hyimthesis regarding n and w is that 

which makes this quantity a maximum when i-,. j-, .r„ are 

supposed given. Taking logs, wo sou that 

n Iw (r + fe “ + K -«)*+■ • + {'« “ «)* 

® 2a* 

or II say, must be a minimum, and therefore - 0. which giv«» 

0 - {;r, - ff) + {.,■, - n) + . , . + - rt), 

■ • + a 


or 


(1) 
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Mort'ovor, - 

dir 

0. 

ami thortiforo 


■ 0, wliieh givos 

" _ ^)* +• • • + Cn.-n'r 

tr (j^ ^ , 

(*' 1 ' 0 * + (-^ 8 ““ J 

n 


( 2 ) 


ThuH tlu‘ ftmiiulao (I) and (2) for (f and cr are determined 
directly from the theory of Inductive Probability. Tliis is, 
strictly Hj»oaking, the only correct method when the number of 
observations m/ndfe, 

Kx, 1* which are ijiven as demnaU to some definite number 

of placfM am usunlly fonud, the last dirjit retained is increased by 
uniiii when the Jinl diyit not retained is 5, 0, 7, 8, or 9. Find the 
Hiantiard dematmn or mean error to which a number is liahle, due to 
ahhreviaiitm mth fotciny. 

Denoting the »tantlard deviation by tr, wo havo 

^ Hum of wjuarori of all poHHi])Io omitttMl “tails*’ 

*" Number of those “tails” 


AU 

•'-0*5 


f * 

3 ’ 


since ail tails € betwoou - 0*5 and 0*5 (in units 
of thc^ last digit retained) are equally probable, 


giving (ri» 0*2887* 

/i’je, 2. — Hen 00 show that lUo mean error liable to occur in the siun 
of 1000 nurnhom, 4iacb of which has been abbreviated with forcing, is 
letM than 10 units of iho last jdaias 

AV. 3.—^ quantity is repeatedly measured, the measures being subject 
to errors of observation. Assuming the law of facility of error to be such 
that the prohthility of a value between os and x-^'dx is 

where h and k are constants^ determine the most probable values of the para- 
meters h and k when n observations give the values ccj, Xn, for x ; 

ihs values x^, Xp , , , being arranged in ascending order of magnitude. 

Here the a pjdori proljahility that the observations will give this set 
of values is proportional to 

+ , . * +|lPn“fell 
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Tho tnmi prtilnihla h’^nhliiig h nit<l k in ilmt wliirh 

iimkes thm quantity ft niftxitiiiuu, wluui /j, nn^ t*u|ijMi»aH| 

given. 

Taking loga, we mni that 

n m Sn Ing A* ^ A * | ! ^ j h j * /i h . . . ♦ « „ ! 

iH a maximum, Ami - o. HupjKw ihn\ h ),rH la^i wi^^u r, an,! 

Then 

d 

D 

+ - t </,, !-'•) + . . . + (/„-/.)) 

™(1+1 + . i . + l)f t4imw + { - I - I . . . - I _ r)l>inn>i 

and therpfora m aero when r- h - r nr r - Jn. \Vi, imh-, ilipn<riin<, ilmt 

tht moil plaiuibU mluf «/ b is lhal on» of ihs ^mtifiitrs j,, 

lekieh stands in ths middls of Ihs siftistirs irbtn they ars urrunijrd in ordsr 

of magnitmts. This value la willed the Wi'un, The rnielttiiui ' V mO 

t'k 

then given for the doUirminatiifn of tim imml jiMilmhlr vnlim nf k the 
eqttfttion 

|xj - I 4. 1 I 4. ^ ]. 


96. The Praotioal Oompatation of » and ir.— In culon. 
latingo and <r, when we are given that the raoiumren . . . 

have^ occurred y,, y,, y*, . . . titueii reepoctivoly, we genemlly 
find it convenient to subtract eomo flxed nuntbor e frotn each 
of the aft in order to have amaller numbew to deni with. 
Write eta 

Then we form a column of the quantitiee . 

.. » .. y.^,. y^v . . . 

the value of y^,* being obtained by multiplying by 

and sum the column of .»/• and the laet two oolnmna. We 
then have 
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and 


or 




i:,'/ 




-// 

ThuH ft and tr art* doturminod. 


■ “4f + ('• " 


(C-tf)*. 


( 2 ) 


Ah a control for the computation of a, we may use the 
e{|uation 

i^iim of all jMiHitim rrmhada Sum oj all negative, reddimls, 
and 118 a control for the computation of <r, we may use the 
eriuatiou 

«tr* - 2{x - «)* 

or n«r*-.2M*-2flSM+aSM-2M*-a2M, 

where SM denotes the sum of the measures and denotes 

the sum of the squares of the measures. 

97. Examples of the Oomputation of a, and <r. 


hU, L— chMi mmmrnnmt$ of 10,000 men are given helow^ m 
being the mmeurn in inchen and y being the number of men who have these 
meamresu Find the two constants a and tr which specify the frequency 
curi% fddaining the standard deviation firstly from the mean^square of the 
deidatiom^ and secondly from the mmn absolute deviation. 




40). 

?/f‘ 

y?^ 

33 

6 

-7 

- 42 

294 

34 

35 

-6 

- 210 

1260 

35 

125 

-5 

- 625 

3125 

30 

338 

-•4 

-1352 

5408 

37 

740 

-3 

-2220 

6660 

3H 

1303 

-2 

-2606 

5212 

30 

1H10 

1 

-1810 

1810 

40 

1040 

0 

0 

0 

41 

1640 

1 

1640 

1640 

42 

1120 

2 

2240 

4480 

43 

600 

3 

1800 

6400 

44 

222 

4 

888 

3562 

45 

84 

5 

420 

2100 

40 

30 

6 

180 

1080 

47 

5 

7 

35 

245 

4H 

2 

8 

16 

128 

T(»tnl 

10000 


- 1646 

42394 
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Thorefoni 

AY)d 


<1 w 40 


IfliCi 

IOO<MI 


an H3A. 


HO 


. 4i23«4 


In order to fintt «r from tin* iih'iui ntiiHihiie di vniftno. wi* litivr tin. 
following tnhlo : 



//• 

i( r 4ih, 

Vl 

aa 

0 

— 1 

- 4iJ 

34 

3ft 

~ ft 

« ^10 

3ft 

i^ft 

- ft 

iliJft 

30 

33H 

.. 4 

136^ 

37 

740 

~ 3 

iJsiiio 

38 

I3U3 

- U 

»« siinio 

30 

IKIO 

- 1 

- |H|«» 

30*068 
(-30*600 to 

660 

- l)'33*J 

tent 

30*836} 





Total 

6007 


» noH 1 


Now 


■■Wrviiiiaiti. |<w« tliiui n 




or 


39*ft3A 


•» 40 


Thereforo 


so 

or 


”n/ 

or- 1*049 X I'iJftS 


noHi 
’ r»o<i7 


Hx. i.--nnd th» mmn vatu* a,,d .tandnrd Malim J„r tk, fonoudm 
coirt compart %i mth iht orifftnai (lata. 


£r. 

1 

2 

3 

4 

6 

6 

7 

8 

0 

10 

11 

12 

U 

V* 

6 

10 

2 

11 

16 

18 

IB 

34 

32 

39 

39 

4ft 

50 


16 

16 

17 

18 

19 

20 

21 

22 

23 

24 

26. 



1^* 

38 

26 

34 

2H 

22 

17 

n 

12 

n 

4 

1. 
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/tV. 4*' — 77t«» rtmt wmnures of 10,000 men are as follows, x denoting a 
vimsare in inches, and y the number of men who have that measure, 
Determine the standard deviation by finding the place of the quartile. 


/. 33 

34 36 36 

37 

38 

39 

40 

41 

42 

?/. 

31 III 3:1:1 

732 

1305 

1867 

1882 

1628 

1148 


3(1 IT" mil 

1231 

2536 

4403 

6285 

7913 

9061 

/. 43 

11 -16 

46 

47 

48. 




y. 615 

1(10 87 

38 

7 

2. 




^y. 9706 

1)866 161.63 1 

9991 

9998 

lOOUO. 




It is !♦» Im* n'luumlHTcd 

that 

utider 

‘^x-3B 

are 

grouped all men 


wlu>HD inraHUivM im* from Ui aBi incboa The wmn of all nietisures 
from the to (/.«. t-o aBj inches) is 2630; and the rate of 

increaHrt of iiu-ti in nbmit 10 per* iiie.h at 38^, so that 2600 will he 
the Htim t>f all to 38*478 iiicheH, 

The Arithrimtii* mi^nr a of all the jiieriHureH is found to he 39*834, 

Q - 3»-B3-l - 38-478 - 1-366, 

HO «■- 1-483 xy- 1-483 xl-366-.a-Ol. 

Ivot US now hiui tln^ qimrtile from the other end of the sequence. 
Tho mrtn i»f all uieaHures fmin the largest down to aJ«42 {i,6, to 41 J 
inches) is 2087. Athling half the number o])p 0 HitG 41 in the table, 
we see that the nnniber <lt»wn to 41 inches is 2901, which is 2600 H- 401. 

401 

Thu quart lie will therefore at 41 *i-/, where » 0*246, 

HO that y- 41*246 - 39*834-1*412, 

tt„d tr- 1*483 X 1*412-2*09. 

The tliscoixiani’e l»et wuen this ami tire former value is, of course, due to 
tin* alwmce of |Hufect normality and continuity in the distribution, 

Tln^ n»uan of tlu^ two values of or obtained by the (piartile method is 
theti^foru (l•-2'06. This is (dose to the valutas obtained by the method 
of i 97 and the imwi alwolute deviation metluKl, whitth are found to be 
2*05 and 2*06 resiHictively. 

98. Ctomputatioi of Momeuts by Siuiunation. — The 
quantities Mo-Sy, M,-Sn/, M,-2 jb* 2/, - - -, -v^Moh axe caUed 
the momontH, may be readily formed by mere addition in the 
following way. 

We use the notation 2.y (read "sum of ?/”) to denote the 
funotion whose first difference is the function ?/, so that if 
Alt - y, then it - li/. The symbol S corresponds, in the Oaloulns 

of Differences, to the symbol j which represents indefinite in- 
tegration in the Infinitesimal Calculus. J ust as a column of 
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first differences of « o*n be formed from a oohiimi of vshiea of 
M by subtractions, so a column of valuee of iiy can be formed 
from a column of valuee of // by odiUtiuMs. 

Suppose the sot of given values of y is y,. y, , j, y, , ^ 
corresponding respeotively to the valiicm r, (,■ » i),’ (r ^ 2)! 

. . (r + «), of X. Form n table of sums of the function y by 
additions from the foot of the column, thus : ’ ^ 


e. 


r 

r + 1 

J- + 2 


r + n - 2 
f +n- 1 
r+n 


Vt 

1/tn 


yr+n » 8 
yr+H 


?/r + yrH + . . .+yr,„' 

.'/r+l + . . . + //, + , y, , , ♦ l»y, ^ j + 


Fr+S + * > •+yr+i 


Vf+n-t + - ■ ■+yrf(» 
Fr+n-l +yr+ii 


.Vr.«+ k'y,,,+ 


• + "'/r + « 

■ ♦ (« - i)yr+. 


'/f ^ « . I + 2y, , „ I ( ;ly , , 
Vr+n - 1 + 2y, , „ 

yr+. 

Sum - S. 


The uppermost number on the Sy column ie evidently M 
th$ moment o/ gero order. Lot the uppermost number in the 
^ column denoted by 89, and the uppermost number in the 
column be denoted by S,. Then 

So "Mo, 

■ Fr+i + 2yr+g + ;iy, , , ^ , . . + nv,+, 

-M,.fMo, 

+ ' i. tb. 

The sum S, of tho 2V column is 


S«-yr+i + 8y,+, + 6y,+, + . . . + ’‘(« +U 


'yr.« 


-J{M,-(2r-l)M, + r(/’- I)M,), 

4'mHom^ ** >l«Wniilned tom tha 


M, - S, + rM 
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and therefore if these relate to a frequency distribution of mean 
a and standard deviation <r, we have 


or 


a, 


+ r. 


<r* 


Ms 2s,_^_/a,y 

Mo Mo^ Mo Mo VMo^ 




2S*_S, 

So So 



The higher moments may then be found in the same way if 
desired.* 

Ijot UB apply tliia to the compulation of a and cp for the chest measures 
of Ex. 1, S »7. 



V* 


S*?/. 


0 

10000(«Bo) 

... 

,34 

35 

9994 

68354 («Sj) 

35 

125 

9959 

58360 

30 

338 

9834 

48401 

37 

740 

9496 

38567 

38 

1303 

8756 

29071 

30 

1810 

7453 

20315 

40 

1940 

6643 

12862 

41 

1640 

3703 

7219 

42 

1120 

2063 

3516 

43 

600 

943 

1453 

44 

222 

343 

510 

45 

84 

121 

167 

40 

30 

37 

46 

47 

5 

7 

9 

4H 

2 

2 

2 

288862 

Therefor® 

Mo- 

lOOOO 

'-So, 


aM 

5^ + r 
®0 

-.8-83M-l-33-3»-8354, 


and fr** 


^ 67-7704 - 0-8364 - (0-8364)® 


-4>S12 a* liofore, giving (r-<2'052. 

• For a fnllor invoKtigatlon, showing tlie mlviintagoH of ecKtm^ or mean 
Bums, of. a note oontributod by G. J. Lid.tono to Q. F. Hardy’s ComtnMm (ff 
Tahtee of Mortality (London, 1909), printed on pp. 124-128 of that work. 

(DjiO 
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Ex, h^Uning iht data of fCx, { U7, fut»ftuh miu^ of ,r ftjf tK$ 
imtkod of mvimititm. 

Ex, 2, — TVm inmn dotlg ot i{ruMi>t4i nii thr Ujo thyg tf thi 

months of July in ten ymrs itnu h» fot town : 

Mtitm fmpmUure . I T’fi 12"»5 14' *% Iff' Ti HI' r* |H"i5 

N amber of days , . I 1* at .l:i a 2 4J* 3ft 

Mmn iemperaitm . 10**ft 20*-ft Jir*ft ifa i? r'ft 

Namhor of days , ,3J 24 21 17 T 2 3 1 

Find the mean imperalnrr nud Mtnodttid dn iHfum hy the mtthoil of 
Hammation, 

99. ShiPSMird'ft Oorrtotlons.'— Wt' ftimll imw tiiVi^ttKnl4* n 
which in tc) iic AppUni in calculAthtiifi nuch m ihiiiM* of tlif^ pm^Mlin|^m>rtion. 
Lei y"ef{x) bo tlm tH|UAti(iti of a froquuncy t urvi*. 'Dir inU^gml 

I j^*f(x)djt^ 

J ^ «A 

which i« oallwl thit pth fmment of ihn curvi*. will U’ ilt*nit(i«f| hy ny 
The etatiftiioAl tkta which »|MH'ify frinjurimy rurvi^ rtrt» uIUmi 
in a wummariuRci form from which ilm mtnnmii** rAimnt Iw c«imput«d 
directly with aooumuy. Kf»r iiiHtAimis in MotiMoM of fln^ i'hi'f*l imwniro- 
mentH of a group of nmii, nil iinm whow< clo ul nio/umro liri* U’iwi'<*n 3H| 
and 39| Inched might 1»o givtm nmliT iho hiwlitig ** 39 nil 

men with moniurea bctwiwn 39J niul 40 ini hm miuhl b' muler 

the hiuuling ‘*40 iiiclu'ii/* nml no mu Thn number given nmlcr llm 
hftfidmg “40 inched** in thertifoh’ nf*t n true itrditinfr nf thn ft^iptency 
curve, but ia really the nri^a of that atrip of the frtnpietM'y mirve which 
U oompriied betwtion the urtUnaUw nt 3Wj and x-- 4t»J ; (Imt in, it in 

/to* 

SuppoHe, then, that . . . ^ ^ y . nrv the vnlum of 

X for which dbUidticnl dntn are given, tln^ vnluea bong ajinowl at 
equal interval* w, and eupiKMin ihai Hit. KtatiMival data ««■ tlin iiumiioiii 

• • • w u |, tij, *‘f» ■ • » where I f{^)dj(^ niid ietp)Hi(iiY we 

‘ 9* \w 

calculate the cpmntiticH 

m 

w/- i: t,v«^ /,j 

80 tliat wi|,' id a rough value fc»r the jrUh numieuL ohiniiieil hy n prciciwd 
wliich in equivalent to collecting at all the individnnl ntenitured buwt^en 
Xff - Jia and Wg 4 - Jte 

riio problem liefore uh in to obtain o fonnn/ts trhirh ir»7/ tfnahlrusto 
mlcuhie the trae mommta wy from the rough fmmutnts Wo dhall 
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BUPIKM.) tlrnt. Iho rre<iii.,.icy curve lias close contact, with the axis of « at 
noth oinis ; ho that 

/"** 00 V 

Xi>f(x)dx^w (2) 

" "00 U--00 ^ ' 

N(»w, hy the Nu,wtoti-Stirling foriuiila (§ 23), 

3 1 ^ ■■ - 2«) } + — p-- A*Aai« - 2w) + . . ., 

MO w^^ havo 

, 1 17 

A.'', + »wHft-./(u:,) + .jj^jA®/(i'»-«')-£p^A*/(*s-2w) + . . . 


In particular, whan /(.«)■■ wo havo 

- nw ) » 2*agjr» sinh*^* Jw). 

Putting j^M>and dividing throughout hy the expansion reduces to 
wiah d 1 * ^ 17 

~r “l+3j«nh»6l-,jgj8mh‘^+. . 

whence the coc^ffleientii in the general expansion may be determined 
mulily. 


Hinci! 


we nmy write 


I t *«' fk 

, /Wrfj- / /(!>:, + nw)dn, 
"•j'.-Jw J-i 


1 siiih 0 


f(?:\ 


6 

whofti sinh*" if stniiilii for the ojicration UA*E“J)» We have therefore 
from (1) 


' V 1 V V 






Also sincii 


- + ?1») - i' /(ie«y» 


the teriUH of both sides of this equality being tluj same but counted 
differently, wo have 


2 S 


Therefore 


1 , ? .Hinhfl „ S J, ^ ^ 1 « 
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Now if D donotw ^ w« imvn 

K •» !'*’•’ mill Jii - 1 , 

«. id»K «-.iiili**’J- 

Honce we see timt H ^ JieO aii«J 


m 


f V /•/ x/i . *'’•*** \ 

>k»'’ I 


It* . 

or ftnallyt mibelituling from »H|tiiiliofi («), hv hnvr 

f r)* , , , 


Taking;) - I, S, 3, 4, 5 in suciHxmiun in (3), we have 

Wj' - w,, 

m^* mm Wlj 4. 1*9 ’'^0* 

•* ^4 + 

4 1*4 

and henoa 

«o-V» 

|V^V» 

frtj — ftjj* - 

"*4 * “ itAiig* 4 g 1 0 w^ 0 ^ 

tH| - + /a»<^i . 

rheee formulaoy which expreiw the inn? momenU in teritm of the 
approximate momente, the curve iming »up{HiiNsJ ui hevr elciiii cionUict 
with the axle of an at both end*, are clue to W. K. Hheiniartl * 

100. <te nti^ a STonaal Oum to u ZaoompUtt Sot of 

Data* It eometimee happene that we with to iletertnine a tiortnal 
cum when we know only the oniinatm y,, y- y, . . . of « wit of tiointo 
or ab«ol»« *1, ay wg, . . , which are oxtendMl over fieri of the curve, no 
information boing available regarding the roet of the curve. In thie 
oaee it in beet to treat the problem a« one of lltting n fierahalic enm 
* -• a + te + oa* for the given valtiee of i where « - lug y. The aoiwtanu 
o, b, I) may be determined by the methcMl of lienet H(|iuirea (Chapter IX.). 

101. The Probable Irror of the Arithmetiio Kean.— I*et 

* Frot. UmL Math. Set. W {18#8), p. Sfil 
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»rtQ (leuotu the arithinetio tueaii of n measures Mj, Mg, . 
SO that 
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nu 




j. ' ~ -3fi ■ - - • + Mji). 

Then if denote tlie inodnlus of precision of the arithmetic 
mean and h donott) the modulus of precision of a single 
obstTvation, from the formula for the precision of a linear 
function (§ 89), wo have 

ay 

,n^ 


or 


1 

V' 

A, 


A* 


The probablt*. error of a single measure being connected 
with the modulus of precision by the equation where 

th 

p*- 0*476936 (§ 94), we see at once that the, probable error of the 
arithmetiG mettn is times the probable error of a single 
ohsemtfioiu 

102. The Probable Error of the Median. — Instead of 
taking the arithmetic mean of the measures of an observed 
quantity as the estimate of the true value of the quantity, 
suppose we now arrange all the n measures in the order of 
their magnitude and select tlie middle one, which is called the 
median.'^ ‘Usually the median will he close to the arithmetic 
mean and will furnish an independent estimate of the observed 
quantity. 

A more prcciHe definition of the median is as follows ; f 

I^et a,, ttjp be a set of real numbers, whicli may or may 

not l>e all distinct Tvet 

i-i 

The value of cr wbi<ih reduces to a mininnun is the arithmetic mean 


in replaced by tlie condition that 


of the numlnsrs 


the condition that 82(05) be a minimum 


S|(2R) mm 2 I 05 I 

i-l. 

1)0 rtKlucKl to a minimimt the median of the a’s in obtained. It is 

* Of. § 96 , Ex. % 

t Duiihum Jackson, Bulk Avu Math, Aoe, 97 (19‘21), p, 160. 
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iiniqtitily ilniitiuil wlmmiwr » in <»H : if lli*' iniiuU'rH «•( nn* nrmiiKi'<l in 
ordei' uf niagiiitwln, mi tlmt 

f»| ^ ftg lff,| 

ami if m — SIA:- I, tliK iiii'liilr nf Hir 

Tlui uiwlmii h iuiii|m^ly «l<»rtiMH| wIh’Ii n i« vwu^ n ^ if it 
that 4.1, In^iiiK ^1*‘'** <Hpml to lhii« munnoii valno. tHhiTwiN* tJm 

definition ia aatiHfiwl i>y any nnrnWr x IndoiirtitiK th»’ mn’rvnl 

nk -.r fijtti. 

and the median i» fliia exhiit imfrirMiiinal*’. liiii ha »*a«li value 
of p>l there la a deftidfe nnmlH’r wlinh luinnut^** ihn iomh 

am! Zp ap})r(inrlu« n ilofltiiu* ilnill X no ;> n|i|)nini'}i<M I. Tin’ vnliii’ of X 
(soitiuiileM with tlm iiicxlmit nt ainvuiy ilrtliii«l, in tlii' iumw whi'm ilmi 
iloflnition in (letnmiimti’, ami wlii'ii n — nml »» •*■ "t , 1 , X io n (ii<flnif4> 
number between nml n*t.|. It iliiix M<rvi'i» in iiit|>)i|i<im'tii ihe 
former definition. 


We shall now find the prolmiile error of tho tniHiiAii in order 
that we may judge of tho relative advntitagon of lliu aritiiinetio 
mean and the nuHlian on uHtimaton uf the true vaiiii' of the 
observed quantity. 

Suppose we have n measures (where n in supiKwod a groat 
number). Then the probatiiiity tiiat any one ttinosum exueeds 
the true value is ^ and by § 00 the proittiiility tfint exartly 
(Jn + r) of the measures exooed tho true value is 



How if h is the modulus of prtKtision of the measuros, 
the probability tlmt a measure lies at n distance between 0 

and ^ from the true value where | is small is / r - **'V.r or 

h ^ 

approximately — and therefore of n tnmBurm tlie niimber 

^ir 


between 0 and f ie r ^ If thU number ii r, we have r » 

V V V ^ 

Of the (Jn + r) measuros greater than tho true value, }» 
exceed Therefore the probability that the median is at tho 
point £ is 
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Benobing the value of ^ corresponding to (r + 1) by ^ then 
'/■ + 1 = , anti tlio ciiange from r to r + 1 corresponds to 

an increase of in the number of measures, so = 

The probability that the median lies between | and 1 + -^ “ 
therefore 


Xn) 


,, nh j. V(2«)A 


,Jv ~ V 

TliuH the probability that the median lies at a distance 
between ^ and { + from the true value is 

H 

*/5r 

, V(2«)A 

Jir 

For this result wo see that the modulus of precision for the 
determination of the median is and therefore (§ 94) 

the probable error of the median is 


where H < 


'M)- 


where p - 0-476936. 

In the last section wo have seen that the probable error of the 
arithmetic mean is Thus error to he, feared when we 

take the mediitn <ta the true value is ^ or 1-263 tirn,e8 the 

error to he feared when itje takr thr. tnee value to he the arithmetic 
mean, 

103. Aoonraoy of the Detemiiiatioiis of the Modulus 
of Precision and Standard Deviation.* — Denote the n 

deviations by e,, t, and the modulus of precision by h ; 

on the hypothesis that h has a value H, the a priori prob- 
ability of the occurrence of this set of deviations is 

«-it*(.i*+. • .+•»•), (1) 

(V’t)” ’ 

* nnUHH, 4, ji. 100 ; of. 11. A. I'lnlinr, Mmilli. N'ot, It./t.K. 80, p. 7158. 
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while on the hypotheeie th»t h hue a viilmi (H ^ A) the n 
priori probability of thi# net of olmurvalionn iit 

i^nr 

By the Principle of Iiuliictivo Prolmbilily, Iho mtio uf the 
probability that (II + A) is tho Irno vnbic of l< to Iho pmlMihility 
that H is the true vnluo of A is otjiinl l<i tho ratio of tho oxpros> 
sione (2) an«l (1) ; that is, of 

(l + ' *’*’''* ' ■ ' U> unity. (a) 

Now let H Iw the moet prolsihlo vnlne of h (f.f. the value 
which makes (1) a maximum), so that 

Then (8) may be written 

u. unity, 

nA* , iiA* 

or unity, 

or, approximately (A being vory small oompannl with II), 

«*• 

to 1. 


Therefore the probability that the value of h liee between 
H + A and H + A + rfA is nearly 

IIA' 

K«"^rfA. 


where K is a oonetant, which, siiioe 


K 


1 

H 




1, is given by 


Therefore the proliability that tho value of h lies between 
H + A and H 4- A + A is 
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or the itiodiihiH of firmdou for the. (hUnti'md-'mi 0/ h ly the 
roo/~mtufu-ii(/uare mMkod in ^njk. 

From this we deduce at once that the prohaUlity that the 
xftintiaTtl ileviat ion. tr , as deduced hy (he TOot-mean-SQuaTe tnethod, 
lien het iree.n ir + .e aiul <r + n; + dm is 


<r^TT 


BO the wodiiliin 0 / ptrrimn for I he determination of the standard 
dniation, ir by the root-meim-nqtw.re-w.thod in fnjtr. Hence 
the probable error of the standard deviation a-, as deduced by 
the root-moan-squaro method, is 


0476936 

, tr. 
fn 

Gauss • extended this by showing that the probable error 
of the standard deviation o-, when it has been deduced by 
computing the j>th powers of the errors, is 


04769:i6<rV2 

pfn 


firV{p + l) I 'll 

("ivt 


r*i 


This gives the following results : 

When tr has l)een computed from the — 

I. let powers of the errors, the probable error-* or, 

A A 

II, 2nd „ „ ,, „ 

III, 3rd „ „ „ „ 

IV. 4 th „ ,, „ „ 

V. Bth 

VI. 6th 


04769363 

' 

04971987 
■ fn 
0-6507186 
‘ fn 
0-6356080 

, fj. 

0-7657764 


^/n 


■tr. 


It is evident, therefore, that the most advantageous method 
is the root-mean-square. In fact, 100 errors of observation 
* tyeri-e., 4, p. 109. 
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yield by the ootuputation of the riN)l-inniti-m|tiuni um gtxx] a 
value of the Btundurd devialimi na 114 by I., iOl) by 

IIL, 133 by IV., 178 by V„ 251 by VI. Thun) in nut much 
dilference as rogarda aooumoy boLwimii 1. ntnl I]., and of 
oourae 1. is niuoh more ounvoiiioiit fur rnUnilahnii. 

Lastly, wo most oonaider Iho wuninu-y uf iliu ib'Uirmination 
of the quartilo by arranging thu n orr«>rH uf nlNwrvittinii lUK-nrd- 
ing to their nhauluto maguitndn, ami taking llm iniibila onn aa 
Q; or, more generally, arriingitig tho « crrura uf uliaorvatinn 
aooording to their almolnto magnitmio, ami than taking the 
error whtoh haa Wg errors leas than it, ami dnriviiig a value 
H for the modnlua of preoiaion from llm minalion 


!!is. 


4*(n,.p). 


Let k 1)6 the true value of the uiixIuUih of preciaimi and let 
aj be such that fur - lirp. Then a* is the ixiaition that .rp would 
have if the number of measures woro intinito, w) that jterfeot 
accuracy in the iletermi nation of r, oonld l« attainod. Writing 

1 "7' "9. we tan show that tin* pmlaltility that nut of 
n measures (all taken positively) »(„ « r lin Itelwo’U 0 and :>■ is 

1 '* 
i»i) 


Now the proliability that a tneoaum (taken poailivelyi lies 
between x and x + where £ is amall, is 

and therefore of % measures (taken {lositivoly) the number 
between x and £ is 

If this number is r, we have 

2nh 

so the probability that .Tp - ,r + f is 




1 
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and therefore (as in the corresponding discussion of the 
median, § 102) the modulus of precision for the determination 

or IB Ha-p •= constant, we have 

+ .vy?H « 0, 

and therefore by the formula for the precision of a linear 
function of deviations, we have 

Modulus of precision for the determination of h by this method 

•* times the modulus of precision for the determination of ajp 

j{pqv) 

Hence the square of the standard deviation for the determina- 
tion of h by this method is 

.iiMrl . 

4n.v'* ’ 


771 

or if the the value of Aa; oittained from the equation 


2a ~2,»“ 


m. 


In particular, when we determine the quartile by finding 
the deviation which is in the middle of the series of devia- 
tions arranged in absolute order of magnitude, we have 
J, imp where /> ■» 0'476936, and therefore the 
standard deviation for the determination of k by this method is 


BO the probable 
this method is 


or 




A 

4/.'’ 


error of the determination of the quartile 





or, in numbers. 


O-'ffi 

sjn 


Q. 


This result is duo to Gauss : * it shows that (on the average 

• t.(ie. nit. 
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of a large auutber of (tetemtiiwtioiti*) 240 nieiiMumi, treated 
by thia method, muat be taken in onli't U* yielil an good 
a value of Q a« 100 moaeuwe trmlwl by llio mot-iiii'an- 
a<iuaru method ; this (lotorniiimtuttt in ni'iirly the nanm io 
ooouraoy ae that by the huiiir of llu* Otli jiownni of the urrom. 
Wo can, however, ohooae niiioh more iwivautagooimly than 
this: in fact, dotormiiiing the tiuuiiiiuiti of the fiimaiun 

♦(OH ^ ♦(0!^.;,. 


we find that it has a minitmiiii when /-alniiii hUA, and 
therefore the most aooiirate tloteriiiinalinit of the etandatd 
deviation ia obtained when we detcrniine tho error which is 
Buoh that about 86 per cent of the orruni (all token poeitively) 
lie below x and about 14 per cent above .i- ; lhi> prubahle error 
of the standard deviation found from this value of ./ ia tlien 
only 1*24 times as great aa the probable error of the standard 
deviation determined by the mot-mean>w|uiin' tnethnl,* By 
taking ^ 1 we obtain the following enaily reiiii’inliered preoept; 
the measure of precision is the rrriproral «/ (hot ilrruitinn whirh 
is esoeeeded [in absoliite value) A*/ ttj prr rrnt »f (hr afmrn'rfi d$- 
viatwns and not attained hif jirr rrnt of (hnn ; for theeu 
percentages we oan put more ainiply | ami (. 

104. Detemisation of Probable Error from Eesidnali. 
—In § 94 we have regarded a and tr nimpiy aa two {lammoten 
which occur in the problem of fitting a curve of tho ty}* 


.y 


1 {0 


to certain data. When, however, we are dealing with errors of 
measurement of an obMrved ({uantity, it ia neoeaaary to regard 
the problem from a somewhat different point of view. We 
must now taka into consideration tho fact that tho quantity 
measured has a certain true value which, though unknown, must 
be r^arded as possessing a physical existonoe : this true value 
must be distinguished from the arithmetic mean of the 
measures, which is merely the beat oatimate we oan form of it. 
The differenoee of the measures from the true value of the 


• ThU WM pointed out by F. HauadorlT, B 0 r. S| (IBOl), |i. 1«M. 


# 
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quantity aru the errors, wiiile the dilleronces of the measures 
from their arithmetic mean are called the redducds. We shall 
now show that tlie probability that the error should lie 
kitween proscriixjd values a and h is not equal to the prob- 
ability that a residual should lie between a and 1. 

Lot the measures be denoted by M^, their 

arithmetic mean by vi^, the true value by to, and let the 
residuiils be 

V', «TOo-M,. 

while the errors are 

e, - VI - M,, Cj VI. - Mj, .... 

Adding the last equations we have (denoting the sum of n 
(juantities by sciuare brackets) 

[«] “ nvi- - [M] “ im - WTOj. 

Therefore Wo “ ™ 


and 


«, ■ TO - - JVi, ■ 

* flrl. 1 


H 

n ’ 


or 


w - 1 

< < 

n 




Thus the residual is expressed as a linear function of 
the errors. 

Now let A denote the modulus of precision of the errors, and 
A' the modulus of precision for the residuals : then the formula 
for the precision of a linear function of errors gives 



71-1 

nJiF’ 


BO the probability that a residual lies between v and v + cZ® is 




“-'I'iv. 


Since 


1 

2A'»' 


1”“1 1 

' — and 
n 2A* 


ir 


. I( M 'i 


we have therefore 
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and the probable error or quartilo of the orrom in 
Q-0-fi7449.r 

and thuroforu tiio RUmiard lUtviutiuti uf Uik nrtlhntulic tnoao 
of the a ohHervttUona, whiuh i« ih while the 

probable error of tho aritbmetiu menu im ii'87440v/( 

\ '/((fi 1)/ 

These are generally known hr Urmfl'* jonnuhtr. 

Similarly, the moan alwolute tluviattun in given in Uirms of 
the absolute values of thu rosidtiuls by the i«|ualiiin 


so that in terms uf the absolute valnea of ihu renidmtls we have 


and the proliable error of a single oiworvation is 


y- 0-84035., 


0.84B:ifi[|i'|J 
v'l«(« - »)) ' 


while the probable error of tho arithmotio tmwn of n uliserva- 
tione is 0-84635[ | v | ]. 

This formula is due to C. A. K. Peters * It oun lie mora 
readily computed than Bessers and in in general suflloiently 
accurate. 

106. Effect of Errors of Observation on frequeiu^ 
Ourves.— Lot a large number N of individuals be measured as 
regards some attribute, and suppose that the number found 
to have measures between t and it + ilp is N.v{.r)fir, Suppose, 
however, that the measures an known to be vitiated to some 
extent by errors of observation, esoh measure being liable to 
error with a modulus of preoision k ; and suppose that, in 
consequence of these errors, the ntimhor of individuals having 
a true measure between ir and r + ./.r is not Nt/(.>}dr hut 

• Kwk. M (ISM), ,,, -is, 



NOKMAL KRRQUENCY DISTRIBUTIONS 207 

N«(.-')fli^'. It is miuired to find tho function u{x), the function 
»/(./•) ai»d the moduhis h being known. 

Tiiere are actually Nw(/)rf(! individuals having the measure 
1 ©tween t and t + (U, In consequence of the errors of measure- 
ment, those contribute a number 


VT 

to tlu) niiuwures t©tween .r and .rn- Therefore the number 
of iiioaHureH observed between x and x + dx is 


N//. r 


or 

N/a r 


or 



or 

Nrf..{»(..) + + g44«'''(.r) + . . . 

}• 


Thus the functions ij{x) and #(.«) are connected by the relation 

//(.<■) - «(.*•) t- + . . . . 

which readily inverts into 

+ • . • 

This etiuation determiues in terms of ?/(«;). 


MlSCKLIiANKOUH KXAMPLKS ON OhAPTKR VIII 

1, Tho following fhujntinBy distribution wan obtained by counting 
tho inimbt^r of hitti^rn ju^r lino of a book. Oalculato the mean value and 
tho wtttudanl deviation, and iinlicato wliat might lie expected to happen 
m tho numlnir of nlmc!rvatio!m is incroaHed. 


Mimhfir vf Intlntti (it) 32 

33 

34 

35 

36 

37 

38 

39 

Frtiqnmtt^ (f) 1 

2 

2 

10 

23 

31 

42 

54 

(n) 40 

41 

42 

43 

44 

45 

46 

47 

(f) 46 

nn 

35 

2B 

16 

10 

2 

2 


(Kdin. Univ. Honours Kxam., 1918.) 


2. notnpulo the meati height and ntandard deviation from the 
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followiiig (IftUi hy till* nmlh-nl of •uiiiinnttoii, verifying tlie rmiili by th« 
n>oUmeKn-»quAra ni«lliocl. ^ 

«16 

386 

70'ft 

4 

a Calriilrttn iUv jirfilwihility ihnl in ii jjivrn miirvnl of ihari, 
will Iw n ffirvn niimU^r nf '‘uallii'' m fi i* lr|.hutii* rEihun^., atir] th«i 
priilmhilitv tlmt o nulniontti'r will U* kppl wnilin^ « i^iv^n linnJ 
[Cf, A, K. Krlnng, //f/f Tifh$ktifl far Shih. 20 (HMMn, p, aa/] 

A A VfK*t<ir f in tlin rainUatii nf a vrfv Inr^r tniiiiU r n t.f nIi,|„i*|,t 4 rY 
vtiatofA, mt^h of ^vim (AinAll) l«n^ih, tlirm tinfm arti at 

midom in aII fllrpntiotis in thu platn', Hlmw ilmi ihu pmUliility ihnt 
the re«ultant viH?tnr i aIiouM Imvii n ImiKth Ik^iwwit r Atnl r -f i/r in 


fftight in inehtt (A) 

54*A 


ftOft 


aha 

All A^ 

00 A 

FrtqHenefi (/) 

2 

4 

15 

m 

m 

1 All 

271 

(A) es-n 

(I2A 

04 A 

OA ft 

00 A 

07 A 

OH A 

0(1 A 

if) 3«fl 

.120 

220 

IA7 

H2 

.12 

lA 

0 


rtir 




wliurn (T i« imbiwnclcmt of r. 

ITMa remiU ii of fttiporUnw In ihi^ llnniry nf \\w iWninn rnoUom 
and al«f> in ocmnectlon with the iOAtti’Hng f>f /J-myii bv maUrri tho 
formula Lb due to Lord Rayleigh*] 



CliAPTEE IX 

Tlia MKTHOi) OF LKABT BQUABES 

106 . Xntroduotioc. — In tha present chapter we shall be 
oonoerned with oue particular kind of frequency distribution, 
namely, the distribution of the measures of an observed 
quantity, when these measures differ from each other owing to 
accidental errors of observation. 

The deduction of the normal law of frequency given in the 
preceding chapter is applicable to this particular distribution; 
but alternative deductions have been given which depend on 
^ special assiimptions regarding errors of observation, and which 
are in the highest degree interesting and worthy of study from 
the point of view of axiomatioa We shall therefore now make 
a fresh start with the theory. 

107. Legfendre’s Principle. — In the mathematical dis- 
cussion of the results of observation, it is required to derive 
from the data the best or most plausible results which they 
are capable of affording. When the quantities whiph are 
observed directly arc functions of several unknown quantities 
which are to he determined, the problem can generally be 
reduced (as will be seen later) to a formulation such as the 
following : 

If M rr-qiiirfd to find mluea for a set of imknmn quantities 
in such a vni/ that a set of given equations 

J,.y + Oi« + . . 

+ Jjt/ + + . . . + Wji 

.rt,r4- J^y + c;* + . . 

(called the equations of condition) may he satisfied as nearly as 
(Hut) 209 1C 
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potaibltt, when the number $ of eqimtiane it greater thnn the 

number of unknownt r, »/, « t, ami the etjualione nre not 

alrietlg eompatible, with earh other. 

Hjr saying that the e<|uationa are Ui lie wttiKtied ne nearly at 
pott^ we mean that the qiiantitieR 

f K, - «,.!• + A,// I TjC + , , , 4 /,/ - »!,, 

I E, "• f + K'l * ( , . .t/f 





I.K, - 1«,< 4 % 4 I . , 4 


which we ahall oali the errort, are t<i be na auiall aa poaaibla 
We ahall, Tor the present, oaaume that the ei|iiationa are otiuallj 
trustworthy, i.e. that the quantity, which ia more precisely 
defiiiedi later aa weight, ia the aamn for each equation. 

In 1808 Legendre* auggMtod for the aoliition of this problem 
a principle which may be thus sbtted ; of nit jiomUe eett of 

values t{f x,y,* the matt euHefnrtnrff i» that whirb renders 

the* sum of the sguares of the errort n minim um ; that ia, 

E,» + K|* + < • . + K.* 

is to be a tninimuui. * 

For the present we stiall simply accept this as a oonvenient 
working principle which serves the intended purpose: later in 
the chapter (H 110, 118) we shall examine dilTereut attempts 
which have been made to deduce it from otlier principles which 
have been regarded as more evident or better fitted to serve 
as fundamental axioms. 

108. DednotioB of tht Nonaal Iqnations. -Assuming ‘ 
Legendre's principle, we have now to And the values of m, y, { 
s, . . . which make | 

E,* + 1V + . . . + K,* I 

a minimum. If we use the notation [ ] as a symbol of I 
summation so that, e.g, [««] - « ,• 4 . 4 . , . + (■„*] _ | 

+ a| 6 , + . . . + njb„ the sum ofatiuares ia | 

[offl]** + [J 8 ]y* + [m]»s + , . . + 2{nhyy 4- 2 [of + , . . - 2 [on} 4 ‘ 

- 2 [ 8 »)y-. , . + [na]. 

iWttwfcf peur la lUttmimUien du arMe* de* tomilet, Paris, 

louO) pi 7 Ai t 
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The unknowns y, z, . . . are to be chosen to make this a 
minimum, so that the derivatives with respect to x,y,z, . . . 
must vanish. Thus a minimum value is obtained when the 
unknowns are calculated from the equations 

],<■ + [«% + + , . . = [ffn], 

[ff /<].»; + [fc&Jy + [?«)]« + . . . = 

These are known as the noTinnl eywrtions : from them the 
valuesof.r,,y,a, . . . are to be determined by ordinary algebraic 
analysis. Evidently, mi onlf.r tofmn thsiiornial equation with 
roqmt to any one of (he. unknowns, vw must multiply each of the 
oiiyinal equations hy the coefficients of the unknoxon in this 
equation and add together all these products. 

The metliod which has been followed was named by Legendre 
the Method of Least Squares. 

In (Inriving the luiniiul tKiuntions from the equations of condition we 
can uso tables of quarter squares, for we liave not only 

[o« J »« «j* + «j* + . . . + «**, 

but also [«*] - J { [(» + /*) (rt + h)] - [oo] - [65]}. 

As a cheek on the computation of the normal equations, it 
is well to calculate the sums 

tTl •" Oj + Jj + Cj + . . .+^1 + ^11, 

+ ?>, + <!, + . . .+/» + «*. 

and from these to calculate the sums \acr\, [Jo-], . . ., [/o-]. 
These, with the sums [ata] . . . [ff} which have already been 
computed, should satisfy the equations 

f[fw] + [oJ] + . . . + [q/] -t [an] - [acr], 

W] + [»/] + . . • + [#] + [«/] -CM- 

The verification of these equations serves to assure us of the 
accuracy of our calculation of the normal equations. We shall 
discuss later (§§ 117-121) the systematic solution of the normal 
equations and the controls connected therewith, For the 
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present we shall regard the mihition merely m a natter of 
elementary algebra. 

Sx, 1. — Find Ihf mn$l plautihU w/mm »/ r „,„i ^ fmm Ikt i^ualian* 


4M1.I- r.iMi./- 
S'TS..- - S' 7 v- 
o iiftr I as ii(~ 
■ < I aT’Tv - 
I ‘77/ ♦ ! — 


i7 

lASi II 
ii 7 ii. 


W« Dimll lltttl fliitl thi' iiuriiml fur r liy iim< uf (.'nsHs'* 

multiplimtimi Inltln Mtilliiilyiitg ivuli liy ilip I'm'fliHitiii „f - 

In we IwvM 

:J4'I O - JKlI ijf - imiH i 
7'4<u~ 7 . ISli j! 

I «%- M l 

H 47^~ 

as-riix- fl.7p- ijwi. 

Adding, wu get, 

ns' 7 .% 1 ' - aH)t- 7 |/ -* - jidiHi a. 

ThUi it the luiriiml uijiiiitian for j -. 

Wo tliall now niid ili« nomml p<timtiiiii for y i,y im, „f ^ 
squaree. Wo Iiavo 

{(Id -4.»l*+a.72» ) S.ni* ( 4.77*-BS 7.1 
(/.Aj- au* 4 g.7* 4 as.4t , 07 -1 , ftan-.g 

[a + A, (t 4 A] » A4,(l()* 4 Aa,4A* 4 SI4.7II* 4 3,37* 

•>S08A-7.1 4 IOA.3 f flU A4 4 J1’8»l 
■•40(U(]3 

[6 + it, A + n]-igHlS4fMO 
[n, n]-8t07R3 »«. 

Theroforo 


- - 3 Hg .7 

. i(nA 7 AA- 44 )-a 8 B 77 - 7 , 


(*) 


['»^]-i|4n04‘n3 -eS-78 - A8n7 3I 
[An] w J j [A 4 )|, A 4. 1,^ _ I j . 

and tile nornittl equation of y la 

- 3 «a- 7 «: 4 AS 07 3 y « 38 « 77 ' 7 . 

Prom (1) and (8) we find 

rqualiont and the rhoek on the 
■oheml^^lr « ••'"iillnncioiwly aa in the fallowing 

the row "‘"‘•'"‘1 wpiation li.r * being road fhwn 

« •''i»«H«'«» f-rp from the 

and the nniM. ' ** * former! for ea.h of the given eqnatlone, 

than t)a equal to the mini of the Imit ottlumn. 
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n. 

I 


(T. 

4*91 

0 ‘ 0 ri 

-ii*9I 

-4*77 

- fiD-O 

- 5i'7 

i 33>-1 

'27-7 

I 1-1 

1 

~ 33!)-8 
_ 47.5 
‘262-fi 
IfiS-O 
- 27-0 

- 393-89 

- 47-48 
294-97) 
177-69 

- 31-27 



L_._ . . , 





1 

fUU 

ah. 

■ 

an. 

a<T. 


21-1081 

7- 3984 
0-()02fi 

8- 4081 
22-7529 

- 289-090 

- 7-344 
1-020 

- 80-007 

- 0-078 

' 

- 1608-418 

- 129-200 

13-125 

- 444-939 

1 33-083 

- 1033-9999 

- 129-1456 

14-7476 

- 517-0779 
149-1679 

Sunk 

(12-7300 

- 382-099 

- 2090-349 

-2416-3180 


( 3 ) 


ha. 

hU. 

hi. 

btr. 

- 

34 81 •00 

20048-20 

23239-61 

- 7-344 

7-29 

128-25 

128-196 

1-02 

1049-70 

8505-00 

9556-38 

- 80-007 ! 

767-29 

4235-33 

4922-013 

- 6-1178 i 

1-im 

- 39-00 

- 43-778 

-382-099 j 

5307-30 j 

32877-72 

37802-321 




na, 

nh. 

nn. 

n<r. 

- 1008-418 

20048-20 

115404-04 

133843-822 

- 1 29-200 

128-25 

2250-25 

2255-300 

13-125 

8505-00 

08000‘25 

77424-376 

- 444-939 

4285-38 

23378-4 1 

27168-801 

133-083 

- 30-00 

778-41 

■HV' 

872-433 

- 2090-349 

S2877-72 

210783-30 

241564-731 


I 
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S 3 ^ 8 ,'— thu ttttuti }itau*ihh of it anti ^ from Ihtf 0quation* 

/I 

Jiff i#“4'U7. 

J?a:. faihwtmf data trtrt rttid /rum h f/r*i;i/i Bhutrintj flm f»rahahU 

»taiur0 af *f*n for /ttlhf>r*» Mini art, druafni /ly utir/ /•' iW/mw 

rMpoclivrly : 

^ 05-7' 00-ft 07‘S2 ^ 

F. (tii <14 05 00 70 71 7sJ. 

jy ^ and F artt tammimi hn ilm rt/uhtm * /»F, thtmnn $0 % ths 
Method of Lea$t Square ilm tno$t pfnMdr miut^ uf fh ttm»ianh a and k 

(Kitiii, Uiiiv. ArluitHA] lM|i)uttMi4 19UU.} 

109. Bednofcios of th« Zquatiooi of Oondition to tho 
T.<tiAa.r Fonn— >Ia many uaaea the original (lata of the problem 
are not immediately expreeeible aa a eet of linear equationt of 
oondition. Suppoee, for example, we m]uire to And the most 
plauaible valuee of x and y from a net of e(|uation« 

/i(«i ;y) - **i. /l (•^. !/) - «i /.( ' . .*/) - w.. 


where /,, . . .,/> ore known funotionH and . . ., n« are 
meaeures derived from obeervation and liahlo to acoidontal error. 
In this oaae we first find, in any way, an approximate pair of 
values of x and y, say x , »/. Putting .c « i' 4 f, y » «/ 4 y, we have 


/i(’^i.v) ■■/|{■'■ + 1/ + v) " .'/) ' 


ar ' ’ 


approximately. 

The etiuations of oondition thun h(*oome 


y) f ■ .V) 

ay ’ 


«i -/M, y). 


?7). , y,fei) 

t Rr f)// ^ 


Ve “/.k. #). 


and these, being linear in (|, »|), can be eolved by the prooeee 
already deiBoribed. 


Fa — JM mnim ihn moti plausibitf palu^ of th r^tlnngnlnr eth 
ordinaiiiM {/., y) of a poini /*, {firm that it* mmtmrml dhtanee* from th$ 
poini$ (0,0) (7,0) (0,0) nr* r 0 »p$rtitHtly 6*40, 4*47, and that ihm 
mmsumanoffqmlmiqht. 
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Wv readily liml griiiihically tlia). approximate values are k=6, y = 4. 
Tlmrefoi-e writing f // = ?/ + ,,, the equations of condition become 

((f) + ^)* + (4 + »;)»}!=: 0-40, 

!(5i - |)*+ (4 + 4.417^ 

j(fi + $)* + (a - ■(/)* jj = 5-3», 


or 


f 


^ 4>i 

5^ - a>/ 




({.40 - ^41 « 0*0031, 
=«* 4*47- 720 0-0021, 
« 5*38 -*^20 = 0-0052, 


Thime eiiruitiouM, whirh uiHi Vnmiv in ^and aroiiow treated as ordinary 
equatiunH of iHitiditiun ok iit § 108. 


no. Gauss’s **Theoria Motus”: the Postulate of the 
Arithmetic MeaUi — We now proceed to consider the various 
attetnpts that have been made to place the Method of Least 
Squares on a logical foundation. 

The firBt writer to connect the method with the mathe- 
matical theory of probability was Gauss.* His treatment 
assumes as a postulate that whm ani/ nurnier of equally good 
direct almerntfiom M, M’, M", ^ of an unknown m.agmtude 

X arc gimn^ ike viost probable value i& their arithmetic mean. 
Gauss’s dedtiotion of the law of error will be given in § 112 : 
for the present we shall consider the postulate in itself. | 

Thin |K)«tulftte nmst Its diHtingniHlind from the statement that as the 
nunih«»r of olmorvaticniM is inrroaRod indefinitely, the arithmetic mean 
tends to the true valno of jb: thm latter statement is indeed correct, J 
and in true of an infinite number of other funotions hosides the arithmetic 
mean ; { hut wo cannot infer from it that the arithmetic mean gives the 
moii preimhk result when the number of observations is finite. 

In recent years the postulate of the arithmetic mean has 

* Ttinaria moiui eorptm^n emksHum^ Hamburg (1809), 8 177, Gauss 
mention* that ho had nurd the method from the year 1795. 

t For a oritloai dlmniNMion ano P. Piwettl* **I fondamonti mat. per la oritioa 
del rlauitati HjHtrimenUli," Aiti dtllrt H* Univ. di Genom per il emUnwrio 
CotomUnmu 1B92, pp, 11S«S34. 

t Indeed wa xmyiUflm the trm mfm of a physical quantity as the limit to 
which the mean o/ n ob$mHtHon$ tenda when n mcreoaea definitely. 

8 B.ih — -^0, wham / ia any mid function, when the number of 
obMervatioitH is Incraaiicd indafinltuly. 
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been exhibiUKi as a lieduotiuu fruiit tiiliur axiouie of a more 
elementary nature,* which may le rtiniutlateil thus: 

Axiom /. The difTerenoefl lietwi'cn the iiioHt prolwlile value 
and the individual meanurea ilu nut dojioiid nti ilm ]iosition of 
the null-point from which they arc n.*ckiimHl. 

Axiom 11 , — Tho ratio of llio iiiiwl prolHilih' viiluc to any 
individual measure docs not du]iott(i on the unit in tertua of 
which meaaureB are reckoned. 

Axiom in, — The iimst prolmblH valui' ih in<li'|M<ndent of 
the order in which tho uieosurcnieiilH im< niudo, and an ia a 
symmetric function of tho tnuoHun'H. 

Axiom IV , — Tho umat probaltlo valno, regarded as a function 
of the individual meaaurea, has onn> valued and continuous 6rst 
derivativea with reapoct to thorn. 

From these four axioms wo onn durive the postulate of the 
arithmetic mean in tho following way ; 

Suppose the moet prohaido value is fixpreaaed in lerma of 

the n measures j',. x, by the funeti«)n r,, , . a>,). 

Then by the theorem of the moan value in the differential 
calculus (which by Axiom IV. ie npplituible). we have 


Au'j, . , ., AK'b) “*^(0,0, . 


0) . k. 


'i 



4 



where the square brookete doiiole that every x is to lie replaced 
by $ke, where & lies between 0 and 1. Now by Axiom 11.. the 
left-hand side - x^, . . .i \) : ami ainoo by the continuity 

of the function /, the equation 

An-,, . . ,, ki„) - x^, , . ., 3-,) 


must hold in the limit when k ia aero, we have 


Thus we have 

^4!,, .r,, . 

or, dividing by k, 
,f{^v . 


AO, 0 ())-o. 



* ‘“Kl 


■-ra 


* Cf. n. Hohiaimroltl, Hind. hi. himtardn, (3) SO (1907), (i. 769, sad did. 
Niuih, 17# ()907), |i 906 j IJ. BniSKl. h' Kntrif/nrmnil mnMiONn/^ui>, H (1900), 
H j R, Soliliimiiwk, Mmk, dnn. t$ (1900), n (96. 



THE METHOD OF LEAST SQUARES 


217 


In this equation make : then each of the quantities [£1 

tends to a value which is independent of the x% so we can 
write J\t\, n\, . . Xn) »• AjJ'! + . . . + where the c’s are 
independent of tlm it^s. By Axiom II 1., the o’s must all be 
equal, so 

yV'll •'V ■ • ■! ''■«)*“ ^(•'l + 
and since Axiom I. gives this lufuation 

./P'l + fh • • ; + /' ) “./(''i + . . . + a;,i) + A, 

we have c«A “ A, 

• 1 

so c- -• 

n 

Therefore /(»,, m^) - i (aj, + ,/•, + . . . + a-„), 

tv 

which expresses the postulate of the arithmetic mean. 

111. Failure of the Postulate of the Arithmetic Mean. 
— For certain types of observations the postulate of the 
arithmetic mean is not valid : in particular, for visual photo- 
metric measurements in astronomy.* In these the quantity, 
of which measures are made, is the ratio of the brightnesses 
of the two stars. Suppose that x is the true value of the ratio 
for the two particular stars, and let be different 

measures of it. The observations being supposed to be made 
visually, we take as our starting-point the Weber-Feohner 
psycho-physical law on the sensitiveness of the human retina 
to differences of light intensity : this asserts that increment of 
sensation is proportional to relative increase of excitation, or 

SE - constant x where E measures the sensation of light and 

I is a physical measure of its intensity. If E and Eo denote 
the intensities of perception corresponding to the brightnesses 
I and X, we have therefore 

E-Eo-clogi 

The quantities E-Eq represent tho errors of observation; 
denoting them by A,, A,, . . A,„ we have 

• Of. SeoliKer, Ant, Naek. 183 (1898), ool. 209. 
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The A’s appear to obey the nortnal law of faoility ; oo that the 
most probable value of j* is that which makes 

. . . *A.') 

a maximum, if. which makes 



<r 

. . . t A„* 

a minimum ; 

this gives 



, ?A, , ?A, 


or 

log ^ + lug + , 

. . t lug '”-0, 

BO 

V. • • . 

^"-1. 


I 

or ■ U*- 

This formula for determining the most probable value from the 
observations was first given by Seidel in 1H63.* 

Sa~8Iuu) that if thf probttbilitu that Iho trrtir of n tnmturrmrnl tmlt 

bstwfftl IS ttfsd X + dsB + |/Mfl tj ^f/x, fi*Ai*i*i* t iim/ h itsf rimxlttnff 

thtn Ihf arilhmslts titsan 0/ two m»(UHrimi»ntji it not lu n<liahlt at a tinglt 
ntaiurmnmt, and in fact if tkt Imtl yrobahh valut amun,/ all pomhlt 
umgktod mmnt. (li |* 

112. Oaiui’i ^'Tbernia Motos" Proof of the Nonoal 
Law.— We shell now show how, when the ]MMtulate of the 
arithmetic mean is granted, the normal law of error can 
be deduced. 

Suppose that for the ineasuro of an obeervoi) quantity, the 
probability of an error between A and A + rfA is ^(A)dA, so 
that «#>(A) is the relative fVeqtiency of error, If « denotes the 
least quantity to which the measuring-instrument is sensitive, 
we can suppose that the possible values of any measure prooeed 
by steps of amount *, and the probability of an error A may be 
taken as <it(A)«. 

It fhouM bo notiood that it iohore tacitly HMnmtHl that Iho proloil.lHty 
of a oortsin deviation dopondii only on Hip iiiNindtiidti of flu. deviation. 
If this muuiption in not miciti, fi law «f fnoiUty iitimh mon» 
than the normal law may be dedimmt.f 

Miintfhmt Abht 9 ( 1863 ), 

t C’f. Polnoari, OitniJ. dn prai. p. IBB, enri It. Meldell, XtOt. ftlr Moth. a. 
f'Api. BS ( 1808 ), {>. 77 . 
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Now suppose that a number 8 of measures ... are 

taken of a quantity x whose true value is p. The errors are 
A >■ M p, A' >■ M' - p, etc. The probability of the error in the 
first measurement being U-p is the probability 

ol the error in the second measurement being M' ~p is 
<l>{M'-p)e, iind so on. The probability that a set of measures 
(M, M', M* . . .) will occur is therefore 

€'.tt>iM-p)<l>{W-p)<t>{M!'-p) 

If tiow wo assume that, before the observations are made, all 
values of x are equally likely to be the true value,* it follows 
from Bayes’ theorem in Inductive Probability that, when the 
observations have been made, the probability of the true value 
of T lying between p and p + dpis 

- p)^{M.' - p)<f>{'M.‘' - p) dp 

r i>(M-p)4,(M'-p)</>(M''-p) ... dp’ 

and therefore the mosi prohahU hypothesis regarding the true 
value of ,T. is that x has that value which makes 

. . . 

a maximum, «.«. that value of x for which 

( 1 ) 

Adopting the postulate of the arithmetic mean, we see 
that equation (1) must be equivalent to 

+ + . . . ) 

or 2(M - a:) - 0. 

Therefore ^log^(M-a:)>-c(M-a:), 

where 6 denotes a constant, and therefore 

where A denotes a constant, so 

* It 1» not ntouMry to ni»ke this an independent assumption, for it may be 
deduoed as a oonsequenos of the postulate of the arithnietio mean, whloh will 
be Introduced presently. 
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Sittou the aum cif the proImbilitieH of all ixMaihle errora ih 


unity, we have 

r ^.(A)dA - 1 

or 

1-A/ e ^^'dA. 

t' - iKO 

t* 

But 

J ^ t-i 

so 



Writing h for ,y(lr). we huvn 


which ahows that Ike diulnhuluiu of tkr wemmrre tikoiil Ike 
true vitlue ia a normnl /ret/iteiwif dial nlntl ion. 

lia. Qatus’i “Theoria Uotni” BUoaiiloxt of Bireot 
Measurements of a Single Quantity.— A anit mi iig, ihim, that 
in the measure of an iihHorvwl i|UUHlily tlti' jirohahility of an 
error between A amt A t dA ia 

/ a 
V»r 

where h ia the modulua of prociaion, we note that the mudtilua 
of precision affords an indication of the nruflif wliioh inuat be 
attached to an obaervation when it is U» bo ooittbined with 
other obaervationa, Thus in olwervatiunn to detoniiine the time, 
made with the meridian oirole, the nioduhta of prooisioii is leas 
for a star very nojir the pole than for an tapiatorial aUr, ao m 
combining the reauita of an e<|uatorial with a oiroumpolar 
observation we should attach more importance to one than to 
the other. 

Suppose now that s meosurotnents are made of a quantity x, 

the measures being and the correajxjnding 

measures of precision being A,, A, A.. I^it p lie the true 

• value of S-, so the errors are The proliability 

of precisely this sot of errors in iheroforo 

V"” s/s- ' ' V's- 
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Now the most probable value of x is that value of p which 
makes this expression a maximum, i.e. it is the value of x 
which makes 


a 


+ VC''- ''a)* + • . . + VC«-»,)a 

minimuju, It is therefore given by 

A - .z*^) i 4* . . , + - ;i!„) =» 0, 


nr 


//.V, + 4 


(1) 


*^ * ■ , 

V+ V+- • •+ V ' 

Now we have seen (§ 8!)) that the modulus of precision 
H for any linear function + + . , . of the errors 

A,, A,, . . . whose moduli of precision are h is given 

by the etj nation 


i "i* 


V 


V 


( 2 ) 


Therefore the modulus of precision of the quantity x given by 
(1) is II when 


1 I (h* h* h*\ 

n»“(:iA*)*\A.j*+V+- * •+v/' 


so A,* + . . . + (3) 

Now let h lie the modulus of precision of certain observa- 
tions which are taken as a standard for comparison of precision, 
and write 


h* 

W’j - fli, 


l/V mm 

* /,*■ 


■UK 


V 

"W 


W‘ 


m 

'7i»- 


( 4 ) 


The equations (1) ami (3) liecome 

. "" + . .4-w, ' 

W'-«’, + w, + . . . + «v 

These equations are* evidently analogous to the equations 
which determine the position of the centre of gravity of 
particles of weights wij, ?/>,, . . w, placed at the points 

.r,, .r, respectively, W denoting the weight of the 

equivalent body to be placed at the centre of gravity. On 
this account «»,, .... are called the mights of the 

observations .r,, .7’, x, respectively; the weight W of the 

result is the sum of the weights of the separate observations. 
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Hence we deduce at once the following reeulU; 

1 . Th$ mmn of a Aqunllif f/tmti ohnftiHtfiom hnn tt ireight $ 
tivm that of anif onf of thorn. 

2. If w denotw tho aright of a drtmninatian p irhich i$ 
deducAfi m iko moot prohahh rat or a/ .r fro w a rrrtain ael of 
ohoorvaHom, and if or ttdjain a nrtr ohHrrrtttian j ^p i^u of 


weight X^then the moHf prohahh rat at *»/ j in p \ y and it 
has the weight (w + 1 ). 

3. If an olm^^tion hae the weight then on wuitiplging 

it hg nng numhee k the new mlue K* tme the weight For 

A* 


if the prolxibiiity that x lies between j; anti r + fLi- is ^ 

V*’ 

then, denoting Kf. bj y, the prolubilily lliat y lies t«tween yand 

h « k 

y + rfy is dg, so the modulue of preciHion for kt ie \ 

Ae/ir V 


and therefore the weight of ke i« It folio we that : 

4. OhervftlionH of difforont wrijthtH eon tw treated an ohmm^ 
tions of unit weight hg mtdtiptifing rath egnation of eondition 
ly the eqmre root of ite weight (| 1 14). 

E(C. -^If aiO*! + 4- . . • +«#**• ie n Unmr funrtim of inde^ndmi 

etiimaiat ii**, Xp . , Xg «/ a nnnihfr a*, riffemtintf rip ri^^ . , ^ Og 
to the edition + + . I, m that thp umght qf the 

linear ftmction may he a ntammmn. 

From cuiiatione (i) end (4) elHivw wa mi that 1, -f + , , . + 

W If j ^ Wg 

where W m the weij^ht of the linear fuiutUon iiitl iTp ^ lei are it}# 

weight! of the indefiendeiit eetlmatee. Therefore we tnnet have 

subject to Om rfa, + rfaj + , , . . + rf«„ 

sndthfiMfore <»i + «i + . • • + «, 

fP, w, M, w, + W| + . . .+ie/ 

w rt . 

Thus the pstimsl4i for * which hu the gnatmt wnight is 


fr|a!| 4- + . . . 4- 

W| 4. te,4. . . ,4-n ' 

Thie agree! with the value of m gdvett by the Method of Iioaet Sqtiarea 
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114. Gauss’s “Theoria Motus” Discussion of Indirect 
Observations.— Now suppose that a set of unknown quantities 
ih * 1 . ■ ■ are to be detormined from s measures Wj, 
the unknowns being connected with the measured quantities 
by the equations of condition 

ja,.i! + ii7/ + c,* + . . 

[rtjf/; + />,»/ + + , . . H-y),/ j= till, 

where the cooUioieuts . . . are supposed to be 

known accurately, while the measures are liable to accidental 
errors of observation. Suppose that for the observed quantity 
«i the measure of precision is for the observed quantity Wj 
the measure of precision is A,, etc. ; then the probability of an 

error Aj in nj is ^%"*'**'*, where is the smallest quantity to 

which the measuring-instrument of n^ is sensitive, so that the 
measures may be supposed to proceed by steps of amount 
Then as in § 1 13, the probability of the concurrence of errors 
A,, A,, ... is 

V’T Jr 

and the most probable values of x, y, . . .,t are those which 
make this expression a maximum, when 

A,-rtj./’ + fi,// + Cj* + . . 

A, - + . . . +/ 2 ^ - Wj, etc. 

The values (.n y, t) must therefore be determined 

from the condition that 

Aj*Aj* + Aj*Aj* + • . . + 

is to be a minimum. If v\, . . . , w, are the vmghta of the 

observations (which are proportional to the squares of the 
moduli of precision), we must therefore have 

7/>iAi* + 7/)jA,* + . . . + 

a minimum ; that is, in the notation of § 108, 

[««to].j* + [7/>&6]y* + [t«!«3«^ + . . . + + . . . 

- 2[wan]a: - . . . + [wm«] 
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must be a mmitnmn, and therefore the unkuowiis a-, y, «, , , 

mvuit be deterniinod from the ei|iiiitionii 

+ + I . . .-l/ma). 

■ [(w/ijr I ( I wAf Jj ( . . 

k « « • ' * ' 

These are the noniiul viiHuhnni*. 

It is evident that ait obiiervation of wuiKht »• entora into 
equations exactly as if it worn w siijtarato observations each of 
weight unity. The liest jiraotical iiu'tluHl of accounting for 
weight is, however, to prepare the t<<|Uutioiis of oonditioii by 
multiplying each equation throughout by the »|uan) root of 
its weight : the roaulting wjiiations then have their weights all 
equal, as we have seen {$ 1 1 A). 

115. Laplace's Proof and Gauss's "Theoria Oomblna- 
tionis ” Proof.— The Methotl of Jjeast Si|uares was eatablished 
in an entirely different manner by lAplacti in IHII,* and by 
Gauss (who to a oonsiderablo extent adopted l.apla('o'n ideas) in 
1821-23.t 

The common principle of those and various inotlorn proofs 
which have Iteen developed froiu thoiii may Ixi staUai thus ; 

Suppose that for s linear exprossioiiH 
1 fy/ I ♦ . 

rt,r I fy/ I CjS t . 
rt,c f I fjt I , 

we have resjiectively the inde]iendent entimatos n^, n„ 

derived from observation, the nutnimr s Isdng supposed greater 
than the number of unknowns x, y, 

For the quantity 

Aj(<*j!r + 5,y + <!,« + , . . ) + A,(«y -f 5^// + , ) 4 . . . 

+ f,*+. (A) 

• TMorisanal. drMprob, IJvrG I!, olmp, iv, (1819), foDnwItigiinitmoirof IHU. 

t Tfaorin eomhimUnnit ohmrraf^onftm ftratihuM minimis tfWkft 

Bind IV, p. t. A Frpiioh trinnUtlnn hy J, Burtritid wmi ptibtlih«<l nl BiHn 
in 1855. 

GiUii in a lett«r to of Fohnnipy 98, 1881>, udmittiHl that ho bill abirt^od 
hill vifiwi rogittilDi^ tb» pitiibliAhmont of tho Motbfi«t of Ia«fit Bquaroi nftiot tbo 
pubHofttlon of bin ThmrUi MMm In 1800, bavinKib«m1ati«Ht th« '* motajihyiiMil ** 
H»{i on which tho M«thod wm founded In tint work. 
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WO have therefore the oafcimate 

AjW j -H 4' , • .4“ A^^^. 

SupjMjse the A.’b uro ohoseu bo that iu the expression (A) the 
resultant coollioient of x is unity and the resultant coefficients 
of //, s, . . . are all zero, so that 

is an eatiinate of x. The problem is to lay down such further 
oontlitioiia for the ,^’8 us will secure that this is the best possible 
estimate for x, N ow this can be done if we take as a funda- 
mental idea the notion of the wnght of an estimate. Let n be 
an estimate, derived from observation, of the value of some 
quantity: then we shall suppose that with this estiipate is 
assooiated a immlter 10 which will be called its weight. We 
shall further establish (in various ways according as the method 
of Laplaoe or of (lauss or of more modern writers is followed) 
that if «>,, j»,, . . ., w, are the weights of the estimates 

for the linenr expressions (1), then the weight of the 
estimate A,», t . . . + for the expression (A) is W, where 
I A* A* A,* 

W w, w. 

Finally, we shall define the best possible estimate for x to be 
that whose weight is greatest. With these presuppositions the 
liest estimate for x is 

X •• Ajrtj + . . . + A,71„ 

where the A’s satisfy the eciuations 

A,/^i + Ajffj + . . . + X/r, — r 
An/), + + . . . + AA » 0 

AiC, + A^, + . . . + Aa “ 0 

Also we have 

AjffA, ^ Ajrf^ ^ ^ __ Q 

w’l 

These equations give at once 

'JJj + ,^,+,iA+,4'c,+. . .-0, 

+ /ft. + /(!, + . . .-0. 

{I>3") 


(B) 

(C) 
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A, 4 t ■ . — 01 
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or 


A, 4 t /**»'/, t . . . - 0 1 

Substituting for the A's from (U) in (1$) ami (C), wo haro 
0- .r 4/»("’««I t t /»*(«rn ] f , , 

0 ■« 1 4 iiHlit I I ^i'l irlut I ( ^j*| iini I t . , , 
l)» t ( /i*|;»r/i| i . . , 

0“ /*["'"'’] ' I ) , 

oto. 

Eliminating the n'n from them) oninU ionH, wn huvo 


(D) 


0 - 


or 


f>m«| |W</i] 

I [wv'n] [i/'/wl 


I ";/« ) 

wM 


0 [<m/l [v’hf] . . . [,r/f\\ 

[/mn) fw7»H| . 

[«wA] [wWi] , 




[jm/1 I (»•/;/• I 

{wm\ [ irlui I 

[»/vf6| [«•/)/> j 

[«'«c] jw'Ar] 


I *'/" I 

I "//'I 

\»m 

("./"li 

l«/°J 


U««/] [whf] . . . 

As this is the value of « oUtainiHi from tho ordinary normal 
equations of the Method of Least a«iuaroB, we see that the 
present investigation leads to the establishmoQt of Uiat 
Method. 

118. The Weight of a Liaear fnaotios.— It remains to 
show how the equotion 


1 A,* A * 


* + 


A.« 

w. 


I?" pf “ who have furnished 

Lhm f obtained it by investigating the 

value of a linear sum of errors 

A,t, 4 ... 4 A^, 
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when each of the errors has a definite law of facility, say the 
probability that tho rth error lies between e,. and is 

This investigation we have given in a form some- 
what dilferent to l-aplace’s, in § 86 : as is there shown, it leads 
to the result tliat if 

is denoted by 1^, then the probability that the linear sum 
A.j€j + . . . + lies l)etween - 1 and + 1 is, when s is large and 
under certain conditions, 

1 fi «L 

- / „ , 

(rSAU-a)* 

and whatever I may be, this is a maximum when 

W + W+- • • + 

is a minimum. Defining the weights as inversely proportional 
to Aj*, . . ., k,\ wo obtain the equation (E). It will be 
noticed that l^placie’s method reiiuires that the number of 
observations should very large, or else that, the elementary 
errors should follow the normal law of facility. 

Gauss, on tho other hand, writing 

I e, ” rq,7‘ + Zij// H- . . . - 

c, - + ?V/ + . . .-n„ 

obtained accurately 

3!-(V, + . . . + X,W.,) + (Vl + ■ • . + 
where as before the A’s are multipliers which satisfy the 
equations 

+ . . . + A,rt,-1, 

- 4 " • • • 4 " ■“ 0 , 

etc., 

and therefore reduce the ooeffloient of x to unity and the 
coefficients of .»/, z, ... to zero. He then assumed that the 
importance of the error X,f , + . . . + i.e. the detriment of 
which it is the cause, may be represented by (Aj«j + . . . + V,)®. 
That is, (X,«, + . . . + A,e,)* is a function whose mean value is 
to be made a minimum, Thus instead of securing that the 
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probability of a wro error ia to Iw a UMixiinuni, as he ciid in 
the 7'hfioriit hfotm proof, Uauss now omieavojirtMl to diminish for 
each unknown iimintity, the iir»»l»nblo value of the Htjuiire of the 
error oomiiiitted. How 

(A,*, f f t 2i:A,A,«,f, 

The mean value of is 

I - 2i, *. 

and the moan vuluo of C|(g is xuro. 

lienee the (|iiautity to lie tiiado a uiinimnin is 

+ . . . ♦ A.V 

as in lApluoo's proof; and it apiMmra from Causa's proof that 
this formula can lie obtained by making miuiniuiu the n m n 
8<j[Uiire of error (which is the average of the true isiuart* of error 
for an infinite nuniber of oosoa) ; or in other worda the Method 
of Least SquareH gives a result such that, if tbn whole system of 
observations were repeated an iniiuilu numlwr of times, the 
average value of the stjuaru of th« error would 1« a minimum. 
The postulate of the arithmetio moan, on which the Theoria 
Motus proof was Imsed, ia not nwsied hern, (iauas himself 
decidedly preferred this ihroof to liis earlier iroalmont.* 

Some modem writers have derived the aquation (K) directly 
from aesumptiona regarding irri,,/,', which ia taken as a hinda- 
mental notion, and have thereby suooeoded in establishing the 
Method of I^t Squares without any appeal to the ordinary 
theorire of probability of error. This may be done in the 
following way : f 

Let w be an estimated value of a quantity a-; then we shall 
iwooiate with this estimats a number w which will be oaUed 
its weight, and we ehnU rtmume ne nn lu-iom that the weight of 
the estimate A» of the valtm df A,r (wliera A is any number) is 
of the form «y(A), where /(A) is some function of A. If is any 
number, the weight of the estimate /»Ao of the value of fiKr is 

* Of. Intturof Oman to 8ohMiMmjli»r, NovrmWr tifi, in {Iauimi. IfVrJb, 
S, p. 147. 

t Of, Hflrnutein nml Bii«r, MaiH, Am, T6 (HMfi). p. 
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therefore v'Jlkl/\fi) : but it is also /(A/i) ; so the function / must 
satisfy the eiiuatiou 

whence we have /(A) « A* 

where k is some number. Thus if the ‘umgM of the, estimate 
n for .e he w, the. vright of the estimate kn for A;?.' is 

//'A*. (1) 

Next suppose an estimate I for x has the weight ji and an 
indeiwndont estimate m for g has the weight q, and let the 
weight of the estimate / f w for x+y be n 

We shall assume rts an aAom- that r is given by an equation 
of the form 

^(r) - ^j>) + \p{q), (2) 


this being in fact the definition of independence of the two 
estimates. Since the estimate Af for hr has the weight jpA* 
etc,, we have 

f (/-A*) = \t(2)A*) + yi>{qh'‘). (3) 

We have therefore to find the nature of the function 4' 
which ec}uation (3) is a consequence of equation (2), whatever 
A may Iw. Regarding r as a function of p and q, we have by 
differentiating (2) with respect to p 

and by differentiating (3) 


Thus 

and similarly 


y,'(pA*) f'irk’^) 

the latter fraction is equal to 
f(</A*) 

¥in) ' 


Therefore is independent of p, and therefore since 

w \P) 

pk^ is symmetrical with respect to p and A*, we must have 

JL(p¥‘) 
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a constant independent of p and A*. Thn ftiru-tion therefore 
satiafieB the functional etnintinii 

which shows that ^'(i) is a morn jiownr of j nmUiplit'd by a 
constant, and thoroforo ^(.< ) is also a }K»wor of .»• multiplied by 
a constant. This constant has no inllnnnw' on piinalion (2), 
and we can thorofoni write without loss of ninn>rnlity 

(4) 

Next lot III and »», be two indojiondont esliniatiw of .r, each 
of weight I. Then by (i), J», and in, are two independent 

estimates of ^ .v, each of weight : and therefore by (2) and 

(4), Jni + Jn, is an estimate of of weight r, where 



M's nJiitJl uoit> rtWHms ftn ttn n.nom that if two independent 
estimates of tlie satno quantity are <<ach of unit weight, their 
arithmetic mean is an estimaU' of the same quantity having 
the weight 2. We have therefore r - 2. and oonsei|uently 


or (A;+I)y-1. (6) 

Combining (1), (2], (4), (fi) we see that if n, is an estimate 
of with weight and if n, is an independent estimate of 
iT, with weight u',, then A,n, -f A,», is an estiiTiate of A,;r, + A^, 
with the weight r, where 

ry-Wi’-A,' ’'+ir,»A,’*n (6) 

Now suppose thatn,, n,, . . a, are estimates of 
respectively, each of weight I. Then by repeated applications 
of (6), Wfl see that ni + n,-*-. . ,+ n, is an estimate of 
*( + 3:^+. . , + x, with the weight r wlmro 

r’'-l’’+P + . . .fP-s. 

j 

so , r - sr. 

Now im shftU ftmimn nn an (Ltiom tbnt wli«n the wiMghte of 
Wp . . are each unity, the weight of ^ ^ , . 4 w* ii 


fea 
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of the order 'Le. the product of this weight and s is always 
finite and bounded as . Therefore 

(7) 

By (6) repeated and (7), we see that if , . .. are 

edimalea of respectively, of . . ,, Wg, 

then + A^//^ + . . . + is an estimate ofk^e^ + + . . . + X^g 

with the we iff Id W, where 

^ Xg^ 

. tes .^4.— ^4., , ,-| 

vV u\ %if^ Wg 

This is e<iuation (E), from which, as we have seen, the 
Methotl of Least Squares may be derived. 

1 17. Solution of the Normal Equations. — ^We shall now 
discuss the solution of the normal equations, which are equal 
in number to the number m of unknowns, and which we shall 
write 

I'Wjj./i ■¥a^0 +. . . + flW '=®i> 

1%.'^ +«„,»/ +. . . + ffW -fij, 


\a ,f,ie 4 * ff trtd/ " 1 * • • • 4 “ ^hnml ■* 

where 

Ijot 1) denote the determinant Ha,,,!!, and let Ap^ denote the co- 
factor of «p, in I). Then the solution of the above equations 
is known to bo 

1 1).'' " AjjCj + A jjCj + . . . + A«(iCm> 

JD,v-A„c, +A„Cg + . . . + AmiPmt 


vD^ » Aim^l + Agnt^l + . . . + Amnfim' 

The problem is therefore to calculate D and its minors Ap^. 
To effect this, by the repeated application of the theorem of 
§ 38, we reduce D to a determinant of lower order : the process 
may conveniently be stopped when the reduced determinant is 
of the 4th order, so that we have, say, 

. w I 


1)-M 


^mint 

^w^ni 




^WqWa 
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whera M denotes an external factor, ami each element has 
been derived from an original element tip, by u Huooeeeion of 
prooesses of the kind doacribed in | .'(S, 

Now if Ap, is one of these l(i surviving uletnonts, the 
minor Apq of 1) may Iw rwlnood, by precisely the sanui trans- 
formations as U, to the pnidnut of M uinl a deUtriiiinaiU of the 
3rd order: indeed this «Hiuooti form of Ap, nmy Ihj doiiveil 
from the above roduectl form «if 1» by merely forming the oo- 
factor of hp, in it. Thus a single risbietion-proooss furnishes 
not only I), but also 16 of the minors A,,,. 

Taking for exanipln ihn iiwe wlii-n* wi< Imve n loiktiiiwnn, w timt I) 
i« of the fltli onlt-r, we may iiibin* i» l.y iJikiiiK "n nnd 1,^ in miencMnion 
aa the pivotal clennoOM, iiml xlinlt tln-rcl.y ■•lilnin ihc itiitii.” 

A„ A* A& AS, A„ A» ■ A* A,, A, 5, A,^. 
thorn with an nsiorUk Iwing nlttainiil is iiv. 

We can nnxt rnduw* 1) indeprnilrnlly by taking and A,- in 
auoousMion aa the pivotal nlonienta, am! aliali ilii-rpl.y nluain llie niinow 
AuA|V A,g A„ A„ A„ Ag, A„ A^, A„ A« A„ A„ A,, A,^, ! 

*0 that altcigtitlmr of thu ttiittom 

^ta ^11 

^aa 

^♦1 ^4* 

we obtaio fnurUu'n of tboni otict% ilmnf of tltPin fwirr* ami four three 
tinifWt 1 huHU luultijilu ticu^riuihatiottM fn^rvi* an rhurhi* to tltn F 4 lrulatiotui» 
KXt 1.— 7f) thii nanmi 

nri, 

alii! + 4 " ftfi 4 fi Ur -- ft* 4, 

- Stir - fty :i« - 5?fi ♦ s2f' - " rrfi, 

+ fill 4 3i *-•* 7 ft, 

- «ar - 4 S2fi 4 .1» ^ 4r‘ -s* 3 .% 

we first form the determiuniit 

0- I 3-se fi-sj 

n 4 -- ft I 3 

-ji-ft n i 

0 \ ^ a ft 3 : 

~3 ^ n 4 

and taking aa the |)lvotal (ilenietit, wi* hnvi'i at oiua^ 

Dmlfrt -ft I I a ^ ^ 

I - I - 52 

t a ft 3 

3 - ^ ;i 0 
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Wp how find the co-factora of tho olentonta Opq of D, corresponding 
to tlm surviving vlom-nts in D'. For example the co-factor of 
- S in ]), is ovidenlly (§ 3H) the co-factor of 1 in D', so 


'83 


III tliin way wh rtnd iIh* vnUu-M 
A 

a: 

A 
A 


-2 -2 
5 

0 




‘*3 ““ 

13 

Ajjgm 

3 

A42“ 

-ll 

■^52 ~ 

igj,- 

3 


18 


1) 

A53=- 4 


11 

" V*M ^ 

0 


17 

Abi= -27 


HI 


4 

A^-« 

-27 

■^66®' 

W he 

lecling <ig| ;w pivotal elenu*nt, we form the determinant 


i 

1 

3 

-2 

-2 

« -25 



4 

3 

■^7 

-4 




- 1ft 

- 19 

23 

18 




- 11 

- 1ft 

17 

13 



aiul tlicti tlu* oo- factors of the eleineuts a,«f of 1), correspoiidinff 

ForejcampK 


to Cp,^ of 1)^, 


- 11 ) 
-- 1ft 


•7 

23 

17 


...4 ! 
18 
n 


»52. 


In this way wo Hinl tho valnes 

U 


A„- 


Aji - 


A,,-. na, A„. 


r 

hs' 


.18, 

.18. 


1S», A„-- 3, 

1» ^18*" 

Now Uiking on pivotal olonieiit in 1) we obtain the remaining 
CO- foe tors ; 

A* 


- L 




The solution of the above normal cqnationH can bo written down at 
once : 

Da; « O'ftAji + ft‘4A,j - ft*0A3i + 7-ftA^3L + 

2fbO - ft*4 - Oft-0 - 22-ft + ft9»4 

- 2fta! « - 37'ft ; whence ck— 1*5, 

Dy «. O'ftA^g + 5*4 A 33 - ft-()A 33 + 7‘ftA4jj + 

- -O-ft4-70-2~ lft*0-82*fi-fB2‘8 

- 2fty •« 2ft"0 ; whence ymt - 1*0. 

Dz - 0*ftAi« + ft*4 A-a - ft‘0Aaa+ 7‘ftA4a + a-aAgg 

« l).ft 4. 10*2 - 1)0*0 4- 67^-13*2 
25» » - 10*0 ; whence « ■» 0*4. 

1 )4 w O' ft A 4 ft*4 An> ft'OAorf 4 7*ft A^ 4 ^’^Aka 
^ .l.^Vft9.4.4ft*0 4t27*ft-8M 
"■arm- -(17*ft; whence w** 2*7. 

Dv *«• 0*ft A j 3 4 4 Agu ft*OA33 4 A^jj 4 

$>*0 4 8(1*4 4 20*0 - 202*ft 4 122*1 

or - 2ftn» 35*0 ; whence -yw* - 2-4* 


or 


or 


or 


or 
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So. S . — Solve the normal egaaHm* 


hx - 


7« 4* 

m4 


ann-H, 

*V*f 

f 

)il4 ♦ 



(inn, 

7x-f 


ti - 

r 



/ f 


« -f 

H — 


7 ft, 

-f 

Si?/- 

a « 

All 4 

- 

- "I -a. 


118. Final Control of th« Calculations.-— Wh«n the most 

platisible voluen have lui'ti founil by Holtiti«n of 

the normal ecjuatiotiH, we can csalculate the rvntiiutU.r^ e, 

defined by the oquationa 

+ 6,yjj + . . . +.//o ■ — <’0 

. . . ■ ■ • • ( 1 ) 

^'*^0 + • • ■ +,/«^o ” a, 1’, J 

These residuale v are (as will ap]Niar later) required in order 
to determine the mean error of our renults. Meanwhile we 
shall show how they may be uaed to fiintish a uheok on the 
working hitherto, 

We have 

C**]"K^ + ‘ ■ • +yi'o “ "i)* + ■ > •+ («»'o+. . .+/yo-”*)* 

■■ [rtajr,* + [Wj].yq* + . . . + + ■ • • - - . . . + [an] 

+ . . . + [«/]/o - t«»]l + .Voi["'']'o *■••- + (¥K " 

+ . . . - [onpo - [AnJ//a - ... - + [»»], 

and by virtue of the normal eciuatious this expression reduotm 
to the last set of terms, so we have 

[o*] - - [rtftjr, - [inlVo - ... - [/n]/, + [«»]. 

This equation may be used as a oontrol for cheeking the 
aoouraoy of the whole set of computations, [«*] being oomputed 
directly by squaring and adding the residiiala We have 
previously {§$ 108, 117} desoribed controls on the formation 
of the normal equations and on the calculation of the deter* 
minants involved in their solution. 

no. Oanss's Ibthod of Solation of the Nomal Bquations.*- 
The method of eolving normal equations given bjr (laitss* tliiTerts in form 
at any rate, from the determinantal method deenrlhed In | 117. It 
may be desoribed thus : 

From the normal equation in r, wo And x in Urtne of the other 
variables and snietitule this vahin in the ramaining normal aquations : 

* T/teoria OnmUnalMnie, Supfilrmentum, The iiii'lhiHl U ftilly clesoribod by 
Enolcs, Berlin, aetranomleehe Jahrbvoh (ISSfl), pp, 967, and (1886), p. 368. 
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tliirt givvA m tr/iUHfonawl syHiem,” wliich involves only 

y, <, ttiul i« (lika the original HyHteni) axinyininotrie. 

From the Unit equation of the first transformed system (viz. that 
equation which w*w derived from the normal equation in y) we find 
y in tc^rms and su Institute this value in the remaining 

equations of the timt transformed system: this gives ns the “secoiad 
tranHft>rnuHl system/* which iiivolvtis only and is also axi- 

symmetrie. PrtM4‘i»ding in this way we obtain at last an equation which 
involves only t ami from which t can therefore^ Im determined: we then 
determine all the other unknowns, each from the equation which was 
used for its eliminntiom 

Thus if the original normal i‘quations are 
ax + hy-^(jzmml^ 

f/a;+/|/+ mmn, 

the of e(|uations which are nsetl hi Gauss’s method for the final 
determination of ?/, z are 


ax + hyi-gzml 


a 

h 


a 

9 ^ 

a 

1 

h 

b 


h 


h 

m 


a h g 
h b / 

g f 




a h I 
h h m 
9 f ^ 


(1) 


Now if T denote the quoflratio form which repreBonts the sum of the 
squares of the errors, namely 

T • -f /<//* + + 2/p 4. Spa: + 2wj/ - 2naj -H u, 

it is known that 'J’ cun Ikj ex priced as a sum of squares in the form 


T + /ij/ + p - *f 


a 

h 

n 

h 


h 

b 

h 

b 

/ 



9 

f 

r 


1 

I u 

u 

h g 
6 / 
/ « 


'T 

b 


(i; 


h 

h 

h I 
h m 

f 


2/ + 


ir 


a h 
h h 

9 f 
I m 


g ^ 

/ m 
c n 
n U: 


which siiuws at onoe that the equations (1) must necessarily represent 
the comlltions that T is to he a minimum, and shows also that Gauss’s 
method of solution is lubBtantlally equivalent to the reduction of a 
quadratic form to a sum of squares. 

Ex» h — To iotv9 th 0 equations 


OJ + - 2« - 2v » 

0*6, 

(1) 

3a:4*4y-fis4- u-^Zvm 

6*4, 

(2) 

- 2ai - + 3s - 2« 4- 2v » 

-5*0, 

(3) 

1/ - 2» 4- fta 4* 3v » 

7-5, 

(4) 

- 2j: - By 4- 2« 4- 3ii 4- 4v ■■ 

3*3. 

(B) 
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Eliminating a; fVom vquatioiui (1^ atnl (si), 

! Oj I 1 - if 1 0'5| 

la I i” Ma a a rvi\ 


1 

a 


1-81 

d 

4 

y4 

3-fti' + 


- Am ♦ 5 1 *i ♦ a*’ *- a*H. 


( 6 ) 


ami Hiniilarl>\ l»y nnmhiniiig (1) wilh (U), i4», <Ai in win i'i*fwiun, w«* nhuin 
the 4M(imtinni« 

^ s - 3fu - ifr - 4 <», 

1 / - jfs f Ah t a» — 7 A, 

a.M - if." » a»i - I a 


f7) 

( 8 ) 

(») 


Now uliiiiinuliitff j/ from (dj nml (7), wi' Imv 

I : 


- A i 


i 1 

•v f 


ft :i 
1 - sJ 


a l»! 
4(» 


or 


4* t «)<» 4 7f~ ni l. 


( 10 ) 


uitl mniilnrly, ('.niiibiniiig (fl) with (H) ami (It) in Mimwaimi, wr uliiain 


It* - ittu - IHf 
Ilf 


lit. 

:i:i !j. 


(«i) 

OH) 


Ooiitiiuiing thin [mKifMi nf fliiiiinniiun, itn- rnlliiwtiig mimiiiomi am 
ahtainwl : 


1 KAi(+ lOftr-ain-ft, 
i.aoi*+ Hfti--.a4ftft, 


(13) 

(14) 


aiul finally, fmtn (14), (la), (10), {«;, (i), wr lii^i.Tinine ilm h^nlu 
vm - 1*4, a«- Ji‘7, fl-0»4, f/m, - 1*0, nml .r- l A, 

/jy f/nHM *0 lUt^tkmi fhr frfUittimtit 

Ax ay + 7« f H i sfr arni M, 

“-ax+ify^- sfiifSff-* noA, 

7x f -f n « 

^ + i!y 4- ft 4 14 - At» - 7‘A, 

Jix 4 siy 8 - All f f»~f 71 ’2. 


120. The “ Uethod of Sqnal Ooeffioienti " for the SdlnUoii 
of Linear Xquatlo&i.* — lu a meUiiKl of {xirfortning the 
elimination, which ie known an tho Mrthud »/ S,jmi CotJfkienU, 
the two first or]uationB are reduced to two e<|unttonH between 
mch of the two first unknowns and tho remaining unknowns ; 
then those two with tho third ec|uatiim of the original system 
are reduced to three equations betw(>en mrh of tho throe first 

* B. 1. CloMQ, Brum. Sot, Se. 18 (1888), A AO &8, H'i&i UBl, 
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uuknt)wnB and the remaining unknowns, and so on. The 
advantage of this method is that the same ooeflicients occur 
ropoatodly, the elimination being thereby greatly facilitated. 
The method involves certain divisions, which, however, shovlk 
(flirni/a giw Mief giwtimfn tnthoiU remninthrs, thereby con- 
stituting a control of the acicurncy of the computation. 

Thus let the e<{nationH Ite 

«,.»■ + /),?/ + + (i^il + 1 

«,!• + /y/ f -1- , 1 ^, 1 , + 

«»'■ + y + V + + V “X. i! 

v+y i! 

V’ ' V/ + v' + '/5« + ij 

Eliminating ;r l»etwBon Ij and 1,. we have 

I ff ,/*, ! ,// + 1 tf 1 2 + I I M + 1 I « M I rtj/j [, 2^ 

and eliminating // between 1, and 2, by forming the sum of 
- I 1 dividing by aj, we have 

- 1 ft 1 + 1 />,(•, 1 2 + j /y/, I M + 1 I „ I |. 2i 

Kow multiplying 2, iiy 2, by - Ig by | \ and adding, 

WO have 

I <»,/., r, 1 2 I M, + I I „ I |. 3 g 

Eliminating z botween 2 , and 83 by forming the combination 
I Va 1 2, - 1 I S3, and dividing by - 1 nj), |, we have 

- . "1 Val II + I I « + I «lV8 - I ffl«8/8 I. 83 

and eliminating 2 Ixitweeu 2| and 83 by forming the combination 
I «i Vs 1 2 | - 1 83 and dividing by - 1 ^jS, |, we have 

I " 1 Vb i + 1 I “ + 1 Va I ” “ I h^'Ja !• Sj 

Now form the combination - ^481 + ^483 - 0^83 + 1 ffj Vs I V 
Wo get 

I ff, Va^^* I " + 1 «j Vs^ I ® " I Va/i I- 4 ^ 

Eliminating tt Iwtween this equation and 83 by forming 
1 rt,Va '4 1 2a - 1 j Vs I dividing by - 1 Oj Va 1 . have 

- 1 «, Va'^* ' * + 1 "1 Va^ I ® “ I "1 VVi l> 43 
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and similarly 

I "1V/4 1 .'/ + 1 «|VV4 1 » “ I I. 4, 

- 1 «, I •'• + 1 1 1’ - ' 1- 4, 

Now form the combination rtj4, - ftj4, - ,/,4^ + !»,Vs''4llv 
Wo get 

I "j Va'V* ! »’ •- 1 "\^Yn'UA I 84 

Eliminating 1> between 84 iiinl 4, by f«riiiiii« i «, Va'Vs ' *4 
- 1 V»''4 1 8» dividing by | «», V,#/, | . we bavo 

- 1 rtj V»'V» i « - 1 ", !. 64 

and similarly 

I "1 Va'V» ! * - 1 . 8, 

- I I // - 1 

I , Va'Va I " I ^',''a'V'4./i !• 8, 

The solution is thus oouipleted, 

JJai. 1,— To 9oU>e IKb equalianB 


ic 4- *1|/ “ «# -tfr- n*ft, 
Jli5 + 4y«« A«4- if-.li’** A*4j 

- SJo; - 4 - - tn -f a!#* - A«o, 

y- 2»4‘ftiM“ Hvm 7*5, 

- ai/ - % 4- 4* f 4f» a-.l, 

Eliminating « from rtiufttiuim 1, nmt wo Imvo 


1| 

u 

15 


and eliminating y lietwoen 1| and 2g hy forming the until of A,l, and 
3.2g, we obtain * 


Aaj- 7« + 3« - n- 14'je* 0 

M| 

in wliich the cwffloitnt of * in niimi* tlio mmlHrii.,,, „r u |„ a 
Now multiply 2, by -8, a, by ft, 1, |,y-o, „„i 
equation 


, 4t + Ott + 7v- 16-1, 

in which there are no lerm* in * and y. 

Eliminating a between 3g and 8. by furtning 
J(4.2j - 3j), we obtain the equation 


h 


the conibination 


-4y-u + »- -O'l, 

in which the conffli’iont of y ii mlnua the etH<li)cieiit nf n in 8^ 


h 


and 8, by forming the comWnntlon 

*{4.2i + 7.Sg), we find 


8, 


4*+lft« + 9e-38.B, 
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ill wl.icU tMjUtttioii lli« oix'ffluimil of * aiffers only in sign from the 
cooJUiJitmt of j/ in 3|. N«w form the mtin 3^4- 2. 8^ + 4.1^, 

a7«*f 271?- 02*1, 4^ 

ami oliiiiinnlo h thin <*<|uatiun and 8g, 


- 37* * 4??— - 0»2. a 

*8 

Tho nmmiiiing vtjmUionH nf tin* |>r<«Hw« are 

37//- lOn- ^ 14’0, 4 

•“ »l7»i? 1 am — HO* 7, 4 

‘25u- 07-5, 5® 

-25*- 10*0, 5^ 

26|/-.-2ft.0, 

- 25a;- -37*6, 5^ 


Tim mjuiri'd milntion in tlnsrefam 

«-0‘4, tt-2'7, 

Kx, 2. — Nq/rn hy Ikf nl>i>ra rn^fhod ih^ nquatiom 



%+ 

7a *4 

u 4 . 2i? - 


ai; + 



2 H4 3t/- 

00 -6, 

7*t: + 


28 *4 

tt- V — 

107-0, 

ju-f 

iy + 

» + 

tt - 5v — - 

- 7-6, 

^ 4 

Sy - 

» - 

5tt4- Vm - 

- 71-2. 


121. OompuiBon of the Three Methods of solving Normal 
Xquatio&i. — Oomparing the three methods which have been 
given— the Deteminantal method (§ 117), Gauss’s method 
(§ 1 19), and the method of Equal Ooeftioients (§ 120)— we may 
say that the Determinantal method is on the whole the best for 
the solution of a set of normal equations. It should be observed, 
however, that the superiority of the Determinantal method 
depends on the oiroumstanoe that a set of normal equations 
is always axisymmetrio {i.«. the coefficient of y in the normal 
equation for m is equal to the coefficient of x in the normal 
equation for y). Eor a let of linear equations which is not 
axiqrmmetrio, the Determinantal method is inferior to the 
method of ( Sauss. 

122. The Weight of the Unknowns.— We shall now 
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inveBtigatti tho weights of the dotonni nations of the unkiiuwus 
j-, }/, Denote tho most prolahlo vnhnw of tho unknowns 

by •^'o' ht • • •• bavo in tljo noUition of | 117 

Q ** 'f ■ ■ > 

where 1) and tho minor A,.., «li*)«Mid only on the Hccnrntoly. 
known coedlciontH «, ft. . . . of Un* fiinations of condition and 
where 

+ I'yfgH, f . . .1 "W*. 

/'*jftjMj + + . . ■ I' ll'Jlttlf 

BO !l) 

where 

il-A,i«, + A„ft, + . . .-lO, ft, r, j. 


"it 




"ai 


"m ■ ' 

' * 

"ml 

*hH$ 


» • 


•• i Og ftg ■ I • . etc. 

"« "m <'«■.. "»« i 

m $ $ 9 ' 

fhnl Omjl ItmZ • • • 

By giving to n,, the {mrliotilar values n^, , . ii„ in 

whioh oaso wo should evidently have ig-l, wo derive from 
ocjuabions (1) the result 

( 2 ) 

and similarly by giving to ti. the values ft, ft,, in 

whioh case if, « 0, we have 

0-U«'ftl. (3) 

Ijot ay he the weight of the dt'Uirniination of Then since 
rg is given by equation (1), wo have hy tho forinula for the 
weight of a linear function of n,, . , n„ 
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I)» 

"V ' 




"•ifl". 



-f 

"’A"2 

" W's • 


+ . . . 

"»l 

"sa • 

• * 

* * 


"m 




"ml 




"•ml 

"m2 . 

* • ^ nm 





+ 


• • • 






"ai 

• • 

^^'22 • • • 

^am 






• • . 

^mrn 

: ("'"f! 

1 







"it 

"m • 






"ml 


* • ^Unm : 

1 





1) 0 ... 0 

1 ^^tnl '^uii • • • ^mm 

Thorol’oro 


by oquatioas (2) and (3). 


or 


and Hiutilarly 


T'lA 

— ■■ DA,. 
«’« D' 

1 


Th«B 0 formulao givii the weights of the determination of 
ic, y, . . . ; they are due to Gauss.* 

It is a oonsidemtion in favour of the determinantal method 
of solution of the normal equations that as D, A^,, A^g, . . . 
are oaloulatod in order to find .r, ?/, the method furnishes 

the weights without any fresh calculation. 

Now lot f donote the mean error to be feared in an observa- 
tion of unit weight, and let e* denote the mean error to he 

feared in the determination of .r; then since 




* Th00Ha G0mbimiionUi § 21. 


17 
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We Mliiill »5e later (| 124) how t nmy Ihj found in terms of 
the reBidualB of the oqimtiuuH of oonditian. 

123. Weight of any Linear function of Unknownt.— 
Now let 

W -• ( l^l (...) tj 

be any linear function of th« utiknowiiH ./ ,//, i, m> tliat its 
moat probable value ia 

"o "* ^•'b ' Vo /«'o. 

where /g) arts the moat prolHiblo valiuiM of the uii- 

knowna. I.tit it lie rcMpiired te thid tlio weight of the ei|uation 

It will be auilidont in the liral phiae to take m-L- + /'//. 
Writing as before 

rfj “• + Ag|/<| > . , . ) 

I • • • • ' Ami,/,, 

^ * • ■ • « • 

and writing 

Vi "■ Aijai + A„/)j I- . , . ) Amg,/|, oU%, 

we have Dr, - + £,«»,», + . . . i 

, . „ J^.Vo “ + Vi'V*i + • ■ ■ + v."'.w.. 

and therefore 

D«o“ (^fi + • t (/f. ♦ /’v.)"'.»(,r 

Therefore if denote the weight of the »h| nation w - we 
have 

D* 

Now we have already proved that 

+ . . . + DA„. 
and in the same way we may show that 

+ + » - 1 >A„. 

Therefore - fiDA„ + 2«'DA„ + /'«DA« 

A„/« + 2A„//' fA„/'«. 

• OkUMi TArotia f^nnAinn/iuntMf | 20 
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and similarly in general if is the weight of the function 
I’x'' + V/ + • • • + w© have 

^ + . . . + A„„„i ,„2 + 2 Aj 2 yj + . . . 

Tfm formula gwro the weight of the. determination of any 
hnettr fanetwH- of the unknowns. 

1 24. The Mean Error of a Determination whose Weight 
is Unity.* We shall now find the mean error of a determina- 
tion whoso weight is unity. For simplicity we shall suppose 
that the equations of condition have been multiplied by the 
square roots of their weights, so that they may be taken to be 
each of unit weight. Let them be as usual 

a,j^ + 6 ,// + , . .+fit = n^\ 

. «,'■ + % + . . .+U’~n,] 

Write 

+ *,.'/ + . . .+./;/!-«, -Erl so El, E„ . . ., E« are the true 
errors of yq, . . ,, jq, if u', y, are supposed to be the true 
values of the vi unknowns 
Write also 

*“ ’O/y * Uy J 

‘^1’t % a™ tih« residuals when the most probable values 

iCj, , . . , are substituted in the equations of condition. 

Wo have evidently 

M-o, [/*7']-o, . . . [/«]-o. 

Also 

E, - », - aj(.e - , 7 '„) + hfy - 7 / 0 ) + . . . +fit - 


( 2 ) 

( 3 ) 


E, - V, - - * 0 ) + h,{y - yo) + • • • +/*(*' “ Q ' 

Multiplying (3) by «, and adding, remembering (2), 

we have 

[E®] - [®®] - 0. 

Multiplying (3) by E,, . . . , E, and adding, we have 
fEE] - [E®] - P'El (.r - .r„) + . . . + m (t - g, 
so fEE] - [w.] - r«K] (,r - .g + . . . + IfE] (t - g. (4) 
* CIJtUKH, Thmrin Vo}Mn(dioni»i §§ IJ7, H8, M9, 
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Now we have already Been that if cooflleienta „ i. arc 

defined by the equatiun 

I ).»'u •• ^ . t 

then KJ-J’. t''51 » 

and 

[««-NK + l6^K + . . . • L/fi'a l»ei- t''^l - 0. 

MultiplytJiK (H) by roNjKxitively and ailding, 

remembering the etiitaliona just written, wo have 

UK]-(.-Uo)h. 

Thus (4) beuomoH 

J)[EKj - I)[w] - [,i Kj K] » I AKj I ./K] f . . . t fy K] [tE], (6) 

Tins is a relation between the sum of the Btiuiires of tlie 
residuals and the sum of the squares of the true orrors. As it 
stands, however, it is not sufibiont to doterininu [KB], since 
the quantities E occur also on tite right-hand side of the 
equation ; but we may overooine this dillieulty in the following 
way: 

Suppose the set of oliservations nqioaU^ by the same 
observers with the same instrunionts under the same oondilions, 
N times, where N is a great number. Kor each of those sets 
of observations we shall obtain an ei| nation uorresponding to 
(6). Let these e4]uationB be added togi^ther, and the resulting 
equation divided by N. The values of 1 > and the o 's, ft's, . , 
fi, fs, , , ., t’b are the same for each sot of olworvations, but 
the w's, E’a, and v'a differ from one set tf) another. Using the 
symbol S to denote summation over the difforont sets of 
observations, we have 

- RSt«El tf E] + ^St»E] + ^S|/E] [tE]. 

Now if positive and negative errors are equally liable to 
occur, each of the sums ^IiE,,K, ovitlently lemls to «ero as N 
increases indefinitidy ; and then the eijuation tteoomes (when 
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wa understand the sign of etiuality now to indicate that the 
two sides of the equation differ only by negligible quantities) 




Now 


N 


^j^i:E»“ = the square of the true 


(juadratic moan error, i.e. the value which wo should deduce 
from an indefinitely groat number of observations. 

Therefore, denoting the quadratic mean error by e, wo have 


w- 

- 4- + . . , + «,^,)€* + . . . + (/jrj + . . .+/,r,y 

Diiie*, 


HO 



In this ecjuation < is the true value of the quadratic mean 
error to Ihj fmrod in a determination whose weight is unity, 

and is the mean value of the sum of the squares of the 


residuals. Since the true value of is unknown, we are 

obliged to l>o content with that which is furnished by the 
unique actual set ol observations; so for the most probable 
value of < wo have the equation 


«»- 



Tliis is OauBs's expression for the quadratic mean error « to be 
feared in a determination whose weight is unity ; s denotes the 
number of equations of condition, and m is the number of the 
unknowns tn, y, . . „ f. The (juantity 

n/( f««] ) 

is therefore well adapted to measure the precision of the given 
set of observations. 
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125. iTolaation of tht Sam of the Bqoarai of the 
Eeiidaall.— We sliall now show Imw (r*]. tho mnn of tint 
nquaree of the reBiduiilH, may I hi cxproMiHHi in tornm nf ihu 
ooellicientB in the oiiuntinna of condition nml nornml «)i|itntinnH. 
Wo have 

«,)* I ... I (o.i,, ( . . . ! - «.)» 

- + [/>%„* ♦ . . . »■ 2[«/4ro.’/„ t . . . . . . 

• l«"l. (I) 

and we know that |)<*] ia the niininmni v'tltio of iho ijiiaiiratio 
form 

[««}(■• + [/(/»]//• + . , . + •( . . . 'i|>'n| i , , . ( fna]. 

From the genoral theory of (|uadrikli(t forma wo know that 
thu minimum value of thia ioat form (which we know to Imi 
caaentially positive, ainou it ia a aum of Hi|unroH) ia 

■ ■ • l''/1 l"«l 
["/'] ('•«! 




[onj (/in] . . . (y«| (an) 

[««] (/f/i) . . . |„/ 1 

[nh] [N,] . . . (/i/ l 


["/] ■■[.//- 1 


(2) 


Wa may alwi iwtiihlWi ihiH r<irmiitii ilihifly lit ilii> rnllnwoig wny. 
Wo Imvo nlnwly imivi'il (| 1 1H) Umt 

('■*]“ -(""Vq-tHWo-- ■ |/»Vo * i''"l« 


ami wilntltuting for /p, , , ,, ilii-ir ilrii'rmiimiiial vnlmit, wi- 

obtain tlm i«|tiation (8). 

Combining the results of thia section willi the (Njuatinn ($ 1 24) 

H - Vt 

and the equation (§ 1 22) 


we see that the ijmdrnfv; tnrnn rnor to hr fruml in thr ilrlrf. 
minotion of ,t ig e,, 
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wliora 


(s ~ m) 


\(w] [ah'] 


[W>] [/«•]. 

• • ['i/1 

["'1 

[hh] . . . 

I[^■^ In.) . 

• ■ kf] 

■ 

'[^1 I'/l. 

. ■ ■ un 

1 ; [rt«] 

M • • . [ 


[¥] 


\bh] 




V‘f] ■■■[//]. 

li the original oiiservations are weighted we must write {tom] 
for [tut], otc, 

h^* "Kupj»o»4ti thftt olwarvatioiiB of oqttal weight give 

Jiif; + sj?/ - r)S{ « 5 
4j?-f ^ + 4;s«»21, 

whih' an olworvntion of weight J givtsH 

- 2a; -f Oj/ + Os; aw 28. 

For the lm*t e<jtmtiou we aiilmtitut© 

32 / + 3 »* 14 , 

ttinl the four e<pmiioii8 tirt^ now of equal weight. 

'riie nornml iM[natioi»H are 

27a’(j-|- 88 "j 

H + + I, 

//0 f 54^0 «# 107 j 

, 491 A 4 2017 

wh.H.Kiv.. //„• 

/0««2'47O, i/jj- 8*/iAI, «Q-wb910. 

The weight of the <lotermiimtion w %, where 

lift 11 

1 A„ I I 54 I 809 


12707 

737’ 


or 



»«• I) 

27 

« '~0 

“ 10800 ' 



6 

in 1 




0 

1 n 4 


fio 



10800 



HOO ’ 


nml nintilnrly 

Wff ** 

737 

fii’ 

2211 

41 ■ 


Tbi>» example wjo* \\m] h)' HaunK hiiimelf «h lui ilhiHtration of tho Method 
of iSijmire**. 
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Th« raiiduiil* tiro 


jiUflfI I, ISO IHHit I Kill 

''iBsmi' ' niHim' iiiHim’ iiihiiii' 

»nd Uiernnini tli« (iim of tin- ..f iln- hxidnnU in 




Ktuit 

llIHlIIl’ 


no tlin iiiiBilnitic] iiimii errnr in Ih- fi-nriil in tin- ii<'K'ritiiiiiiiiiiti itf r j* 
- ...1 u. «!'’*] IStINiiO 

*m wliunt «/- (IWHtitt)*’ ("f »»* uml «,*. 


126. Other Xzftmplei of the Method.— Tim IVinoiide of 
least Sc]uare8 is a|)pliwl in the first nf tlio following oxatii|ilcM 
to a probletu of uurva-fltting, atid in liio Hocond to a gooiuotrioal 
construction. 


/?«■ 1 fi^nd flu valuPM nf th» rotitfnnh a, h, r, trhirh npitrlu mlitfu 

th§ §quttHon ' 

/V ^ ^ 

f g 

j *#■ 

/or vaiufut uf ^ /Whwi y rnii/ /{jr) u n mfrti futfrftim 

tit thin mu^ 


Ih to bn iniulo a minirutim, ao dimiwniiatliiB with rixin-i-t k, h. n,,d r 
wt havil thtt thrcKi oqimtiaua 






From thaw tho vniuM of n, ft, r can Iw detcnidin^. 

poort'on of a point in a plant it dtitrmintd iit tht inttr- 
i^n of^al hntt/umuktd bp ohttrmtim. Oning to trrort of .dmtrm- 

eoneurrmt. To find Iht wotl prohibit potition 

Danote by d,, dp d„ the dialanom nf u poinl of the plaim from 
* <1 OoARna, Joum, Ht r A-olr pat, i-ah, (S (1SP3), p, i. 
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thu n Kivi‘h liiK'H; 1,.| A,. , 

litiua : tlH'ii I, ho ti,Qt‘f„r wlTi«r* 'rttaohed to those* 

Vi*+ V2‘ + . . . + A„d„» 

irt ft iniiiiintiiu, Tltin point luav be efillfifl ^ i 7 

tin* nyHt«*in, " ^ tin. centrfi of hast squares of 

The* ..ontre ..f K-hhI Hq,.«,VB is tiu, point for which the function 

/-I 

in ft niiiiiminu : m ro-onlinatcm are given by 


<'H <*)« 

0„-o. 


or 






»0, V- 

i-i 




■ 0. 


( 1 ) 


Now if 0 in liny Wlmtevor of the piano and O ' n ' n e 

i’r;s:^ri:.rA:r"^ 

‘'“’inTlMX 'y7T' to’ IhVH^stem of iS 

(X', n wlin;. ’’ co-ordinates 

X' - X - ^ V + ^'I'Y + c<) 

ill- 1 


•• V — ^ V A|‘^v(n(X -f /i;V -f 0;) 
~IC, «^+7/,»' > 


(2) 


whop. l.mA, 4 , . . i A„. 

I.V JlTwo hir 

- 0 V AtV/ 

ttii.1 mtpiKwn till. .Ilroieli.m of tlio axis IV chosen so that 

V ^ 

Thmi the i<i|»nlioiis (a) Iwcome 

and sin... ( | .. , (l - ) - 0, 

thoso may ho written 

X' m flX, y' «• — ftY, 
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L'l 0* Ix! thu MyiDiiu'lric li»rycenlri' of O', 

Thu oo-or(linttt«i of ()* aiw X* — /t*X, mill lhi'n>foh> Ihr ling 

00* jKtWM thrmiiih I*. Mowovor, tlm Uiitw I’O mill I’O' ai-u n|iiitllv 
PO' I’O* 

iiiclhieil to Pal, and 

. '"V / 

N- ^ - 1 



Kw. 17 . 


Therefore the trianglim PO'O'^ am! POO' aro similar, ami O'P makes 
with O'O'' an angle equal to the angle O'OO", Thus the uf least 

squares P Ih the intersection of 00" with the line O'P which itiakai 
with O'O" un angle equal to O'OO" i or uthtu wise ex]trt«mMi, thfi rrnlre uf 
l6ant tqrnm w thn intm'$eci%on uf i){f with ihn intwrut nf O' tu th» tiftk 
00'0\ 

127. Case when two Moasured Quaatitiei oocur is the 
eame Xq[sation of Oosditios. — We »lm!l now «onsi<ier the o«ao 
in which the (juantity n in an efjttation of ootidittnii 

ff.l' + hi/ + l'Z i- , . . ) ,// - 7* (1) 

is not itself a measure derived from a single observation to 
which a known weight is attached, but is a known function of 
two measures p and ij derived from diffbrent olwervations to 
which weights Wp and are attached. 1 1 is raiuired to find 
the weight which must attached to the e(]uation (1). 

Let the expression for n in terns of p and q Ixi 

n~if,{p, ?). 

Then a small error e in and a small error in ^ give rise 
to an error in n; and therefore the weight itn of « is 

given by the equation 

7/’„ Vf^7/ 7/’^, \(),// it<l 
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Tim eciuation (I) is now to be treated as if n were a 
inoasuro derived from a single observation having the 
weight i>'„. 

128. Jacobi's Theorem.-— It was shown by Jacobi* that 
the values «»f the m unknowns which are obtained from s 
ei|UatioitH of eonditiott by the MotluKl of Ijeast Squares may be 
<lorived also i» the fijllowiiig way. Take any m of the equations 
of condition ami solve them as ordinary algebraic equations, 
obtaining (say) a value 

'i ~ jj* (whiTi^ A, and Bj are deternunants) 

for the unknown .r. We can select the m equations for this 
{>ur{s)Bts in ;» ways, whore p- and thus obtain p values for 
-r. say 

r M r mm .. 

■t B,’ • • B/ 

Then till' viitiif o/ i ffifi'ii till thu AMiod of Lmat iSqitares is 
Aj li| 4* AjBg 4 . . . ApBp 

' ■«" b,*4TV4:. . • 

This result is an ininiediato consequence of Cauchy’s well- 
known thuoroin on the equivalence of the two forms in which 
the product of two arrays can lie expressed : thus in the case 
of M «" 8, Ml » 2, what is to he proved is 


! M,.< , 4 4 Mj'j, 

/i,.e, 4 Ag.i', + 


tfjK 4- ffJi^ 4- (iJffL 

h\u X»4 
M,/(, 4 mA 4 flj/i. 

v+ V+ V 

jnA 

®A "A 

K('i 

l"A 


w± 

Kg/'S 


'hh 

fiA 


a 

+ 


«*A 


ntg6, 

ffgOg 


«A 


which follows at once from the theorem on tho product of two 


arrays. 


Juurn. /«r Math. 92 (1R4I), p. 286. 
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Ew,* — ConaWitr thu syutum uf four I'ljimtioiw iwhmI l»y Qnwm^ nnd 
worked out in Kx., $ lSil5, above, vix. 


X - 1/ f 52fi - 5. 

(I) 

3a: +32^ 5; - 5. 

(2) 

4a: + fM4i«-32l* 

(3) 

- 0:4 .3y + 3i: 14. 

(4) 

Now cquatioiiH (1), (sS), (3) ahmo wtmid givi* 


lift lift 


■^“ 35 ’ *''"33’ '" 33 ’ 


the iiumeratorH aiul donuniiimtorH In'iiig tin* oxmi 

vnliiM i>r llw ih'- 


terniinanta, IhttH, 


1-1 al i 
4 i 


KquntioHH (1), (32), (4) would give 
1322 

*’“ 47 * * 

Equatl^rtw (1), (3), (4) Would giva 
78 

*-j 3 . y 

Eq^uatioUB (si), (3), (4) Wfuild give 
>304 


0m 


:-ft ss. 

35, ole* 

4 


107 

93 

^"*47’ 

“"47' 

1 1.3 

37 

33 * 

33 

- 444 



-lf 4 ’ ^*“- 1324 * 


IS24‘ 


10 




(»0 X36) + (1 312 X 47) + (78 X 33) i (304 x 1 S4) 
'3n»+ 47»-f 33*+ 124* ' 


40 IM 
10899' 


ai* beforo. 


129. Oase whan the Uoknowsi are oomteoted by 
Eigorous Kquationa.— It i^iuently hupiwtiH that the un- 
knowns a, y, z, , , ,, t are not indojsoiuUuit, htit aru connected 
by rigorous equations: for instance, if a-, »/, s rcprenont the 
three angles of a triangle, they aru conneoUxi hy the rigoroue 
equation a+y+*-*p. In order to discuss this case w« shall 
suppose that the unknowns are given as before by a set of 
linear equations derived ftrom obeervation 

«ia! + \y + . . 

«^ + V/ + ' 

ffi,r+.ft,^y + . , .+_/V-n. 

• OUIhIkt, Month. Not. 40 (1880), [i. SOO. 
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(whom n,. . , n. iiro the obaorved quantities), together with 
p ngoruuB iM|iiuliunH 

't‘1 Q - 0 

0-0 

( 2 ) 

0-oJ 

Wf Hhiill HHjtjHtHo tl>at (by nmltiplying each of the equations 
of comlitioti by tin* niUHru rtwt of its weight if necessary) the 
wnmtionH of ooniiiiion hiivu Injon rendered all of equal weight 
Then, US in tl«> pnH.f of § I2ri. we see that the most probable 
values of the iiuktiowiis are those which make 

K + ( . . . + 2[«/;]jy + . . .-2[rt7i>:-. . . + [nn\ 

a miiiimmn, subject to the conditions (2). We must have 
therefore 

an. BE, aE, „ 

+ + . . .+ .^dt^Q, 

where f/j , ill/, lU are subjfwt only to the conditions 

iV''' * • • + ^*-ol 

**•••*• 

and therefore the unknowns are to be determined from the m 
er{uations 




a 

an 


I A 




A- 


"a/' 






i A '’'^’1 + - 0 


4 A + A."''’ 

a/ ^ ill ^ ^ 3 / 


I ' ■ * • 


+ A^^''-0 


(where A,, A, A^ are unknown multipliers), together with 

equations (2), Wo have therefore {m+p} equations to de- 
termine the (m + ;») unknown quantities .r, ?/, . . .,t, A^, 

hr, — nil mmtHri<» of llu four angle* of a plane quadrangle are 
«, fi, y, «>iM lengkt* 3,, g^ g^ g^ rupeeUvely. Find the moat probable 
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valuiit of ih« angles, and lAow that tKe weight of the value found far the Jiret 
angle ie 

+ ' thUelie ' We 

We + We + Wa 

BO that inhm alt the wmtfhiM arn «/««/, tf^e ivei^jhf of thr^ Jinn f mint* uf on 
anf/k is the wtnijfU of nn ohumKutioiie 

Ixit tlio angltiH Ih' filj, 0^ 0^, Tiu* iupmlioiiH i>f i'uiulififm, mlnml 

to unit weight, are 

hj Ui^i *y ** n/ •* *J f%V * st *** s/ 

and the rigoroUK e()n<iiti<»n \n that 

0^ *f* 0^ "h 'f* 0fi^ iiir. 

Wo have thorororo to iimko 

-(»)* + - Pf + !/j{flg -yf J- - />)• 

a nuninuim, Hidyeot to the la«t oonditicm. Wi* Imve llionduri’ 

^101 "• a)d0^ -f — (i)d0^ 4- lt^0% *“ y)^^0 *h f>)d0^ «• (I, 

whort^ the differontiak an< unbjoot t» the eoiKUthni 
(10^ 4* 4 4' *• 0, 

and thortjrore 

0101 •“**)■■ 0t0t its,0$ ~ y) 

Wo thiw obtain 

0 «. M **: fl + y4 - /?- jgTT) 

^ 9dVU^ ^ » fWa’ 

and ainiilar expronHionu for the other angl<H 

Denoting the weight of hy W,, w«» have nt ottoe 

1 , { u^i^u i*/i 11 

^ “Wtfte ’ !>i ' -W'l ' M'l »s !/i 

" I g,(gifl, + + f;^g) + | , , 

„Ms+Jaff* + Wi 

“.W4 ’ 

or W, - Wl+ ?iM« + IfiWe + ffiWa 

Wk + We + Wt ’ 

which i» the reqnimi roHult. 
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130. Th« Solving Prooe«Ms of OausB and Seidel - 

Whon t ho iimnUT of tuiknownii w great, the algebraic methods 
for the w.lHtjon of tint normal equations, which have been 
tieflorilHHl in §§ 117 130. l«o«me exceedingly laborious: under 
thoHO I'iituiiimteiuiBH, tim normal ociuations may be solved by 
a mellHHl of Hmuawwivi. njiproximation in the following way. 

Writing lint nnniiul «<|milionR 

"u' ' • . . . +«t„/-r,' 

"if' • "mJ/ • . . . 

* • » » * 

"!«' ' "»«'/ * . . 

WO first luMiunra fur r, y, . . „ / any system of values. Since 
in the imrmal oq nations the diagonal coefficients are sums of 
«|narea, whonaia tlio non-diagonal coeffloients are sums of 
products of which in general some are positive and some are 
uegativo, it is most often found that the diagonal coefficients 
are larger than the others, and therefore the corresponding 
terms iirw most imiiorlant ; so we therefore generally take as 
initial vahios fur •, y, . . / the numbers 



rDsjwtivcly. 

With thi'so ossuiiiod vaiiios of .r, y, . , t, wo calculate the 
quantities 

’■ V 

and takn Xe- - ^ 

"ii 

We can now assert that by adding As to the assumed value 
of r wo aro imjtivviny it : for if we denote by Q the sum of the 
equaros of the rosidiiaia when the aesutned values are put for 
jr, y /, wo have 

+ I . . , t t 2«,^/ + + , . . 

1 2»f,„,/-/ + . . .-2v-- • ■+¥, 

* ("«l' ' "(*'/ * . ' 

4 torms depending only on y, s, . . •, t 
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If in this we replaoe x by a; + Ar, without chsiiging </, s, . . /, 
the effect is to destroy the term in Q 

without affecting the other terms; tliat is, tljo ulVw-t is to 

diminish, t^. Now the set of values of .<•, j/ t which we 

wish to obtain are the sot which titnko 0 n ininiititnit ; and 
therefore if wo say that one sot of vuliios of . .»/, . ... Ms an 
improvemmt in another sot wlnni it corroH|Htmls to a smallur 
value of Q, we can say that by wlding to without fhangiug 
the values of y, . . t, we am obtaining an iiu|trov«xl set of 
values for the tinknowns. 

Now with the improved w^t of values of .#•, y, . . < we 

calculate the quantity 

N, - + «*// + . . . + 

N 

and take A// - *. 

"« 

In the same way we can show that to add A.y to the aiiaumed 
value of y is an improvement. Frocetsling iu this way, we 

improve each of the values *, y Mn Buooeaaian, and then 

return to x. The prooess, whioh is due U> Seidel,* may be 
stopped when the residual N*b are sufUeiently sniall. in 
common with all iterative methmls of approximation, it has 
the advantage that an error of oalculation oontinualiy oomwts 
itself in the subsoiiuent steps of tho prtness. * 

Ex , — Ijut H* nolvp i>y thi* prcwowi thi> ntirnml mpiatl(m)i of 4taiu«»’« 
original example, namely 

f87/ + fltf -HH, 

\ 6*+ IB)/ f »-70, 

\ J/+B4* -.J07. 

Wo take u a tlnit approximation 

*- Sf -3 roughly, , 
y- n roughly, 

«-i ’jY »9 roughly. 

Then N, ■ 87/ + 6)/ - BS « 88, 

, » N, 88 

anti Ar- -0-HB. 



MUneh, Ahh. 11 (1R74), Abt. B, |>. SI. 
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Thun lliB itiii'ntvrtj m‘l «if vnlum U *- s-lft, ym 6, «-2. Thesie gi^e 
4 Ifty 1 3 70” Mi ll, mill tlion'rnro - 1^*= - 1.33^ go we 

uw havB^ j- •» 5!' Ift, 0 ” .'l l!?, e •" 8, niiil Ng» y 4 fi4* - 107 •« 4'67. Thus 

""•'‘««.«ivn.K/-8-lft,5,-3-07.»-1.014,andNi--8. 

lt«i|H4iliiig ilii' iinxmin, wv have 
N, H 

- gf *• jj7 - o aUO.KiviiiK . ” s no, y . 3 07,* - 1-914, N,- 1-640 ; 

N’t . . 

,y» _ ,»» 0 IOl»:«,Kiviiig/.- 2-44(1, y-3-fini,*- 1-014, 

Ng- -0-083; 

Ni ... 

- j^^-0-(»l. giving X- 2-440, i/~3-ft(M,*« 1-016, N^- -0-692; 

N, 

j:- -jjy-0-n22, giving X” 2-4fl«, - 3-601, «- l-Ol 6, Ng-.0-138; 

N, . . 

»- - -O-noWS, giving X-2-40H, y-3-662,*- 1-016. 

hita illlTer wily hy #t innel 0-002 frniii llin true values. 

If SnidurH iircKHMH Iw niirriiui t»ut for a sot of ociuations with 
temi uoollloiciatii, auah an 

’ii.r 4 hi/ + gz-l^ 

■ + hy +/x «• tn, 

.yr +/i/ + ez-n, 

I is rosdity seen that tho valnu of x is what would be obtained 
rom the fonnula 






I in 
ti h 

9 f 



nbo be HO abj 


f expanding the last factor by the binomial theorem as an 
ifloite aeries. 

A method oloeely akin to thin had been communicated many 
aara before by Oaiws to Oerling.* It may be illustrated by 
le following example ; f 

t 

* Of, the nftixmclix ti» nrrlln«*i» work on thu application of the calculus of 
^mpenaation tii» prantlca) xitanintry {tR48), p. 888, Another very similar 
•ooeas was doaeriM by Jacobi, Afti, Nnch, No. B28 (1848), p. 287. 
t a A. Bchott, f/.;!?. fJoasi Surmj/ lUp. (1865), p. 265. 

<t> ^n) 


1$ 
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Let the iiuniial oqimtion* Iw 

O'- 2'H + 7flr-3nD - a«ie - aOu, 

0- - 4-1 - aor f «3(( - afis - 2«ii, 

0 - - 1 •» - ao/ - a/ij/ ( HU* - 44 m, 

0 « a-a - aBi- - an;/ - i j* t »««, 


To (WCurUtiii wliii'h <if lilt! iiiikiiitwiin will iirnlmliiy lie ilm grailiwt, 
we exaniitu* the ijiwtienlH i 


a<8 4-1 M* 

x- - - -0'03, y-j^^-+rHi4, i^„„-(ioa. 


76 


HB 


aa 

»H ' 


O'da. 


Acoonlingly wo liegin willi j/ ami wrile — ^l■(l4 -t Ay. Tlu' <<i|tinliiin» 
now beounie 

0 « I 0(1 + 70*: - aiUy - an? - an«. 

0 - - 0-78 - 3(1*- 4 H3Ay - '.Ti* - aHM, 

0- - a* 9 o - ao*- - anAy i hb* - 44«, 

f» - a-oH - a«*- - aHAy - 4 4» + bhm. 


Thii giviw for qmitienU (roiiglily) 
1'60 

— .-o-oa, 


. 0-7ft 

Ay--g3 . 


(MlJ, 


S'BO 
‘ HU 


. (t'oa, 


M-> 


a-ofl 

UH 


O'oa. 


We theroforn now Rulmtitnlo ivO'Oa^ At; nml ]>r(Hii<o<liiig in (hiii 
way, the whole dilution may he brought lo the form ; 


r-O-M tvO'dl Af-aoi *--0411 l■~-llU| 4 *- -lumi A<- •ooni AnoDOOI 

0i» I'OO 1*00 0-7 0 -n-oo n-ao -o-nan o>oia -0'fii4 

-0'78 - I'fta -0'7o -0'40 -O'ia -n-nao + 0-020 -(I'Oob 

-S'Bo -o-aa -0'4« -n-as +r)'in + 0-220 + 0-048 -o-ooa 

+ 2-08 +0-76 +0-48 +0-74 -0-24 -0-102 -0-074 -0-084 

The operation i« now eomploted if wo are Miliaflr«{ wilii two plai-iw 
of (leclmalii, and the flnt unknown ipmntity ia e + Aj; + A*/ + . . . or 
»-i-0<0l3. 

Similarly y 1 - O-OftO, 

I- 0-028, 

u-.-0-001>. 

lai. Allwnu-tiVM to tbo llotbod of Loait At different 

time* vnrimii method* have lieen proponed, other than the Method of 
I^joet SqttarwH, for dealing with protdema which an- oohimonly »olvi*l 
by that ni«th<^. Wo ehall now notice briefly nonte of tlwo : 

r. The Method of TobUte Ma7<r. —In thr UtU^r Imlf nf tins 
eighteentli century thu matt pUimiblti valuer of 1 I 10 unknovritu wore 
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comiiK.iiIy fdiind by a m«t I kkI wUkh had been published by Tobias Mayer 
ill 1748 and 1760.* It eonsisted in arranging the equations of condition 
into H«tH, fonning the wnii of the equations of each set, and treating the 
equations so obtained as normal miuationa The method is decidedly 
iiiiVrioi* 1u tlie Mutluxl of Squares. 

r. The Method of Minimum Approximation.— Consider a system 
of * incoiapatildu linear equations in m unknowns (s>m): 

(1) rt<J- + % + . . ,+/<{k!»h (t=l) 2, . . s). 

Keplam* it by the followiiig : 

(2) (t=l, 2, , . «), 

whurt' the quatitititjs may be called reniduah. The name minimum 
aiypfimmaiitm of the nynUm (1) was given by GoedseelH -j- to the Bmallest 
value which we win aHsigii to tlui absolute value of tlie greatest residual 
of the system (2), in oitler that this systexn (2) may be compatible. 

Thu problem of dotonnining the minimum approximation of a 
Mystuiu (1) was enunciated and solved by Laplace $ in 1799, but his 
muthoil involv(Ml such laborious calculations as to be in general 
imprm'tiwiblo. Six yearn later, in 1805, Legendre proposed the same 
problem, in the apjiendix to his Nouvellm MModes po%ir la determination 
dm orbit m dm coinHeB ; ho found no easy method of solution, and proposed 
to replace the method by that of Lt*4ist Squares. 

A much betU^r solution was given in 1911 by C. J. de la Vallde- 
PouiiHiii.l 

3*. Edgeworth's Method. — Taking tlui data as usual in the form 

-p . , . *f ■» Wj 

where ?ij, n^, . . ttg are measuri's of equal weight, h\ Y* Edgeworth in 
1887 II proposwl to doflne the most plausible values jk, ?/, f in the 
following way : a*, 15 are to he such as to render minimum the sum 

of the absolute t^lues of (he residuals^ 

1 a,aj 4" . . . +'/i^ — 'yu 1 4* 1 ci«£B 4- . . . 4-/uiS ^ %1*4- . . . 

It may readily lie shown that this rule is derivable from the 
hypothesis that the law of error is of the form 

yrn^he^tm^ ^ 

where x is taken positively in both directions. 

* JCasmograpkisehe Naehriehten md Semmlmgen, 
t P. tl. E. Goedseols, Thiorie dee errmn d' observation : Louvain (1907). 
t Memnifjue ciUsie^ Livre HI. No, 89. 

I Annahs d$ ta Soo. Sc, de BmmlleSi 85 (1911), B, p. 1. 

II Phil Mag, 84 (1887), p. 222, and 85 (1888), p. 184. 
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132. Introdaotion. — For tlm dowiripiiou ol' ])hoii(imoim 
and the wdution of {tro]>lom« in AHlruutiiuy, mid 

Meteorology, inucli uho ib iiiiidu of Fouiifrufrif*, that w to any, 
aeries of tho typo 

(fj + «, cos 0 + COB ‘Ilf I II n COB 3fy 

+ /)j Hill + /», Hill 'Ml I fig sin 3W i . , , (1) 

where itg, /<j, iig, hg, . . . aro iiidu]ieiidi'nl of ft 

Oouaider, for oxaiitplu, tho vihmtion of a violin Htring. Let 
a atretolied eliuitia atring Ini iixod at ilH oiul-]iuiutH and take 
tho axis of a' along tho atring, ho liiat the aliaoiawui of tho und- 
points can bo Inkun to l)u^'»0 and .<-«•/; {«i y Ini the dis- 
placement (in a dirootion jiorjxinditmlitr to tho atring), at time 
t, of the {loint of the atring wlioae aliHciHaa in r. Tlion when 
tho string \h sot into vibration in micli a way that it uniitH ita 
fundamental note, unmixud with any ovortonea, ita vibration is 
represented mathematioally by the uq nation 

,y - A sin ™ ain (kt + a), 

where 2ir/A is tho period of the note in question, A depending 
on the mass, length, and tension of tho string, and where A 
and o are arbitrary constants. If the string is sot into vibra- 
tion in such a way that it emits ita first overtone (the octave 
of the fundamental note) unmixed with any other sound, the 
vibration is represented by 

2 -,. 

y-i B sin ain (2A/ + fi), 

SBO 
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while the second overtone is represented by 
2 / - 0 sin ‘ai“ + y), 

and 80 on. When the string is set into vibration in a quite 
general fashion, so that all the overtones are present in the 
sound emitted, the displacement at time t is represented by a 
sum of these terms ; thus 

y - A sin sin {)U + a) + B sin sin (2\< + j8) 

+ 0 sin sin (3A^ + y) + . . . (2) 

and therefore the velocity at time t is represented by 

^ « AA sin ^ cos (W + a) + 2AB sin cos {2X.t + j8) 

+ 3AOsin^cos(3A< + y) + . . . (3) 

Suppose that at the initial instant, ^-O, the displacement 
and velocity at every point of the string are given; let the 
displacement be <^(.'') and the velocity be Suppose, more- 
over, that we are in possession of a method which enables us to 
express a given function /f,?:), which vanishes at sb-O and 
as a series of the form 

^ +//j,sin ^ +/<gsm-^ + . . . (4) 

where b^, 6,, ij, ... do not depend on x, but depend upon the 
nature of the function f{x). Applying this theorem to the 
function <l>{x), we should have an equation 

<j>{x) ■■ Pi Sin "y + Biu —j- +p^ sin — + . . . (o) 

where Pi. Pv P8> - - - ^7 ^ regarded as known, since the 
function «/>(») is given. Similarly 

,, , . TT® . 2ir® . . 3« Ja\ 

y*" ~~j~ + * ■ • I®) 

where 7 ,, q», . . . may be regarded as known. 
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Blit patting / - 0 in (2) and (It) we have 


4>{x) 

-Asm a Sin ^ 4-Bsinj88m ^ 

+ C sin y 

, *Sir» 

Bin ^ t . . 

• ( 7 ) 


oAAoosasin , + 2ABooH/iBitt 

2ir.(' 

t 




+ lUC * t‘«>8 y 

. 3ir./* 
"*'‘7 * 

. (8) 

Comparing {fi) and (7) we have 





A sin a -p,, Bsin/i-i/>,, 

C sin y 

-ft . . . 

( 9 ) 


Comparing (6) and (8), we hav«t 


A.A OOB a »■ {2’,, 2 ABoo 8)8« jf,, 3M'ooay>r/, . . . (10) 

The B^stems of equations (9) and (10) enable ua to And the 
unknown constants A, o, H.yS, C, y, . . . in terms of />,, 
that is to say, in terms of known qiiantitiee. Thua equation 
(4) enables us to analyse the initial data into uunstituenta 
A, a, B, /3, . . . such that the first pair of oonatituente (A, «) 
gives rise to the fundamental note of the string, the seoond pair 
of constituents (B, /8) gives rise to the first overtone, the third 
pair of constituents gives rise to the second overtone, and so on. 

As a second illustration consider the Theory of Tides, The 
tide-generating potential due to the sun and moon may l»e 
expanded as a series of terms of the type 

A sin + <), 

where t denotes the time and A, A., t are independent of i but 
change from one term of this type to another. Each such 
constituent term gives rise to an oscillation of the sea, the 
oscillation having the same period 2»r/A as the term in the 
tide-generating potential to which it is due ; and the height 
of the tide at any instant at any seaport may therefore be 
represented as a series of terms of the type 

A' sin (A/ + s'), 

where the constant A is characteristic of the particular tide 
but is the same for all seaports, while the constants A' and *' 
are characteristic of the particular constituent tide and the 
particular seaport. By analysing the observed tides at a 
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seaport by metins of u theoreta siiuilar to ( 4 ), ■we can find these 
constants A' and e' ; we are then in a position to predict the 
tides at this port for all future time. 

A series of the type 

oos 2 r + «j cos 3a: + . . . 

+ sin .r + \ sin 2e+ 63 sin 3a: + . . . 
is generally called a Fourier series, the coefficients a^, . 

being called Fourier coefficients', and the representation of a 
given function by means of a series of this form is called 
Fourier analysis. The term trigonomctrie interpolcxiion is 
perhaps more appropriate when (as in the present chapter) we 
are concerned only with finding a series with a finite number 
of terms which takes given values for a given finite number of 
values of the argument x. 

133. Interpolation of a Function by a Sine Series. — In 
the last article we have seen the importance, in Applied 
Mathematics, of a theorem which will enable us to analyse 
a given function into a sum of trigonometric terms. The 
problem was solved, at any rate in its simplest form, in 
1764-69 by Clairaub* and Lagrange,f who showed how to 
construct a sum ofn trigonometric terms, such as 

u{x) = 6 , sin* + iy sin 2.e. + sin 3a: + . . . + 6 „_j sin {n - (1) 


which will take given values for (w-1) given eqmUy-s^aced 
values of the argu ment x ; say, 


w 



— 7/ 










where u^,u^ . u^.x are given numbers. 

To efifbot thm, Lagrange remarked that the sum 

2pir 


sin sin + sin 

» fl 


n 


2qv , 

■ sin - -i- + . 


. (n - l)j57r . (« - l)2’7r 

+ Sin sin i 

n n 


(where p and q denote positive integers less than n) has the 
value Jn when p is equal to q, and is zero when p is not equal 
to g. Therefore the function 
• Olalraut, SUt. d« I'Aead., Piiriii, 1764, p. 646. 

t Lagrange, Miee, Taurin, i. (1769), p. 1 : reprinted ifc'wwfls Lagrange, 
1. p. 89 i Mise, Taurin. Hi. (1783-6), p. 268 ! reprinted (£ivmss de Lagrange) 
t. p. 668. 
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-fsinasin^"' + sin 2/:Hin + . . . + sin (h - l)j Bin 1” „ 

n\ n n n / 


has the value m- when and vatiisht’s when where 

7i W 

g is different from p: whence it foIlowH imnieUiaUdy that ihs 
voefficimh in (1) mmt h$ Ini Ih** rtittnlwn 


2 ( . nh 

* n\ ^ n 


inrr . 2/wr 
- + iu Sin I 

■ *n 


\ it„ I Hni 


(« 1 ^ 


r 


It should be noticed that the expression (1) satisfies the 
condition that: 

1*. It takes the prescribed values u,, . . „ ««.| al tlie given 
values of the argument. 

ST. It is periodic with period 2ir. 

8% It is an odd function of m. 

Suppose now that u(a;) is a function of » which takes 

prescribed values u, Un-i the given values of the 

argument, but suppose that the function u{ir) is not periodic 
and is not odd; in such a case the expression (1) would have 
a graph agreeing more or less with the graph of the function 
u(ic) between and x-v, but the agreement would cease 
altogether for values of x less than sero or greater than r. It 
is important to realise that by this method of interpolation we 
can obtain an expression which agrees very closely indeed with 
a given function over a certain range of values of the argument, 
but which, outside that range of values, bears no resemblance 
whatever to the function. 

134. A more general Bepresentetion of a Trigouometrio 
Series. — In the last article we obtained for the function «(«) 
an interpolation formula which is formed of sines only. We 
shall now obtain a more general formula* which involves 
both sines and cosines, and which, moreover, enables us to 
make the best use of all the data in our pussession, when we 
have more data than the minimum number required. 

Let it be required to find a mtm 

+ a, COB x + «, cos 2* + . . . + a,oo8r;»‘\ ... 

+ ft, sin X + ft, sin 2a! + . . . + />,. sin rxl ' ' 


* Beiiel, KSnigtbtrgtr S*obaehiimg*n, 1 Alit. |>. iii. (1818). 
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whifih J'lirnishen the tied pimihle refreerntnlion of a fuwtion 
«(.<■), when we are given that «(»!) takes the values 

w„.i respectively, when x takes the values 0, ^ 

resjieotively : » being some number greater than 2r. The 
problem is to determine the (2r + 1) constants a^, a^, 
n^, hf, BO as to make the expression (1) take, as nearly as 
jtoBsihle, tlie u values «o, Wj when x takes the values 


0, . . .. ; so the equations of condition are 

+ + • • • + »r‘ 

23r 2 . 2tr 'i' • 27r 

^ ^ ^ 1% * % 71 

, . 2jr , . 2.2jr , . r.2ir 

+ b, sin - - + lit sin + . . . + 5, sm ■ — - . 

* n * n n 

2.2t 4 . 2jr 2r . 2ir 

««“«fi + «i 008 +«,COS +. . . + ar008- ---• 

1 . . 2.2ff , . 4.2jr , . 2r.2ff 

+ «, sin +A8in — +. . . + ?vsin , 

* n * « n 


so the equations of condition are 


(«-l)2n' r{n-l)2rr 

+ • + n 

, . (n - l)25r , . r(n- 1.)2jr 

+ /', sin' ' +. . . + /vBm ' - • 

* n «. 

Tlie normal otiuntion for is therefore 

1 /o + «i + W| + * < • + '“n-l 

I 2r (n-l)2ir-] 

- Wfo + «, ( 1 + 008 + . . . + cos J 


+ 1 + 008 ~ + ; . . + cos 


2( n - l)2n- '\ 
n f 


f-, r.2r , 

+ «,(!+ 008 ^ • • + 0°8 / 

, / . 2ir . 2.2»r^ (n - 1)2^ 1 

4 * * * # 

+ ?;,{8m „ +... + ain „ — h 
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1 +008 +008 +. . . + 0118 ' -0, 

n n n 

when Ai is an integer greater than sero luid loss than n, and 

. 2htt . Akir . 2(?i- l)A'ir , 

sin - + sin — + . . . + sill ' ' _ a 

71 71 


this becomes 


"o + ’*1 + H + • • • + "« I "• »*"o- 


The normal equation for a, is 

2jr^ 2.2jr, (»-l)2ff 

«/, + «, 008- +W. COS +. . .•l-«,,.iOOH 


f, , 2jr (7l-l)2irl 

-aJ 1 +008 - ' + . . . + 008 ' - ' ) 

In n I 

+ «,( 1 + cos* 4 . . . + cos* ^ I 

M 71 71 1 

-27r 2.25r 2.2»r 4.2)7 

+ 0.1 1 + OOS — COB + COS — cos 

71 71 71 a 


. (71-1)28- 2(71-l)2irl 

+ 008 — 008 ' 

71 71 


28- . 2ir (n-l)2ir . (n- l)2»rl 

+ o. ( 008 — Bin + . . . + 008 1 ' Bin ' ~t 

\ n n n « i 

"I" * • 8 • 


Using the trigonometric formulae 

\ J. n/.a« 2W , - 4*- , 2(71 -1)8- 1 

1 + 008* + cos* — + . . . + 008* ' ' -;71, 

, 91 « n 2 

I. , „„„28-„^2.28-^ 2.2r 4.28- 

1 + COB COB + OOS 008 + . . . 

\ 1% 71 n n 


+ OOB^<"-’)’^OOB^("-^).'-0, 


2(71-1)8- . 
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this ixsGomos 

2»r , 4jr 2{n — IW 1 

+ «. 008 ■ + Wj COS + . . . + COS ^ ' - 


n 


2«r 


The other normal equations may be obtained and reduced 
in tho same way ; finaUy ?/)« obtain the, follovnng set of values 

far (ifl. . . Ilf, //, bf\ 

1 ^ 


■ 0 -„ “ ■«* 
w limn 

2 2/fc7r 

'»*■« S i/*0Q8-~ 


2 2*r;- 

i COS — 

7h jijwO ^ 

, 2«-i . 2/* 

^ n*-o » 

■ • • • 

. 2 . 2krir 

S tt*sin — 
n ifc.o 


( 1 ) 


1 .12 
WU«n r» ^»»» the factor of in front of tho synibol S is not 

The connection of this result with that of the preceding 
surtiole is easily seen ; in fact, the formulae of § 133 are merely 
those of the present article adapted to the particular case when 
the function w is an oM periodic function of its argument, so 
that u{x) - - «(2ir - r). For if in the formulae (1) above we 
write »-2p and suppose that «j«« -Map-i> 
with «o- 0, Mp- 0, then the formulae (1) become 
^0 "0, ** Hi * • * H, 


^8P-a> 


jttjr . 2wtir , 
Bin +«,8in-;; -■ +. 

p * p 


. + M„-i sin 


if — 


.-?(«,Bin — +«,8my +. . .-rwp.imu -- j, 

which agree with the formulae of §133. 

13B. The 12-OrdIiiate Scheme.— In most oases in practice 
the number of given values u^ u^, is either 12 or 24 

We shall first consider the case when 12 values are given. 

T,et it be required, then, to obtain an expremon 

fflj + rt j cos ® cos 2.'« + . . . + rtj cos Bx + a, cos 6x 

+ fi,sino! + fi, 8 in 2 * + . . . + ft 5 Sin 6 a! 

which takes tfivsn mlvm w„, «„ respectively when as 
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IT 2 ir Hit 1 I ir 

takes the values 0, g* q > • • •> g respniiveti/. KorimiUio (1) 
of the laet article, written in full, arc now 

12ffo- IIq + 11^ + Wj + «g + + «, + 11^ I w, + 

6rf j “ Wg + Wj • + *** ■ 2 “ * 2 ~ ' *2 ~ *** "* ^ 

r 1 , s/;J 

“ "b ' 2 "lo ‘ 2 ^ ’ 2 

„ 11 11 1 

6«j - + Wi • ^ • <2 - Wa - «4 • 2 *■ "ft • 2 ■* ^ "» ‘ 2 

1 “ 1 . " 1 

“ ■ 2 ** ‘ 2 ^ "n ' 2 

0«3 - Wg - W, + - «, + «8 - M,o 

« 11 11 1 

Qa^ - Wo - «» • 2 - «g • 2 + "« - “« • 2 " “ft • 2 ■ 2 


6w, 



1 

1 

1 

“W» 

.g + «,- 

’'10 ‘ 2 “ “n 

. i 

2 

1 ^ 

78 

71 

1 

'2'^ 

"ft- 2 ■ 

J/g + 



1 

1 

73 


«a- 2+ " 

10 * 2 “ “n ' 

2 

+ Mg 

W8 

-«, + «»- 

«u 

2 

1 


78 

2 


6/), - «, • + «g • g- + ttg + , ^ ^ ^ . 

^/:l ’ I 

“W,~w,o' "(1*2 

• f + «, • f - ». • f - .. . f + «, . f 

6/;g<- «J - Wj+ Mj - Mj + Mg- «JJ 

78 78 73 

“ “i ■ '^ + Ww ■ ~ »'u • 2 

fi/'i-Wt* g-?',* '2* + “8-««''^^ + ’‘4*2 "“t’2 + «»‘ *2” 

v'8 1 

-M,+ «,o* 2 --»ii‘2 


(I) 
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«a + «»“’’» 

^2 ~ ^10 ** ^^’2 

■(• V „ - »8 

« 3 -Mj =V />3 

# 4 + 7/3 - 1^4 

U ^- V.g -W-4 

Wj + - t>j 

« 5-«7 =1/^5 


the (Hiuatiotm Uiko tho simpler form 


IX . 

<l"a • 
(5//| ■ 

8<»4' 

1 iX' 
6/», 

0 ?/,- 

0/»4- 


II „ ( ■»>! + V, + + Wj + «g 

^/3 ^ 1 1. ^3 

~ At . _ _ /It . —At ^ 


'I- 2 


V2-^«- 2 "“« 


11 1,1 

"o + • 2 - ”* • 2 ■ ^3 " ”« ■ 2 ■ ‘2 


I - V 


I 


1 


1 


^3 1 1 

U^-Vi-% +®»-«-'!’4-o + 'y6- V-«6 


2 ■ "* 2 *2 
I ttfl- », + ®g- ^8+ + 

I 73 73 

■ w-,. + +W>3 + W4- Y 


1 

’»'2 


»/•, • ■) ?<', 

"3 

7:‘ 


• 2 
//-, - //'a W'j 


73 73 73 

2”““’** 2 ' 2“ 


73 73 

"V-Q -'"’a -'ll +■"’«• y ' 


•W’,, 


73 


I 73 73 1 


If we now write 

WflH «B-Po 

t), + »4 ■■ />J 

»8-P3 

W>, + 7/>8 “ fi 

f/», + ?/>4 - 71| 


Mo-«e-?o 

«8-W4-(/* 

W'8-«>4 -Sj 


> 
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the equations tak« the still simpler form 

'lX-/'o + ?»t+P» + 7'8 
„ 1 

« 1 I 

H-7'o + Pr 

H-'/o-'/i 

A 1 ' 

6«4“?'o-7'i- 2‘7'»'2 ' ■''a 
iK-yo-?t- Y + '/r^ 



•g + 'i- 

^/3^, 

«> + 'a 


• + *t 

■f 

6/»g- 

-'s 



g- «« 

” "2 


1 

.g-f,. 

s/3 

2- + '•« 


Now write 

1 , 1 , 1 , 1 

y'-i-w'i. 

^/3 , v'S s/3 s/3 

2 

(Note that ^“0'886“1 - jq- -Iq. which enables the 

multiplication by to be performed mentally.) 

Then the equations may be written 


12fflo-Po+Fi+Pi+F8 

6ftj • 4* + Wg 

r2rt.s-Po+Fa-Fi-Fi 

wij -f frig 

8(Ti-i7o + /, + /i 

H-yo-Vi 

6'>'5"9’o + ^»’"A 

1 

•«* 

+ 

8'’’4"Po + F8“^1“ * 

* 6ft| - - n, 

8“*“Fo + ^-7'3-‘^i 

-f, 




TWm 
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Theae equations give the coeffloients a^, a ^, . . Jj in a con- 
venient form ; the computation may conveniently be carried 
out on a printed sheet of which the arrangement is shown in 
the accompanying specimen : * 


K/. 2, — (h'vmi 


n„ H, I «, «» j «4 Wj 

Ue 

M, 1 «e 


^10 

^*11 

0 O.V!fla 0.f,a4 0-78«^.047 l-300 

0 

1 

- 1-809 1- 1-047 

-0-786' 

-0.624 

- 0*262 


rxprfitn H(,r) tt$ u Fmrier 

0«077 mu X - 0*454 nin U + 0*262 Bin 3a; - 0*151 sin 4a: 

* 4- 0*070 sin Sax] 

130. Approximate Formulae for Rapid Oaloulatious.— In 
many coses the harmonics above the third (i.6. those with the 
ooellioionta a,, Oj, a,, 64 , b^) may be neglected, the function 
Iwing capable of representation with sufficient accuracy by 
an expression 

+ + ^as-t-OjCos Zx 

+ sin a) + sin 2x + sin Zx 



It was iKjinted out by S. P. Thompson f that when this is 
the case we can calculate the coefficients by simple averaging 
of the data without any multiplications, in the following way : 

First, as we have seen in equation (1) of §136, the co- 
efficients fffl, rtj, hg are given by the equations 

«0 - |V"o + + W, + % + M4 + Ms + + M, + Mg + H- Mjg + Mil), (2) 


“ g ("o - "i + “4 - "e + % - «io)* (3) 

g («i -Ma + “t + “«“%)’ W 


Next, we have, by putting x successively equal to 90° and 270° 
in equation ( 1 ) above, 

Mj-rtg-aj + ti-igl 


whence * Mj - Wg ■■ 2 ( 6 i - Jg) » 


. • Th# oomimtstlon form liw b»«n daiilgn«d by help of the suggestions 
derirad from iJWny writers, wnong whom particular mention should be made of 
C. Rungs, fikt Mnth. «. Wtp*. « (1008), p. 448. 
f Proc* Phy$. See, London^ 20 P* ®®4* 



f«) 

(7) 

( 8 ) 


272 THE C’ALC'ULUS OF OBSKUVATIONH 

and therefore /'t “ i (*'s “ *'■) + V 

Next, putting <i' equal t«» 0" and 180 in ( I ), wo iiave 

«o“"o + "! + "« ' 

whence »<o " "■ “^"i ' "»)• 

and therefore - J ("o •* «») “ "*• 

EtpiationH (6) and (7) now give 

"i- i(«o- "a ' 

We have Btill to timl /»,. F«)r lliiH wt» ahall hiijhm»ho that the 
complete graph of the function «(.») in k«»>wn, mi that we can 
read off the ordinat^ at any jKiint on it ; lot u« road olV the 
values at 136", 225°, 316" and call thoni »#j* «»• wt *n* 

speotively. Then, putting » - 8 in eqJiutiou ( 1 ) of § 1 34, we have 

or Aj" i(iii ^ (10) 

JiquitHo 7 Ui (2), (3), (4), (6)» (a). (U), (10) (firr thf rf>r//fWVn^8 

H* hj Jomhuf avfrtttftn 0 / thr iummtfrd 

mlimites of the grtiph of u[d ), 

find «n approwintaU fttrmnla fin ih^ /•ViwnVr ^rrinn 
rtptmnU thefoUomng obimHtlimM! 


Wo 

Wl 

Wf 



«*• 

«« 1 **1 

«• 



a>7i4 

:no4'i 

2«1JH 

U87a 

0>7BS 

io«49ft 

0-»70 1 U>b40 

O>I0I 

-o.afifl 

o*4a7 


n + Uii 


Fornilng tlio iium of tho ciitriii, ww Iwifo 
- 11-520, 

IK) rto •“ 0*000, 

and we now form the following ennw : 

- tt© - ttf + «4 *“ **« + « 0<«7 1 

whetiee 

5j - i(Uj - ttg) 4 whence 6| O il 1 5 

«i - JK “ «i) - «a« whimoe Oj * 0 001 

4ag « t*u - «,! + 1 *^ - ttg, wfiimoi* 0 ^ •* 0-54S* 

Finally, forming n graph of the Oinctioti u, and refuting off the cinlinatmt 
tij, % ror^*aponditlg tr» the argWincnU aGs«.45^ I55^ 2i5*, a 1 5* 

reapertividy, w« haw- 

- Ssie, 

^gM0«5j^ (approx*). 


whence 
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Tims nn approximate formula for tlia required Fourier series is 

0-iKlO + 0-90 cos X + 0-54 cos a* + 0-27 cos 3* 

+ 0-92 sill a: + 0*59 sin 2a! + 0-1 sin 3a. 

137. The 24-OrdiQate Scheme. — We shall next consider the 
case when 24 values of u(!b) are given, corresponding to *=0, 

IB • 30’ 346“. Denoting these by Ug, u^, . . the 

problem is /o Main an e^'pression 

+ ff, cos .e + «, cos 2.fl + . . .4' ff jj cos 12a! 

+ /»j sin 0! + 6, sin 2a! + . . . + ijj sin ll® 

wkick takrs given •wduee u^, . , respectively when x 

T 237r 

takes the values fg’ • • •* "^2 

If we form the sums and differences of the w’s, thus: 

7/0 “l “a • • • «il Wi2 

“a 

Sums Ofl ^a ®8 ■ • • ®ia 
Differences v\ v\ w^ ... «>„ 

then the formulae (1) of § 134 applied to this case may be 
written 

240# - t>0 + + ®a + ®8 + + ®5 + ®« + ®7 + ®8 + '»» + + % + % 

1214 - «o + »1 008 16“ + 0, COB 30“ + ®s cos 45“ + v^ cos 60“ 

+ «j COB 76“ + ®g cos 90“ + ®7 cos. 106“ + ®g cos 120“ 

+ OOB 136“ + ®io OOB 160“ + cos 166“ + cos 180“ 

1 2/>, - w, sin 1 6“ + sin 30* + sin 46“ + w* sin 60“ + Wg sin 76“ 
+ ?/'g sin 90“ + sin 1 j§ 6“ + ?/>« sin 120“ + w’g sin 136“ 

+ sin ISO" + sin 166“ 


Now foriti the sums and differences of the o’s thus : 

®n ’’1 ”3 ”1 ”6 

% ”11 

Ve Jh Vs Pi~ P* Pe Pe' 

Jlo 7i 7a 7s 7* 7* 


(D 31O 


19 
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and form the aum and difftrem-ea of the «■’« thua : 

//’, «’a /'•4 i>\ «•« 

«<„ (r,o w, i'h "j 

v‘| 'a *4 'a '• 

*1 *4 ''a "i *» 

Then tlic eintatiouR Ihkiouio 

24»o-/»o + ' ?'a ' i'* ‘ ?’ft ' ?'« 

12rt, « f/o + Vi co« I ^ ?» *'0 " ' '/a ‘ y« ‘ 

•t7jC08 75' 

12ff, - ;>o + Pi *■ ' P» 

* utm 1 50" f mB 180'‘ 

12rt,-yo + ?i“0“'*^' 4 ?,0OB 00 I //gi-OH 1:^5’ + y«iiw 180" 

» f /4 ooa 225" 

12 fl 4 - Po + Pi COR 60 ’ + Pt oo« 120" 4 ;*s coh 1 HO" + ct w 240“ 

( HOB 200 ’ 4 />4 COB 300’ 

12f/. - I/a + f/i ’75“ 4 7| COB 1 50" t '/b cob 225” 4 f/^ cub 300 

4 74 COB 376" 

12rt, -‘Pa + Pi 00“ 90 " + Pt *-”0" 4 p, CUB 270 r pt cob 360” 

I pi^ (um 450" 4 Pa COB 640” 

I2ff, - 7o + 7i CO® 106“ 4- 7 , 008 210" i % oot 3 i 6 * 4 7 , cub 420" 

t 7 ,oob626“ 

12«fg - Pa + Pi wm 1 20" 4 Pa oob 240" 4 p , cob 360 t p ^ cm 4H0" 

4 Pa COB 000" 4 Pa cob 720* 

12«. ^ qn-^fli co“ UIB" + 7, 008 270 4 7a cob 405" 4 7^ cob 640" 

4 74COBG76" 

12«io - Po 4- Pi OOB 160” 4 Pa oob 300" 4 ;ig cob 450" 4 ;», ooa 000" 

4 Pa BOB 750" 4 Pa cm 900* 

12an - ffo + 7i ccB 165" 4 - 7 , ooa 330’ 4 7 , cob 496" 4 7 , ooa 660” 

• + ?5 ccB 826“ 

24a„ -;)o 4 - p, 008 180" + p, ooa 300* + Pa co« 640* + p^ ooa 720* 

» , 4 Pa ooa 900" + f>, 00 # 1080" 

126jl|fr, ain 16’ 4- r, ain 30" 4- r, ain 45" 4 fg uln 00" 4,rj bid 76' 

4- f, ain 90* 

1 26a - ain 30* 4- «, ain 60" 4- ain 90" + a. Bin 1 20" + b, sin 160* 

1 26g - Ti ain 46" 4- r, ain 90* 4- r, ain 1 36* + ain 1 80" 

+ r, ain 226" 4- r, ain 270* 

126a- «j “1” 59° ■*■ "* 120“ 4 - *a ain 240’ 4 b, un 300’ 
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12?<5» sin 75” + sin 150” + sin 225° + sin 300° 

+ rj sin 376° + sin 460° 
1 “Ih^ =» Sj sin 90” + S3 sin 270” + Sj sin 450° 

1 2/;, = '/'j sin 105° + rj sin 210” + sin 315“ + r* sin 420° 

+ rj sin 625” + r, sin 630° 

1 2/>3 « Sj sin 120“ f- s^ sin 240” + s^ sin 480° + Sj sin 600° 

1 2/ig -•= )\ sin 135” r, sin 270° + sin 405” + sin 640° 

+ v’j sin 675° + sin 810° 

1 2/^,3 « Sj sin 160” 1- Sj sin 300” + Sj sin 450” + sin 600’ 

+ Sj sin 750° 

12/)ji “ sin 165" + sin 330” + sin 496° + sin 660° 

+ sin 825° + rg sin 990° 

Now form the sums and differences of the p’s, thus : 

Po Pi Pi Pi 

/'« ?V, Pi 

Suras /j ig’ 

Differences vi^ 

Thon we have 

24rt3 - /q + /j + /j + /g, 

12(»3 - w(„ ■( ?«i cos 30° + Wg cos 60°, 

1 - /g + /, cos 60" + /g cos 120“ + 00s 180°, 

1 2'/g - jAq + W j cos 90" + wig cos 180°, 

12«fg -k + li cos 120 ’ + /g COB 240° + cos 360°, 

1 2w,„ - Wg + w, cos 150” + Wg cos 300°, 

24<r,g -k + li COB 1 80" + Z, cos 860° + Zg cos 640°, 
or 

24^0 ~ Zg + Z, + Zg + Zj, 

12w< -Zg + gZ,-2^s“^> 

12wg " Zg - gZ] •“ 2^* + Zg, 

24i'r,g ■■ Zg - Z, + Zg - Zg, 

*/3 1 

12fig •* wig + w^j 2" "I" wig^, 

12wg -mg-OTg, 

12w,g-mo-W,‘2^ + Wj|. 


. H 
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Next form the Biiras and differenoee of the «’*. thue i 

«i "» 

»t •* 

8uraH /ig Aj 


Difforenoee », rtg 
Then we Imve 

- A:, Bin ao" t A-,»in 00" i OO". 

12/14 " "i ' "» ’ 

■ 12/»4 ” *, "in 00 ' ) /'gsin 270 . 

12 /<h - n, "in 120" + 74 "in 2*10°, 

, 1 2/f,o - A-, "in 1 60" < A-, "in 30ii“ 1 Ag sin 460“. 


12/<g - A, • .jj + Ag- ^ A^j. 

1 2 /<g “ A’j — Ag, 

1 2/*jg “ A^i ■ 2 " 

12/<* “ »j ■ *2^ / 'S • '2** 

I2ig -n, • ^ - n,* „ . 

V •' ■“ 

Now write 

Iji-li' 2^1 2^1 

- W|', ^"/^Ag “ A'g', gV*'*"! "* V" 


Then the equations luxsomo 


24ffo 


24ff„ 


12^4 


12<r, 


12«g 

- (Wg + wig') + w»,', 

12ff|g 

-(Wo+nrg')-w»,', 

12^', 

1 

0 ^ 

1 

12A, 

-(A,' + A-,) + ft,'. 

126„ 

-(A-,' + A^)-A-g'. 

]2fig 

•• ** 

12/»4 

* n/ 

126g 



PRACTICAL FOURIER ANALYSIS 211 

In order to calculate the coelRcients with odd suffixes we 
write 45“ - 30“ for 15“, etc., and so obtain 

- ((?o + ;J|) + 2(;Jg + “ ^^ 2 ) + 


12^0 




12 «, -go-^ + ^-!?4 + ;^, 

12«u - ?o - ^2 + 1( - % + !?4 + 51) 'f ( ■ J2 vl)- 

Now write 

» ii » ff ' *^3 =, rt ' 

^/2 72 ^9’ V 2 

yi' + ^s'-^i. 1-74 “i?*'. ^'72 = ? 2 . 

(7i ” ^/s ”* *^2' 2^® ~ 

k-^K^fv !74+y2'“«i. 

- ti ’^Jzi In - ^2 “ * 2 ' 

Then the equations become 

12 «, -yo + ^i + ys +/i. 

. 1 2^% ■* 7o “ S '4 +■ ^2 “ ?s^ 

12fl'j -<7 o-!?4-<'2 + !78'. 

12«o -(7 o + «2-?3 +/2. 
tl2rt, ’•qo + ^ + ls-fr 

We have also 

12 ix - (^. + ;^® 2 ) + 2 ( " + ■;y 2 4^(72 
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- ’•«) ' f (i > % ' '*)■ 


12&,- 

vV" 

f,4 

J2“.y2*’‘* 

I 



12/*!,- 

-r. 



»■» _ 
^2 


’•» _ 
^2 

Put 


* < m,r’ * ® . 

V2 

-fj’. 

- r ' 

,/2 


ri 


-A,, 

^a,-a;, 


-A,'. »V-A,' 

~7|. 


-V 

-A.. 

"" * 

f'-' 

1 ” • '• '* '"i ' 

-Jv 


Then the alx>ve ecjuatione beoonie 

1 lift, - 1;', .w.;) + o. 

t /»,') - 0 , • <V). , . 

1 -•(/»( »■ (’ll) ( (('j j'g), 

• »V) (r, f,). 

12 // 4 -{A,'->,)t Oi" 'V)' 

'V)- 

The oaloulation ie made on a ootniiiiting form arranged 
as shown in the aheets inset: 

Jfa. 8 . — Find Ifu Fouritr tmprmim Jar u(0), i/irm 


Ua j 


1 «» 

ttf 

!"*. 

W» fl* 

"1 1 *• I**! 1 S» 


300 1 

401 

1 878 

U41 

1 7a 

-‘66 1 - 100 

-66 i 0 41 ! 37 

-M 


«ii 


«14 

«» 

^ 1 % 


"i. 1 "it «» 1 

% 


1*“ 

-100 

-127 

-100 

-41 

0 

-IS 

■ 100 1 - 307 - 378 

241 

- 100 

Il07 


[Answer, 100 (sin 0 + ooa 0 ein 20 4 mm 29 sin 20 4 ooe 30).] 

188 . AppUoation of tha Mothod to Obatrratioiial Sftta.— 

1^. AdJuUm*nt to Period. — In aipplying the above^deioribod 
method of praotioal Fourier analyaia to obaervational data, we 
havo first to find the values of- the argument at which the data 
»o> ’’Hf > > ■> % taken. Suppose, for instanoe, that 

the obaorvcd period of the phunometiion is 186<28 days, Then, 
ainoe ^ of 186<28 is 7‘72, if we U^^e to bo the vidue of the 
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observed quantity at the instant we must take to be itq 
value at the instant + 7-72 days, while Mj will be its value at 
the instant 16-44 days, will be its value at the instant 
#0 + 23*16 days, and so on. 

2®. Ailowanoe for Secular OhaTtge . — In many oases the pheno- 
menon whoso variation is to be studied is not strictly periodic ; 
thus if the numbers to be analysed represent hourly means of 
some meteorological phenomenon, the means for hour 0 will not 
in general be the same as the nofeans for hour 24. This difference 
is allowed for in practice by applying a correction to each of the 
terms except that for noon. 

3®. Allowance for the use of Means . — In many cases the data 
from which the Pourier expansion is to be computed are not the 
actual values of the ordinates corresponding to the values 


0 , 


2ff 

n 


of the argument, but the mean values of the ordinates 


taken over certain intervals. Thus if we wish to find the curve 
which represents the annual variation of temperature at a given 
station, we generally take as data the mean temperatures of the 
twelve separate montha It is evident, however, that if we were 
to calculate the curve directly from these data, taking the tem- 
perature on the middle day of J uly to be the mean temperature 
of July, we should introduce an error, since the average tempera- 
ture on the middle day of July is not the same as the average 
temperature over the whole month : in fact, the curve obtained 
from the means would be too low in summer and too high in 
winter, the true curve being external to the curve of means. 

We can deal with this difficulty by applying a correction to 
the data in the following way : 

Let Wp-j, mp, wip+i be three successive means, each taken 
over an interval 2« ; and let Wp be the true value of the function 
for the middle of the interval over which m is taken, so that 
«P is the quantity which should be substituted for as a 
datum from which to construct the Fourier representation. 

We shall suppose that the funqtion may be represented with 
sufficient accuracy for values of the argument in this region by 
. an expression 


M - a + 26® + Sc®*, * 
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whore a, b, o are couiitAiite, and where x ia iho argument 
measurod from the tiiiddie of the inUtrval over which ih 

p 

meaaured : we have tliemfore 


I “ .jJ ^ »«,. . , - .J i>'Lr. 

l^irfonning tlui integrabinriH, tlu!Hr ^{iuitinrm givif 

, j f 4hi I 1 'iri*. 

f *, 

whence c.» - - 
and therefore 


“i- “ ~ " ’"k + /:>( 






)■ 


That ia to aay, in ordfr to vonoi^rt thr gma main itiio th$ 
tnia oMinutti vonrHjnmHiiff ia thv midttlr of tht iaitrval 
which tnkn^ tae mid a rarmium rfftad in unr^twrtjth of tlis 
tmm of over the vimn of /ii^, j and 

All alti^nmtivo uuitltofl ifi to ixitiiintt*' thi^ lAiurifr pxpti^iDtt fruiti tlm 
given ntenm anrl iIhmi ntulUply nil iU inirtiniiii Irnui* (f>. nil iu ti rntii 
except the roiwUiit a^) by a fni tur whii h the tiilir) tif ilui 

aniplitutie of the true i;urve to the nmplttinlo uf iltp mirvn of 

An Kmmph of linrfHotm Analyms. -hi ili«Mii'(vm)|mnyiiig rxnmple 
the data areUken from olieervaiiiiiie of iho jirngnitmliuif th*' vurinhlr #tt«r 
RW Cniinhi|>»'ittii }♦ the magnitmlo of thn vnrinhlff ninr U tlniolwi by w. 
The eumt mpremniUxl by the hiirmoihc funmilii ia ilmwii in the 
flgum The olwerved utitgnitudm of HW ntr n\m$ given in 

Fig, 18 fot pnriHwvi of roiiijiariiwin. 

189. Probable Error of the ronrierOoeffloients.— Knowing 
the probable errore of t»bBorvation afrooting the dat<» 
we oan eaeily oalouUte the probable error* of the value* 

deduoed for the Fourier ooeffiolente n^, i,. h, For 

(H 89, 94) if « i* a linear funotion of w„, »»,, . . aay 
\)«e+A,j«| + . . . + A„tt„, and if the proliablo error of each of 
the quantities «p, Mj, , . i* y, then ttie proijahle error 
of « i* (Ao* + X,* + Aj* + . . . ^ A„*)U/. Thti* in the 24-ordinate 
aoheme, since + it, + w, t . , . i the prolmhle error 

of fflo is g'/.y24 or 0'2047. 

• E. T. Whittier *ii«l 0, Mkrtin, Monthly SeUent, H.A.S, fl (IVtl), p. 6tl. 
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A Bine term ami a cosine terra in the Fourier rcprewMitutimi, 
■which have the Bame jwricHl, are often ctmihim'd into n Hinglo 
term thus, 

a COB 0 + h sin 0 >» U sin {0 < «)■ 


where R* ,/("* *■ /**) an«l com « «• fc/lt, sin « *• w«’ then require 

to know the prolmblo error of U uini n, iu«uiuing that the 
probable errora of « and h have alretuly l)eon ealeulaUnl, 
Suppoae that the prolialde errors of »f and l> are eiuih of 
amount «. Then, Biiue 

»fA( ( Ml 
I /'»)■ 

we see that thf prohnUe error in U « c. Mtiroover, since 

Mt - n^i 

the p-obablr. error in a is 

« 

^(ff* +/)»)’ 


It is important to have clour ideuB on this niibji'ot, since 
otherwiee there is a risk of carrying the uoraputationB to more 
digits than Ib warranted by the degree of nucuracy of the data. 
This remark applies {tartioularly to thtt uoinputation of n. 

140. Trigottometrio Interpolation for Unequal Intervals 
of the Argument. — kuitly, wo shall consider the mprosentation 
of a function u{j-) by a trigonometric interpolation fortnula, 
when the values of the function are known only for a set of 
values a, b, e, . . m, n of the argument, which are not at 
equal intervals apart. 

The problem, which is analogous to Ijkgmnge's problem in 
ordinary interpolation ({ 17), may bo solved in more than one 
way: it is readily seen, indeed, that any of the following 
expressions will serve : • 


1«. 


u{x) 


sin Ijii! - b) sin 4 - o) . . 
* sin J {ff - ^) sin | (« - r) . . 

sm 4 (n - sin 4 {w - n) . 


sin 1 (r - n) 

—r—iA -.H 

Bin I ('» - ») 


(o) + . . . 


. sin 4 {.I- • 

liiniF 


,11) 


w 


II in) 


\ * 


* Otnchyi Compt 0 $ renduit 11(1841)* p. (1), 1, p 71. 
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^f/.A ^ , > (cos a;- cos ^) 

(co8^r-oo8Z^)(coBrt-.cosc) , . . (cosa-cosTip^^ ‘ * 

+ (cos<^"* cos ?>) . . , (cob a;- cos m) , . 

((;oH /» * coaff )(oosn - oos i) , , . (cos^-cosm)^^^^" 

3^ 

« * * (cos a?- cos 7?.) . . 

Hill a (cos (t - 008 6) (cos a - cos cj , , . (cos a — cos + • • • 
^nin .v(oosu ?-^cos fy) . . * (cos £J3 - cos m) , ^ 

Bin /^coe n - oos ^i)” 7 7, {<^08 ^ 


n(x\ m 8 i^(>^"ft)sin(^c-c) , 
' ^ sin (tt - 6) sin (^i - <j) . 
^ sin "" a) sin (x - h) 
^ pi - w) Bin {n - b) 


sin {x ■“ n) 


sin (a - n) 

. sin (tf^ - m) 


sin (n - 77i) 


4i{a) + . . 
7^(^).f 


Msi* 1. — PittoiiM the relation of tho above formulae to the formulae 
obtained for equal intervale of the argument in §§ 133, 134. 

2 , — By making b tend to equality with a iu formula 1® above, 
obtain an inleriiolation formula for the case when the function and its 
fimt drrivative are Ijotli known at ajwa, while the function alone is 
known at »; « c, d, . . , * 

(Thi* i» uiieful when we happen to know the values of the argument 
for which the function is a maximum or a minimum.) 

Ex, 3.— Apply tho first of the above formulae to obtain an expression 
for 

u(,x)dx. 

0 

(Uw tho formula 


alng (a - Bj) lin ^ . *in ^ (ts - ajp) dx - oos (^« - «p)^ 

whet* < donotoi ssj + «, + . . . + Baj*. and Sp is the gum of jp of these as’s.) 

[Baillaud, Toulouse Am. ii. (1886), B.] 


Mibokllansous Examplbs on Ohaptbe X 

In each of the following examples It Is required to find a Fourier 
series Ibr «(«). The tabulated Talues of m(b) lepresent equidistant 
ordinates siiaoud at intervals of ^ of the complete period. 

• These two formulae ere due to Gauss, Naolilasi, fVerke (1868), iii. pp. 
391, 893. 

t Hermits, Oows d'amli/it. 
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«» J*lJ “l “# '*4 "» "• [ “t “• i “» “W 

: "n 

j “It , "« 1 "14 

4 4 3H ()H Til iM'7n IttlnHilin 

73 

; Hft ; Mil 7H 

«,j «w '•» »w '•» "* 



77 , Hfl i 74 . 43 I fto :ift 3ft 

1 80 

10 

Ka si. — 



Uq fi| 1 U| ; 1 ffg 1 11,1 

"l 

"lo “n "i» 

ijn ftn IOft{l3H IftH; |ft» lftC)il3»' 

148 

143 187! 134 

«« "u ^ "» "w "IT “w ] "» "» 

"il 

, "« “o 

140 laftiinolltio 134 1801 1;{0. loo 

78 

on 30 

Sie, 3. ~~ 



«0 “l “l , “• “4 1 “» «4 1 "T 1 "• j i 

“» 

"II 1 "li "a 

8ft 4 3ft 'no 4MftO 4ftlflB IIH IIH 

IftO 

188h8ft 139 

“u 1 '*14 "w "it “w 1 “it 1 "to 

"tl 

"« i “« 

18ft i 8ft H8 SO 84 1 80 ' SH 1 

4ft 1 

nil ! 40 

A’*, 4. - ■ 



"O I "l “l 1 «8 “4 «» “• 1 “T "» 

1 "t 

1 "w 1 "II 1 "a 

17o'l48 lOo! nr 180 139 130’lfl0 IHl 

1701170 148 106 

**m j 1 j **!« 1 *^17 1 *^in j "m 

"ii 

1 "n "» 

75 74 7 15 1 M ; 48 i 00 ln5 ' \m 

! 140 ISO 


(Jiipm t)f th« Omnpuiahon Sl$mh /tmup |Kif/rj and 
WJtB may h« ahtainttd dirmt fram (htt PahtighifTM in qnantiiim 
of not Im than ono (hamf at Jollamny prms ; 

” l^*ardinak** farina (fttnutj ;i, ^TO) ---(id, ptr 
or 04‘*^rdinah^ formn (fttrmtj ;i. -/i, pM> dmm, 

Hpmal ttrmM mil ho fpitdfd for nrtlrr» uf nm Ownmind and 
npivarth, 



CHAPTEE XI 

liUAUUATION, OK THK SMOOTHING OK DATA 

141. The Problem of Graduation. — Suppose that as a 
ruBult ol’ ubaervation or experience of some kind we have 
obtained a aet of values of a variable u corresponding to eqxd- 
disbant values of its argument : let these values be denoted by 
It,, % . . «». If they have been derived from observa- 

tions of some natural phenomenon, they will be affected by 
errors of observation ; if they are statistical data derived from 
the examination of a comparatively small held, they will be 
affeoted liy irregularities arising from the accidental peculiar- 
ities of the field ; that is to say, if we examine another held 
and derive a set of values of u from it, the sot of values of u 
derived from the two fields will not in general agree with each 
other. In any case, if wo form a table of the differences 
“ w, - W|, dit, ■■ w, - tt,, . . — A«j - A«j, etc., it will 

generally be found that these differences are irregular, so that 
the difference table cannot bo used for the purposes to which ** 
a difference table is usually put, viz. finding interpolated values 
of tt, or differential ooeffioients of u with respect to its argument, 
or definite integrals involving u. Before we can use the differ- 
ence table, we must perform a process of “smoothing” ; that is 
to say, we must find another sequence «/, . . ., W whose 

terms differ as little as possible from the terms of the sequence 
K„ w,, . . ., but which has regulw differences. This smooth- 
ing process, leading to the formation of u^, tin', is 
called the p'ndimHon or ndjvstment of the observations. 

For exaniplc, kt ii» coniiiUcr an extract from the Government Female 
Annuitant* (IftSS) Ultimate Table and form a difference table of the 

2SS 
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antrioi. Wn hnvo, tlonuliiiK liy tlis ]irulMitiility of a jvrMiii aKiil x 
dying In a y«ar, 




A. 

50 

1019 

531 

51 

1AAO 

fU 

AS 

un 1 

11;! 

A3 

1753 

h) 

54 

177S 

884 

55 

1548 

474 

50 

iOSi 

-*09 

57 

1988 

-81 

58 

1841 

4K7 

59 

8389 



The dliferetioiM an aluigiitlior irr«gu1ar, ami, lu wn ■Inill wnd lAh), 
when the data are adjui>ti<d the dltr<'rt'iic!i« tHmtiiiti iiinn' ri'giitnr, 

la doaliug with uxt^rimuatal runuita tif no great ooounioy 
the Bnioothing prtweaa is gunomlly iHirl'ortnod gra}ihioitUy,* hut 
in the presaut oiutptur we nhall be oonoeruud with uutru refined 
methods involving uualytioai formuiae. 

142. WooUtouM’* rormtO* of Qr»du»tion.— Wo shall 
consider first « formula which, though now disuaed in praotioe, 
is of considerable historical and theoretical interest. Wool, 
house proposed f to pass five ordinary parabolas through the 
five sets of points 

(“-T» (“-a* ’*-!•’'«)« («-a.«|.«a). («.$. 

* For the \mt gwphloal mathod ef. T. B. Bpraipia, JJ.A, S« (ISJMIh p, 77. 
For Talnabta oommunta on auoh mathoda of, Whawalt, A’aimm Ornnnum K*- 
Book 111. oh. vil. p ^4 of thii rdtllon of 

t J.iA. » ( 1870 ), p. m, III j. I A, it im 2 \ p. m, a. r. nuMy •howM 

tli*t thi oftbuUtlonii roqulrod for tko uppBontloo of WonUiowiMi> fhrmtilt might 
!>• pirformod by % “oolmnniir*' |tron*«ii of culmiUtlnn, In ih« form 

which !« IHontlo^l with tho form iHvon Infer hy him* oiiioi 

nnd T. 0, Aoklnncf. J,T, A, It p, flfti, »hnwod tlint thry onti 

bo porfbrmod by oummntioni of n dlfTwront notnrr. 
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and take aa tha graduated value of u the arithmetic mean of 
the valuee doriv«l from these five parabolas. Now using Ag 
to denote the operation A performed with the interval 6 , by the 
ordinary interjHjlation formula {§ 21 ). the values derived from 
these five paralmlaa are ; 

*) ;j 

"o“ ” » ' t - 2rA*"-7 

2 


"O- « I ' “ 2rA‘"-« 

"o“ "fl 

U yt 

*'o"" "t “ 

2 7 

«o “ "i “ 25 *^***' 


(from M.„ w.j, Mg), 

(from M.g, M.i, Mg), 
(from M.j, Mj, Mg), 
(from u.^, Mj, Mg), 

(from M^, Mg, M,). 


Therefore if denote the graduated value of Mj, we have 
•> I 12 3 

r.iio’ - [f'lWo + 'I + sV -» - 6 Vi - 5^2 - 26^>-7 

“ 26^****'* ^ 
where etunde for + n.j + % + 

Till’ «i|w’miii>n uf r«iilacing a torin % by tho Butu 


*-1 + . 




will Ihi iJiillwl iriuHHKih'ort by n% atwl deiiotiHl by tho operator [n\^ bo that 

n-i+t . * + ti 0 + i . . + %-.!* 

-’y ““jf* 

Wii Mm [i»y to dotioto thtt effect of performing thifl operation 
twiiHi in imoofMiion, m tbit, for example, 

[ 5 yu 0 *»tt 4 + 3 a| + 4 ttj 4 - 5 «o+ ^*^-8 + ^- 4 - 

Sinea an*! A,%. 4 -[ 6 ]*A*Mo, equation (1) may 

be written 

jgj «; - «o + gAMo + gAii, - Ja «8 - gAHg - | 5 [ 6 ]A*m _8 - ^[ 6 ]A*m^ 

+ 

- - b[ 61 ". + gfB]". - 
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r,ji«o' ~ - >^''3 * ^^’"i - 3 - a ♦ •*■^‘“0 + 7A»», 

*• — 3i' y +■ I + t ^ * *’l * '^**1 "" ‘^’*3 

« -;{|ri|H , f Tlfiiwo- 3|ri|«,. 


Thus WdtilltuuHnV fiiriiitila of KniiloAtioii iniiy 1 h< written in 
tho forms 

If* I* 

"j- 3«,, ,,). 

or* «*'- J. "«• -3|3]io^ 


or •««'- a ' ''#ta) 

+ 7(«#.8+ ”»|3) t + "tti) "• t 

-3 (k ,.7 f H^+7)1. 

or <-0-200//, I 0-l«2{«,.| + »,,i) r t «.+,) 

f 0'06(i(w4,,B + «,4.») f0>02l(M, * t «,,*) 

-0-0l0(«,.e+ »/,,«) -0.024K 7 ' 

148. Snmmatlon ForattlM.t--'l'ho formuliMi of WcxilhouM 
may be reganiud an a partioular instauua of n ulnw of gradua- 
tion formuko, muoii uned Ity nuttiarieH, which may tw called 
aummition Jbniiiiitie, and which arc basoil on tliu following 
principle. 

l/Ol A denote the opffration of dilh'ri'nring, no that 
and, an in § 142, lot \2>n t !]i>, denote the 
sum of {27» 1 ) «'« of which m, in thn middle on«*. Then it is 

poaaible to find coiiihinationn of Ihono o{M<ratinnn A and [ ] 

which, when differenocn above a certain order are neglected, 
merely reprodnoe thn ftmotionn n|iaratfld on ; no that we have 
(lay) 

/[A, [ ])«, - «• + high difTorenoen. 

Wo now take /{A, f 1}«, to Vm the graduated value of rt*. 
that in, 


the merit of thin »/ depending on the circumntanoe that 

• Tlila (hrm ti fltw tt. lUoly. JJ.A. H anuni. |i. 573 
t On Bummiitton Fomtuliw of. (J, J, Llilitnnt. J.t.A, 41 {IW7', p. Ml, 
*» (1908), p. 106. 
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[ ]i "« involves a large number of the observed ^’s, whose 
errors to a oonsiderable extent neutralise eaoh other and so 
produce a smoothed value w/ in place of 

In practice, instead of the symbol A, it is generally con- 
venient to use th(t symbol of central differencing S, where 
denotes >/, - 2i/„ + Writing E » we have 

(■)* “ E — 2 + E”'^ a> — 4 sin* </>, 

BO that 

«_M, + «-W,l + - • . + Wo+- • ■+'"*» 

■•{«“***♦ + + . . . + o-a'iA + 1 4. . + 

-(I 4'2co8 2«/» + 2co84</j + . . . + 2 cos 2 m</j )«5 
sin (2m + !)</» 

^ sin <f> 

and therefore 


l»]"o 


aiunth 

8in </* "® 


1 ? 


sin*^-!- 


n(w»-P)(7i*-3a) 

61 


sin* (ji - . 



or "o“"o+ 2 *.:ir 2 «,r)! ^"o + - 


This shows that + terms in S%., 

jo . 2’ . 7‘ “ " 24 " ® 

ffug, , . , and therefore a summation /ormiila, correct to ihwd 

(UfffTcncn, is 


v^q^T \ 24 / 


Taking any two fortiiulae of this type, and eliminating S®, we obtain 
ittiiunation fonnulae of a type firet introduced (but otherwise demon- 
atraUHl) by J. A. Higham, J.IA. 23 (1882), p. 335 ; 24 (1883), p, 44; 
25 (1884^85), pp. 15, 245. 

Fonnnlae correct to fourth differences may be deduced by the above 
ntcthor]. The tiic of n formula correct to too low an order may lead to 
syiitamaiia distortion of the results. 

It may be remarked that formulae such as Woolhouse^s, which are 
Iiiuhm{ oti int4»rpo1ations, may all be reduced to the summation type ; but 
the converse is not tnte, so the summation method is the more general. 

(njif) 20 
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144. fiMnOtr'l foranlft. — l’nrim)M Iho boat of th« 
Bummation formulae of oorn<(it to tliinl iltiToroitoea 

in the 21-terra forraula of .SjwiMJor* Hiiwwly, 




Thi« may nviiUuitly In uliuitii'il l»y UikttiK' />•••'>. 7 -ri. 
r-7 ill the jirtKMHliiiK forraulii. Wo Hhull now olitnin ita 
ex)»iU(iod oxiiroHnion. If wo }N>rriiriti Hiiranwiion by 7 'a on 
2(1 - 4A'* - 2A* i*5*) or ( - K* ♦ K * 2 t K ' - E *), we ubtain 


- E» - E» + 2K» I :iK« + aK t 2 i aE • . :tK * t 2E » ~ E • - K • 


aod if on liiiR we ]iarform Hmiitimlinn by Ti’m iwioo, we obtain 

-E“-:iK»-nK*-f)K»- 2 h? « fiE‘ . IhK* * :i:»E* • 47E* + f.7K 
+ 00 f B7K'* 4 47K ■ I aaK * * IhE * . OK *- 2K-«-6K'» 
-6E-«-3E-»-K-«. 

Spenoer’a formula may thorofnn« In writtoii 

«o'- nlnlllOWfl ♦ t I/,) I 47(0 s ' «a) 

+ 18(«. , ♦ «4) 4 fl{M , I u^) - 2(« , t «,) ~ fi{« , 4 «,) 
-6(«., 4 «j-n(»/ ,4 i/,)-(.< .i,j! 

or 

<-0-17l«o^0‘i0!K«i ^ « 1 ) « 0-1:M(.»,4 » ,) . 0.0114(1/, 4« ,i) 
+ o.on I (//^ + **-i) 4 0.01 7(1/4 4 '/ 4) ~ ii"0o0( */, 4- // g) 

- 0.0I4(//, + «.,) -0.014(//g t 1 / 4 ) 0 .on!>(«g f 11 .,) 

— O*OO3(W|0+ i/-.|a). 

In the prootioal application of the fnnmiia we form the 
expreMion 

|(-ii,+ »/, + 2//,+ //.,-«. 

Bum by 7 'b and divide by 7, then auui twice by 5'a, dividing by 
5 each time. 

The following ie an example of the working ))raoeaii of 
Spenoer'e 2l-tarw formula : f 

* TliU wiw i<iii]itciyn.| III Uip Kni.liiiilli>ii <4 llip nf iimrullty •xliiliitwi 
hy tbn MtnaliMiar Unity KxtH)ri*n««, VJ. JJ.A. M (IBOti, p. .134 1 «1 

(1907), p H6I. 

t J. 8(wiiwr, J.lA. U (1904), p 389. 
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(1) 

(li) 

09 

(4) 

(S) 

00 

(7) 

(8) 

O’) 

(10) 

Graduated 

Ago 

<«). 

Ungraituatad 

Dlvldo 
by 7 

W7*. 

Bum 

In 8’h. 

a)+(3) 


4)-(5) 

Sum 
Col. 0 
in 7’s. 

Divide 
by 6. 

Sum 
Col. 8 
in 5’s. 

Qx-amn ip 

5’s cutting 
down as 
flaras 











necessary. 

20 

o-oo4:n 

62 









1 

0-()040i) 

58 

181 

239 







2 

()'0042!> 

61 

179 

240 







3 

0-00422 

00 

107 

257 

128 

129 





4 

0*00530 

76 

208 

284 

129 

155 





25 

O'oooon 

72 

214 

286 

136 

150 





6 

0*00459 

66 

209 

276 

140 

135 

997 

199 



7 

0*00499 

71 

212 

283 

160 

123 

1034 

207 



8 

0-00628 

75 

226 

301 

157 

144 

1043 

209 

1066 


9 

0*00603 

80 

239 

319 

158 

161 

1060 

214 

1101 


30 

0-00587 

84 

249 

333 

167 

166 

1130 

226 

1154 

■00682 

1 

0-00605 

85 

261 

346 

182 

164 

1223 

245 

1220 

•00614 

2 

0-00647 

92 

273 

365 

189 

176 

1302 

260 

1294 

•00648 

3 

0-00669 

96 

295 

391 

195 

196 

1375 

276 

1370 

•00682 

4 

0-00746 

107 

312 

419 

203 

216 

1439 

288 

1438 

•00716 

35 

0-00760 

109 

327 

430 

213’ 

223 

1508 

302 

1501 

•00749 

6 

0-00778 

111 

338 

449 

215 

234 

1566 

313 

1559 


7 

0-00828 

118 

350 

468 

238 

230 

1616 

323 

1620 


8 

0-00846 

121 

358 

479 

246 

233 

1667 

333 



9 

0-00886 

119 

371 

490 

256 

234 

1745 

349 



40 

0-000 1 (1 

1.31 

387 

518 

272 

246 





1 

0-00066 

137 

413 

550 

283 

267 





2 

0-01014 

145 

436 

581 

280 

301 





3 

0.01076 

154 

461 

615 







4 

0-0 n:w 

162 

477 

639 







45 

0-01124 

161 










145. Qraduation Formulae obtained by fitting a Poly- 
nomial. — Wo shall next consider a class of graduation formulae 
whioharo based on wholly different principles from the summation 
formulae. Supposing the ungraduated values w® to be plotted 
as points against the corresponding values of a, we shall fit 
a parabolic curve of some assigned degree j to the points 

u.n+t, . . M'O determining the constants of the 

curve by the Method of Least Squares, and we shall then take 
the ordinate of this curve at a - 0 as the graduated value of Ug.* 

* Of. W. F. Sheppard, Proa. Fifth Mem. Oongreos of MtUhs. (Cambridge, 
1912); ii. p. 818; Proe. Lond. Math. Soe.W is, p. 97; J.I.A. 48, pp. 181, 
890, 49, p. 148 : 0. 'W. M. Sherriff, Proe. Boy. Soc. jBdin., 1920, p. 112. 
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lot U» tl«ni fintl 0 / thtjrrr j, 

H (.!■) •• '’0 + ^ ‘ 

for which 5 : («p - " Ii'inioitifii ; dim (>(0) inU hr htkm 

to hr the gntdinifrit vnliie t\/ 

Tlu' j'ljuiitioiiB «•! t*> ilt’U’riniui' '‘o. *'14 • t 4, >'j iirn 

tr^ + r,a ( i',a* i . . 4 > 

c„ ( r,(«- 1) I -,(» - 1)* t ' 0(« - » 


• f,n + r,j»* ■ 


, + 0{ -- »v 


• u 


If wu HOW form lln' nortnttl il i« oviUent that the 

ooofficieut of Ho in every alternate i>quation vani»lH-ii. the etinw 
of th(' odd i>ow«ra «if the natural nuinbera froju - m to + «i lieing 
*ero. I.oty- 2* or 2k + 1. DoooUj hy 2 a autninalion ovor the 
valuoB from -- n to n incluaive ; let SW Ikj donottHl hy iji* and 
let which is the ;jth moment, Iw denoted hy Mp. Then 
the normal eqmitlone wliioh inviilvo are 


+ r.a, + . 




4 + 


•• M. 


roi:, + c ,24 + . . . + “M|' 

I * • • • * 

Solving theeo equation* f«»r Ho» '*'8 have 


M, 




M, 

V 
-4 

V 


. . . Mtt 


«0 -«(0)-Ho- 




So 

s, So 


SU4| 

S«»I4 


Su 


Sm 

S|*ti 

S|044 


i Sji Sgk tt • ■ • - 4 * 

• From I 89, wt not* tbot tho »um of ihn ;»lb powow of U>* Mtarai 
nnrabon from - 1 * to » Itioliwiw (wliir* p i* *« immbof) U glv»«t by 

whm ni«A» At ^^ 4 " Ai A* » * • 
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This is ihe Omdiutted Vahts of % — Since the moments Mq, 
M,, ... are linear functions of the ungraduated data 

we sec that the graduated value is also a linear function 
of these data. 

The following tahli! is iiaeful in performing the oompittations. 


[Tablk 


% 
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14(5. Table of these Formulae. — By substituting par- 
ticular nuinI>erH for k and n and evaluating the determinants, 
wo obttiin the following lablt^ of the graduation formulae which 
are obtained by iitting a polynomial to the data. 

If /»**^ 0, Jl/linff (t Hi might line to the data, 

2/< V 1 ^ ^ + • • . + (% + 


VttHr II, 1, uf, fitting a parahola of degree 2 or 3. 
general formtda in this case is 


where 

Tins gives 


3?ta + 39^-l-6.s;^ 

■ (2«-T) (2«. + l) (2n+'3y 


The 


«-! <- 
»*• 2 <- 

n - II % - 

jt 4 «o' - 

n - ft « o “ 

n (5 -i 
n-7 a;- 

n ** 8 Oq m 

n ^ 9 Oq - 


''0‘ 

! l7«o + 12(«i + u.j) - 3((f, + «.a)} - '»o - 

{7»o+ C(«i + W-l) + SK + W.*) - 2('»8 + 1i-3)}. 

a J 1 + ’‘-i) + ■*■ 

“ 21(</4+ K-^)}. 

i 4 n {89»'o + 84(«i + + C9K + “-*) + 

+ 9(»f4 + 'll t) - 3(K«5 + '"-s)}- 
1 1 n{25«0+ 24{«1 + w-i) + 21K + w-j) + 16 (m3 + 'w- 8) 
+ 9k+//.^4) -lie<'e + ^-e)}- 

tA » + n-i) + 147 {I't + « -a) 

+ 122(«3 + W-8) + 87(«4 + W-4) +42(W5 + W-5) 
-13(«4 + «-4)-78K + «-,)}. 

■ » lit {43 Wo + 42 («! + w - 1 ) + 39 (w, + w - s) + 34(w3 + « - 3 ) 

+ 27(W4 + W-4) + 18K + M-g) + 7(Me + «-«) 

- 0(h, + «_,)- 21 (Wg + M.g)}. 

■ a b‘« 1 12«fl "0 + 264(Wi + w . ,) + 249 K + « - s) 

+ 224(/t8 + ii-t) + 189(7/4 + it-i) + 144(7/* + w.j) 
+ H9 {11 1 + M - ,) + 24(m, + 7/ - 7 ) - B 1 (ws + - s) 


?» •• 10 


/ 

0 


a O’ 


- 136(^fg + 'a -9)}* 

f329»o + 324(wi + 7t_,) + 309(7/, + 7/-3) 

+ 284(wa + II -s) + 249(7/4 + 77-4) + 204(7/* + u. 
+ 149(tt* + 7/ -a) + 84(74, + 7/.,) + 9(7/5 + 74-3) 

- 7fi(Wo + 7/.a) - l'71(«io + “-lo)}- 


s) 
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Vase III. 2, i.r.JiUin^ a jtnritbalti 0 / ihgirr 4 or 6. 


n- 

2 

<- 

"o- 





3 

4'o - 

aii,|i3li4o + 75(14, + 44 


10(14, 4 

14 ,) 




+ 5(41,4 14 ,)1, 





4 

"o' - 

4 Sol 17944 ,+ 135(14, 

11 ,) 1 

30(11, 

4 If ,) 




- 55 (if, 4 II ,) 4 

15(11, 

4 " ,): 


n«- 

5 

"o'- 

4ip!l4344„ + 120(14,+ 

II ,) 4 

410(11, 

4 » ,) 




- 10(«a ' "s)” 

45{if, 

411 ,) 

4 tH(lf,+ II ,)1. 


'6 

4/,' « 

g,',.,1077"„ 4 000(44, 

4 II ,) 

4 39U( 

11,4 14 ,) 




+ 1 10 ( 44 , + 14 ,} 

- 135(44, 4 14 

,)-198(4f,+ .4 ,) 




+ 1 10(44, + 44 ,)! 

. 



nm 

-7 

"o'- 

4«U.(I10C3.4,+ 10125(14, 

4 If ,) ■ 

4 7500(44, + If ,) 


+ a7r>r»{», + H g)- i « ,) 

-29:i7(M» * »/ »)-2800(«, ♦ « .) 

+ 2l45(«. + ii ,)]. 

«-8 «9'-i,'sBlH83«o+826(«, 4 « ,) ^ i) 

+ 4i5(«g + « ,) 4 t3rj{M^ 4 If ,)-n7(»g + M ») 

- 260(«g + w. g) - J9ri(if^ I II ) 195(1/,+ II ,)1. 

« - 9 «o' - T j 1 393ug + 1 320( «, + » ,) \ Hi 0 {m, 4 « ,) 

4- 790(«,+ « j) 4 405(11, 4 If ,) 4- 18 (h, + 11 ^) 

- 200(44, + «.,)- 420 ( "f 4 w ,) - 256(if, + » ^ 

+ :U0{h, 4 - «.,)!■ 

n- 1,0 K,'- jWm iil44003ifo + 42l20(if, 4 n ,) + 36600(ii,+ w .,) 

+ 28190(44, + It ,) 4 17055(m, + 1 / ,) 

+ 8378(44, + 4/ 3940(14, + 44 ,) 

- 11220(44,+ 44„,) - 13006(44,+ 44 , J 

- 8460(44, + 14 ,) 4 11 028{44„ + « . „)1. 

147. Selaotion of Um Appropri&to rormiiU.->Ainong 
the many formulae of the loit aeotion, we have to datertnine the 
one which ia moat appropriate to the partioular material tlMt ia 
to be graduated ; this may he done in the following way : 

From the formulae of { 145 we aee that if wo tried to 8t an 
ordinary parabola 1 / - 4t, + e,* + to data «*, 

then we should have 


^o'o ^01 

Pg^, 4 Pfi, •* M,t 

V \f _ V M 

*^1 *■ VV _ X’ • ‘ 
“0~l “f 


and therefore 
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Now iH JA*//. where A*// denotes the second difference of y, 
which in of ooiirse constant since y is of the second degree in x. 
So if we try to represent a certain stretch of the data, say from 
II „ to inclusive, hy an ordinary parabola, then the most 
probable value of A*// for this parabola is 

V V ^ V a 
" 0-^4 -“2 

Thi« ifl readily (Calculated (the S*s being given at once by the 
table of § !45)* and thus we can make a preliminary test of the 
value of *i®// for curves roughly fitting the data in different 
“ stretcim*' This enables us to judge what is the lowest order 
of parabola whicli will give a satisfactory fit when we use some 
detinite number (2^ 1) of data in the graduation formula. 

Ka 1 . — If a M«t of ohtmiaitom j/i, |/a> • • •» Vm corresponding to equi- 
dutant mltm of the argument gc, i$ given^ and if we represent these as well 
ai poseihU hy a formula of the type y «■ Aac + B, so that Ay is constant for 
the graduated values^ then the most prohaUe value of this constant Ay is 

U 

«(«*- I*} 

AV. 2,—// a id of almrvaiiuns yn) corresponding to equi-^ 

dietaiit tfuluee of the argument a is givens anti if we represent these as well 
ag pomhh bg a formula of the type ij «=« -f B.i^ + 0, so that Ahj is constant 
for the graduated mlues^ then the most probable mlue of this constant A^ is 


30 

n(w*- 


v{|/(p + 1) (n - p) (n -p - 
V 


Bx. 3.— (/* a of ohimmttons Vjp . * •> Vm corresponding to equi- 
dietani values of the argument is given, and if we represent these as well 
ai pomhU by a formula of the type y ■■ AaJ* + Ba;* + Ca? + D, so that A^ is 
ctmdant for thi graduttted values, then the most probable value of this 
eondant ii 

140 

V|p(p + 1) (p + a) (n -p) {n-p-l)(n-p- 
r 

14 S. TMts pwfonasd on Actual Data.*— Wo shall now consider 
ihw r^lativ« uu^riU of Buinmaiion formulae and Least-square formulae 
mi tested by their iH^rfornianoe when applied to definite numerical data, 

♦ Sherritf, loc, sit. 
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Wo have firat to deciilo wlmt i« to Iw acctiplinl em tins nicoHMns of gocKl 
performance in a griuluation. The teat we »hall iimj iiniy Ihj (leHcrilnnl 
thus : 

Oonsider some known analytic function of auch a»* lug of vvliinh 
tables accurate to, say, 6 plact« are available. A 4*|ilHro tnblu of Ibis 
function may be prejiared by omitting the last two digits (wbieb will Iss 
called the tail) and ».«. inm^wing tbt‘ bist tvl«im4 tiigit by 

unity when the omitted tail begins with one of tin* tligits 5, (J, 7» H, or 0. 
We can regard tins valmw of b»g given by the 4-idaco table as aHe»‘ttsl 
with << errors,” nanudy, the errors which have Iwen jirtHlueiMl by oiiiiUing 
the tails, bit us now tfike a w^juenoe of these 4 -place vithies, and 
graduate them by the graduation formula which is to lie U^stml \ the 
effect of the graduation shtmld Ik^ to smooth out the ‘‘errors** ami restore, 
to some exUmt at least, the more accurate values of the G-jdatu) table. 
The success with wldch this is performed may lie taken as a im^un' of 
the merit of the grad iwvtion formula; for it must Iw rememlwred that 
the purpose of a graduation formtila is pn^oisoly to rtshice the magnitude 
of accidental errors, The advantage of using a known function, such as 
log {T, for the test is that we can ho certain that the errors (vis. the tails) 
are accidental, t.«. non-systematic. There is, however, the disadvantagi^ 
that the errors do not olioy the normal law of ftwpiency, since within 
the limits ± 0*5 of the lost plaots the probability of an error « dcsn not 
vary with i. 

In the following table this mothwl of testing is apjdiixl to the function 

39,999*95. S[)encer*s formula and the IJoaBt•squan^ formtda 1, 

m«il0are used. The merits of the gradunUnl values are obtaimHl by 
comparing columns 9, 10, and 11: the result is that the sum of the 
squares of the residual errors is 873 when the Ijoast-squarct formtila is 
used, and 1327 when Spencer’s formula is used. 


[TABLlt 
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149. aradufttion by Eeduotion of ProbaMo Error,— The 
graduation formulae which we have obtained by fitting poly- 
nomialB have been derived otherwine by W. F. ShepjMini,* who 
approaches the problem in the following way : 

As before, let . . . t/-,, w.,, w^, v^, v ,, . . . l>e the ungraduated 
values of v. Suppose that the determination of each of these 
is subject to the probal»le error f. If the graduated value of 
Ug is 

Wj + . . . -i- J>H>' It 

+2'-i"-i+P-t>>-a + ' • •+7'-ii"-n. 

then the probable error of Vg is 

(p.„* + p.„+i* + . . . + 

Sheppard lays down the condition that thi» quantity it to h 
a minimum,, subject to a further condition which secures that 
the graduated values shall not dider systematically from the 
ungraduated. This latter condition ho takes in the form that 
Ug ia to differ from only hy differeima of Vg of order (/ + 1 ) 
and v^arda', this amounts to supposing that the (;'+l}th 
differences of the u’s are negligible. 

Now, by a discussion resembling lAplacu’s and (lauss's 
Theoria Comhinationia proof of the Method of Least Squares 
(§ 115), we see that Sheppard’s conditions are really equivalent 
to the two conditions which were laid down in § 145 ; and 
hence the graduation formulae obtained hy thia method are 
identical xmth those which ham been obtained (§§ 145-147) hy 
fitting polynomials to the data by Least Sqmrea. 

160. The Method of Interlaoed Parabolas.— A methpd 
of graduation proposed in 1922,f which yields satisfactory 
results when applied to actuarial data, may bo explained as 
follows. 

* Froe. of the F!f(h Int. Cvugrtu cif UathtmutMcuu (Osmbridgt, 1913}, li. 
p. 848, and other paperi quoted In the footnote, p. 30], Sheppard aleo 
deduoee formulae giving maximum mnothvsM, ai meamired bjr tiie emaUneM of 
the sum of the aquaroa of differonoee (of given order) of ««', He givea a 
oontlnuoue working prooeee In oolumne. For a convenient working prooeie 
with the arithmometer, of. J. R. Larue, Traru. AA, Hot, Amtr, U (1818), p. 14. 

t J.l A. BS (1022), p. 82. 
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Let a pulynomial of the third degree 

« - (t f hi) + + d.1^ (1) 


Ite deteriaiueil by the uonditiona that (1) it is to take as nearly 
aa ixwaible tl»' vahioa v it . 1 1 , . . «_*, ««,, when 

hiia the viiluoa - hi, - -hh- 1, . . .,-2, 0, 2 m respectively, 

ami (2) it ia to take prooieely the values and when £b 

has tlio vahuia - I and 1 rospi^otively. Here as usual 
, . . douoto ungraduntoil values and ii^, w/, . . . denote gradu- 
ated valuea, BO that we are really finding a parabola of the third 
degree which will fit as well as possible the ungraduated data 
• • •• "<H' rigorously the two gradu- 

ated vnltjaB «' , and Mj', which for the moment are supposed 
already known. Then ikf oriHiuite of this pamlola at x=0 will 
ht. Iiikm to hf Ihr grnduatfd value u^. The graduated values 
will therefore bo given by a series of interlaced parabolas, each 
of which jiaaeeB through three consecutive graduated values, so 
that each Biiooessive jtair of these parabolas has two points on 
the graduate*! curve in common. The eq^uations of condition 
are evidently 

■■« + ?«■ + «’* + rfr®, (2) 

for f - - III, - III + 1 - 2. 0, 2 m ; and we may without 

error include r- - I and r - 1 in this sequence, since the effect 
of the two (Hjuatione of condition thus introduced wiU be 
nullified by the two eciuations which have to be satisfied 
rigorously, namely. 

tt'.j-rt-6 + c-dl (3) 

■ u^mn + h + c + d] 


Denoting as usual T by 2,„ we have therefore to choose 

r«» ’-M 

n, b, r, rf so as to make 


5 (rt + &r + or* + dr*-«,)* 


or 

a% + b»2, + (!*2, + ff*S,+ 


2«c2, + 2bd2t - 2alii, - 262nt, 

-2cSr%,.-2d2r»w, 
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a minimum subject to the rigorous equations (3). Tlie normal 
equations are therefore (§ 108) 

rtig + ~ 4 A + /t - 0 

4 d^^ - - A 4 /t » 0 ^ ... 

ci;^ 4 «-j - 4 A -t /< - 0 

dSf 4 i-4 - - A 4 /t “ 0. 

The unknowns n, b, r, d, A, /i aro to Ins deteriniuoti from 

equations (3) and (4). Evidently we need only oijnsider the 

equations which involve it, it, and (A 4 /*), which are 


M'.i4«i'-2ft4 2c, 

4 B-g — i)Wy 4 (A 4 /l) 0, 

cSg 4 «-g - 4 (A 4 n) ■■ 0, 


and we have also Wg' ■■ n. 

Eliminating a, c, and (A 4 /*) from these four equations, we 
have 


w 4 - 1 


"o ^ 


^)j!r 


V 

*"4 


V 


Thus if we write cos & for “* 

the graduated values of iij satisfy the linear 

ig-ig 

difference equation 


7/.'e+i - 2 cos e wj 4 - 1 - K*, 

the solution of which is 


< -Acosjcfl4BBina:S 

KQBiu«^KjBin(a;- 1)^4 . . .4K,.j8in0 
sin 

where A and B are the constants of integration ; they may be 
used, in the case of mortality data, to make the deviations of 
the actual from the expected deaths, and the accumulated 
deviations, zero ; or in all cases they may be used to reproduce 
the moments of order zero and one, of the ungraduated «'b. 
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151. A Method of Qrewiuation baaed on Probability.*— 
The niethoda deacribud above fulfil their purpose of smoothing 
out irregiilaritieB from observational data in a way which is on 
the whole elUcient. From the purely theoretical standpoint they' 
are not altogether satisfactory, since each of them contains 
arbitrary or empirical elements whose introduction does not 
apjioar to lie logically necessary ; e..g. in the methods of §§ 142, 
160 it is imt obvious (aimrt from mere convenience) why we 
should fit pariiliolic curves to the observations rather than fit 
curves such as (say) 

In uttier to find a sounder basis for the theory, we must 
remember that the problem of graduation belongs essentially 
to the mathematical theory of probability ; f we have the given 
observations, and they would constitute the “most probable” 
values of « for the corresponding values of the argument, were 
it nob that we have a prion grounds for believing that the 
true values of a form a smooth sequence, the irregularities 
being due to acohlental causes which it is desirable to eliminate. 
The pnihlein is to combine all the materials of judgment— the 
observed values and the a priori considerations — in order to 
obtain the *' most probable " values of %. 

Let us then suppose that we are concerned with a number 
which datHinds on an argument «, and suppose that we have 
n data which are affected with uncertainties or irregularities 
due, r.g., to accidental errors of observation ; so that when is 
plotted ns a function of a-, the n points so obtained do not lie 
on a smooth curve, although there is a strong antecedent prob- 
ability that if the observations had been more accurate the 
curve would have been smooth. We may make the somewhat 

• WhltUker, /Vod. Xdin. Math. Sac. tt, i». 68 (read Nor. 14, 1919 : printed, 
with wliltttone. In the volume for 1939-98). The method has been further 
fiuproved by Whittaker. Prot, Jl.ft, Edin, (1934). 

t The Ilret rMinjjnltlon of thle fundamental principle eeema to have been 
roaifo by Mr. O. King In the ooiirae of tho dlaouaeton on Dr. T. B. Sprague’s 
imimroflsHfl, #6,11.77: " What U the real object of graduation 1 Many 

woitlii reply, to get a •iiiontli niirve ; but that is not quits correct. The reply 
aliuuld boi to get the iiiuat probable deathi.” 
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vague word " smooth ” more precise by interpreting it to mean, 
e.g., that the third dilferenoes are to be very small. 

Now consider the following hypothesis: that the true value, 
which should have teen obtained by the observation lies 
between and Uy+<r, where a- is a small oonstaut number 
{e.g. one unit in the last decimal place used in the nieasures) ; 
that the true value which should have been obtained by the 
observation for lies between and + ir, and so on ; and 
finally the true value which should have been obtained by the 
observation for w„ lies between w and + <r. This hypothesis 
we shall call “ hypof/usia Ikdbre the observations have 
been made we have nothing to guide us as to the probability 
of this hypothesis H except the degree of smoothness of the 
sequence which may te measured by the smallness 

of the sum of the squares of the third dilferences. 


S - « - Sttj' + 3«,' - «,')* + K - 3«; + \iiig' - w,')» + . . . 

+ (w,;-3»„./ + 3w„.;-w„.8')» 

S may be called the mmmre. of rovgknm of the Befjuenoe. 


The theory may be extended to the uami when t he oltaervatinnii arc 
not taken at equidistant voluea of the argument, by taking imtead of 
S the sum of the sriuares of the third diviM differenw* of the graduated 
values. 


We may therefore, by analogy with the normal law of 
frequency, suppose that the a pnori probability of hypothesis 
His 

Cfl-A*8o.» 

where o and A denote constants. 

Next let us consider the a pnori probability that the 
measures obtained by the observations will te w,, . . ., w„,on 
the assumption that hypothesis H is true. 

Since the true value of the first observed quantity is, on 
this hypothesis, the probability that a value between and 
+ or will actually be observed is (postulating the normal law 
of error) 

Jir 

where \ is a constant which measures the precision with which 
this observation can be made. Similarly the probability that 
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a value iMfcwoen and w, + <r will actually be obtained for the 
uuooud observed measure is 




where A, is the measure of precision of this observation. Thus 
on the asHiuuption that hypothesis H is true, the a priori 
proljiibility that the observed measxire of the first observed 
■[uantity will lie between vfj and w^ + o-, the observed measure 
of the second observed iiuantity between and m^ + ct, and 
BO on, is 


hy A, 




(B) 


where K denotes the sum 


F=Aj«(,/,-<)« + A,*K-<)* + . . . + A>, „-<)*. 

The sums B and F enable us to express numerically the 
amaofhntiss of the graduated values, and the fidelity of the 
graduated to the ungraduated values respectively. 

Wo must now make use of thu fundamental theorem in the 
theory of Inductive 1‘robability, which is as follows. Suppose 
that a certain observed phenomenon may be accounted for by 
any one of a certain number of hypotheses, of which one, and 
not more than one, must be true : suppose, moreover, that the 
probability of the ath hypothesis, as based on information in 
our [xiBseBsion before the phenomenon is observed, is p„ while 
the probability of the observed phenomenon, on the assumption 
of the truth of the «th hypothesis, is IV Then when the 
observation of the phenomenon is taken into consideration, the 
probability of the «th hypothesis is 

where the symbol 2 denotes the summation over all the hypo- 
theses, 1 1 follows from this that whereas before the phenomenon 
was observed the most probable hypothesis was that for which 
p, was greatest, the most probable hypothesis after the pheno- 
menon has been observed is that for which the product is 
greatest. Applying this theorem to the case under oonsidera- 
<1)311) 21 
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tion and oombining expressions (A) ami (U). we see that the 
most probable hypothesis is that for which 

in a mditimmi that is to sjiy, Iht’. vumI pivhnlitr ml . . . n,' 
of wilues of th<' quanUlii'a is that n'kii'li vitihrs 

A»H+F 

a 7tvinimum. 

162. The Analytical Fomalation.— Writing down the 
ordinary conditions for a minimum, we «ibtain the isiuations 

Ag*//g - //.,*«»' + SXOA*//,' - A«A»//;. 

V"3 - V"a' - 3X*A»w,' + 3A*A»)/g' - 

h■^hl^ - AX + A*A*//,' - 3X»A»Wg' + 3A*A»»j' - A«A»//«'. 


+ A*A*w „ j. 

We shall now make the simplifying assumption that the measure 
of precision is the same for all the data, so //j — Ag— . . . “ A,,. 

If thi« is not the case, wo gnuiiiato wmiw fiiuftion <if », siioli a* log «, 
insttad of n, c.hodfiing this function «> that i1* iiwnstirn of ]irooisl«in has 
nearly the aanio value for all values of the argtiiucnt. 

If we write the equations may now be written 

€?q -€«/ - A*»,' 

«(/g “ e//g' + 3A*7 /j' - A*//g' 

^ “■ "" 3A*77|^ "f 3A*7/g A**/7 ji ^ ... 

€7tg - tiif + A%' - 3A»//; + 3A»«g' - A»-/; I • ' ^ 

• 1 

e){„-e(q,' + AV„.8 j 

Now all these equations, except the three first and the three 
last, are of the form 

tUgmtvf - A*v'g, .z- 

Moreover, if we introduce a (luantity such that A’Hq 0, the 
third equation becomes 

eWg-sz/g'-AX. 

which is of the same form ; and similarly the first two and last 
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throe ecjuationB can bo brought to the same form by introducing 
new quantities 71 ',,+i, <,+3, such that 

A*// . I “ 0, A*//' - 2 - 0, _ 2 •• 0, A®m'„_ 1 = 0, A®w,/ = 0. 

ThuH //ii‘ fj/niiliifitnl vidnrs iig mlisfn tlw. linear difference equa- 
lion 

— A®// ;j. -3 W= (2) 

hri iMf in Jttel ikv pttrlir fdttr HoUitlon o/tlm e<piaiion which satisfies 
f/tr ait’ Ivrmiikitl vonditiom 

AV AV.j-0, AV,,„2«0 , AV.,_i- 0, 

A%; = 0, (3) 

whence we have at once 

AV.2-0. AV^i-O, A®/f'.2-0. AV„.2-0, A%'„_i= 0, 

AV„.2 = 0. (4) 

158. The Theorems of Conservation..— From (2) we have 
hy BUiiuiiation 

«(Hj' + «,' + . . . + «„')-«(»q + W2 + . . . + '»0 

»A*m'_j + A«7/.i + . . .+A«'W '„_8 
-AV,^.3-AV.3 
- 0, ))y (4). 

Tlieniforo 

«j' + tfg' + . . . + V',/ “ + '«2 + . • • + f'li- (0) 

Moreover, by (2), 

*(hj' + 2«,' + . . . + nw„') -<K + 2«2 + . . • + ««,,) 

-AV.j+2A«7f'_i + . . . + wA«i/,j-j 
-«AV„..-A^/,,.,2 + AV_3 

- 0, by (4). 

Thort’foro 

7/j' + 2/fg' + . . . + n'7„'-'»i + 2v/a + . . . + WV (6) 

Next, by (2), 

,(«,'+ 2%; +• ■ . + «*0 -«K+ 2 S+- • ■+«X) 

-AV., + 2»A«?t'.i + . . . + n*A«7/„.3 

- »«AV„.,- (2rt- 1)AV„.2 + 2A>?/,.-j- AV.g- AV_i 

- 0, hy (8) and (4). 

Tlierofore 

i// + 2 »Hb+. . . + #«,/-''/i + 2*M2 + - • . + M®'V (') 
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Equations ( 6 ), ( 6 ). (7) show that the wmiimlH of ordm 0, 1, 2 
nte the str/tne for the gnttlutilrd ittifu us foe the oritfinul liiitu. 
This may be called the Theoeevi of Cavsrrmtion of Moments, 
We may expmss it by sayinj; that the jjeujdt leh irk rrjieesrnls 
the vihgeudwtled ditiii. und the grujih lekieh rrjiresrnts the gradu- 
ated data have, the same urea, the stwie. ireo-iirdhude of the centre 
of geuviti/, and the mine moment of inertia about ani/ line jiarallel 
to the ojiis of u. 

154. The Numerical Process of Graduation.— The para- 
meter e is at our disposal, and lueaHurcH thu imjmi'tonou which wu 
attach to keeping clostt to the original data, ns weighed againet 
our desire to attain perfect sniootitnoss in the graduated curve. 
If « wore taken absolutely zero, wi' slunild olitaiu a i«rfer.tly 
smooth graduated curve which would have the same moments 
of orders 0 , 1 , and 2 as the uiigraduated curve, but in other 
respects might not fit the observed data closely. In practice, 
therefore, we do not take « absolutely zero, but it may usually 
be taken to bo a small number so that it is convenient to expand 
the solution in ascending powers of c and retain only the part 
which is independent of « together with the part which involves 
the first power of c; the parts involvit>g higher powers of t 
may be neglected. 

Suppose, then, that the terms in the graduated vahu* ujara 
arranged according to the powors of < which they involve, 
thus 

0 + 1 + j + • • • • (8) 

• Substituting in (2) and e<iuating ooefiioionts of c wc have 

w (1, 0 “ A*w a- 1 » (0) 

which is a linear difference equation to detennino n'g, % if o 
can first be found. 

Now 74 , 0 can be found without difficulty in the following 
way. From equations ( 1 ) it follows at once that when c is 
zero, the third differnnoea of the graduated values are all zero ; 
so 74, 0 must be a polynomial of degree 2 , say 


(10) 
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whora a, h, r. are independent of x. Substituting in equations 
(6), (6), (7), they tecouie 

na+ J»(n+ l)fi+ jt»i(ji + l)(2w + l)c = Mo 
•5 n{ II > I + ln{n + 1) (2?i. + 1)?) + + l)®c = - x 

J«(»+l){27i + l>f + !«»(« + !)*?» I’ ^ ^ 

+ .,'n»‘(w + 1 )(2« + 1)(37 i* + 3« - l)c = Mj. 
wltencH Mg, M,, Mj denote the moments (% + . . • + uj, 
(u^ + 2/7j + . . . + « H„), and (/^ , + + . . . + n\) of the ungradu- 

ated data. The three equations (1.1) determine a, b, c ; the 
solution may conveniently be performed as follows : 

Compute Buooessively the numbers jo, q, r, s, t, where 

« ^^0 „ . 2Mi _ , 6Mg , _ 6(7 - P) , ^ 2Jr (2«,+ l)p} 

II ‘ ^ n(n +1)’ n(n + 1)’ ' n - I ’ ' n-1 

Then o is given by 

16|(!-(n + l)/i} 

(n + 2)(w - 2) * 

b is given by 

?>««-(« + 1)«, 

and a is given by 

2n + l, n(n-i-i) 

«-7- 3 2 

The first of equations (11) may bo used as a cheek. 

Substituting the numerical values of a, h, o thus found in 
equation (10), we obtain the formula for u'x,o’> by substi- 
tuting .r- 1, 2, 3, . . . in it, we obtain the numerical values of 

Wj.O, ^Vo» ■ • • • 

Having thus found «'«. o in terms of the ungraduated data by 
Bubetitutiou in aquations (9), wo obtain A*Was-8, i in terms of the 
ungraduated data. Denoting A*??/*,! by v^, we therefore have 
known; and from (3) and (4) we have A* 7 )-j'“ 0, Au-j'-O, 
- 0, so by mere summation in a difl’erence table we can obtain 

all the w's. 

The results A'4>,..,-0, A®„.g-0, r„_g-0 furnish a cheek on 
the accuracy of the working; and as a further check we 
may form the columns A*, A®, A* in this difference table ; the 
oolumn A* ehould give simply -y*, where y* denotes A\. 
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Having now obtained tliu numberB • • •> 31 wo have 

to find the numbers «'i. 1 , «'». i, . . 1 tlimn. For this 

we use the conditiouB tliat (1) «',.i witisfios tlio dimirenco 
equation 

• 1 •" Wj., ( 1 3) 


and ( 2 ) it is the larticular solution of this diiloroncu <!quation 
Ibr which the moments of order 0 , 1, and 2 vanish. So in 
order to compute •«'*,! we write down Uj, ’V s 

third column of a diifercnoe table, ami form tlio seooud, first, 
and zero columns by sunnnation, taking any arbitrary nnmlx'rs 
whatever* for the entrioB at tht( tup of these columns. In 
this way we obtain in the zero column a sot of numltera t/’j, 
which satisfy the dillerenoo equation (13), b\it 
which are not the particular solution wo require. However, 
any two solutions of (13) differ only by a solution of the 
equation AV- 0 , they differ only by a quadratic function 
of X. So wo can write 

n'g, 1 - wv - A - Ba; - ( 14) 

and we have now only to determine A, B, and C. For this wo 
use the second of the above conditions ; denoting the sums 


(«q + «>j + . . ((Oj + 2m», + . . . + 

(//', + 2*»’, + . . .+ nV„) 
by No, Nj, Nj respectively, we have, by summing equation (14), 

nk + ln{n + 1)B + ln{n + l)(2a + 1)C - No'j 
^ 71(71 + 1) A + + 1 )(27i + 1 )B + iw*(7t + 1)*0 •“ Nj 

1 ^ 71(71 + l)(27l + 1) A + i7l>(7l + 1)*B 

+ T^7!.(7t+ l)(27l+ 1)(371*+37»- 1)0 -N, 


(16) 


These equations are of the same typo as eciuations (11) and are 
solved in the same way ; that is, we compute successively 


P- 


No 

h’ 


2N 

?i(tt + 1)’ 


6N 

7t(«+l)’ 


S 


6(Q-P) 
a - I ’ 

2iIt-(2«4-l)Pl. 

71-1 ’ 


* It i» advisable to ohooae tlieas arbitrary number! an a* to make the 
numbera Mi, Wj. . . lOn a* imall aa poaeible. 
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then C ia given by 

IS irt given Ity 

anti A ia given by 

A-g 


16{T-(«+l)S} 

(» + 2)(«.-2)'“’ 

IS-S-(ji + l)0 

2 b. + 1,, w(7l+l)^ 

3 ~ “ 2 “ 


Tho lirat of onuationa (15) may bo used as a check. 

Having thus found A, B, 0, we substitute in equation (14) 
and HO calculate «'».i for 1, 2, 3, . . n. Lastly, from the 
wiiintinn 

we oomjmte the graduated values uj tox;e=l, 2, . . n. The 
graduation is thus completed. 

The quantity e which is at our disposal is not selected 
until the end of the process, when we try two or three different 
values and see which gives the most satisfactory result. By 
increasing < we bring the graduated values into closer fidelity 
to the ungraduated values, while by diminishing e we make 
the setiuenoe of graduated values smoother. There is not much 
labour involved in those trials, as they merely amount to 
multiplying the oolutun of known values of li'*, i by the trial 
valtie of < and adding to the column of known values of Wa,, o- 

The advantage of this method of graduation seem to be— 

(1) Its elasticity, due to the freedom of choice of e. A 
satisfactory method of graduation wight to possess such 
elasticity, because the degree to which we are justified in 
saorifloing fidelity in order to obtain smoothness varies greatly 
from one problem to another. 

(2) Its more logical basis in the mathematical theory of 
Probability. 

(3) The total of the li’s and their first and second moments 
are the same in the graduated table as in the actual statistics 
on which it is based. (These conditions are iiot satisfied in 
methods such as Woolhouse’s or Spencer’s, which depend on 

formulae for graduating individual values.) _ 

(4) It makes use of the whole material available to obtain 
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each graduated value, whereas in, e,g., Spencer’s formula each 
value is graduated by using only it and its ten nearest neigh- 
bours on either side, and therefore the material used in order 
to graduate one number is slightly different from the material 
used in order to graduate the next member in the sequence. 

(5) There is no difficulty near the beginning and end of the 
sequence, whereas, e,g., Spencer’s formula cannot be applied when 
we are within ten places of either terminal. 

(6) These advanliages are not counterbalanced by greater 
labour in the computations. 

Ex. — To graduate^ hy this method, the section of the Government Female 
Annuitants Table given in % 141. 

The data are as follows : 


Age 

50 

61 

52 

53 

54 

55 

56 

57 

58 

59 


1019 

1550 

1611 

1763 

1772 

1648 

2022 

1923 

1842 

i2329 


The moments Mq, Mg are given by the formulae 

Mq — + +• • • + '^10 = 1 * 7369 , 

= + 2^2 + Stig +. . . + lOWjQ =103518, 

M2 = iAi + 22u2+3%3 + . . .+ 10%= 754046, 

and the numbers p, • by 

p=^ = 1736-900, •c = H^4-11s^= -4-799, 

0 -^ = 1882-146, 6 = s- llc= 149-619, 

* 55 ’ 

r = ^M.= 41 129-782, a = 2 - 7J - 66c = 1098-767. 

s = |(?-p) = 96-830, 

# 

2 

« = -(r-21p)= 10a4-418. 

9 

As a check on the computation we see that 

lOa + 656 + 385c= 17369-000 = M^. 

Substituting these values of a, 6, c in equation (10), we obtain the 
first term of the graduated value of u^, namely 

u'a, 0= 1098*757 + 149-619a; - 4-799£c2, 

= 1098-757 + 147-219a! - 9-598-- ”^ - ^\ 
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from whicli by differences we build up tbe table 


X 

1 

2 

3 

4 1 5 

'W'Vo 

1243-677 

1378-799 

1504*423 

1620-449 1 1726-877 

X 

e; 

7 

8 

9 1 10 

m'», 0 

isas-voY 

1910*939 

1988-673 

2066-609 j 2115-047 


It may be remarked here that for many practical purposes o may 
be taken as the graduated value of 

From equation (9) the differences i are found ; and, denoting 
1 we now form a complete difference table of the v*s ; 

noting that A 27;_2 = o, Av_i = 0, 




A. 

AK 

A*. 

«-2 

= 0 

0 




= 0 

0 

0 

224-577 

«0 

= 0 

224*577 

224*677 

- 17,1-201 


= 224*677 

t 

53*376 

.■ 



277-963 


- 106-5'f7 

®2 

= 602*630 


- 53*201 




224-762 


- 132-561 


= 727*282 

39-000 

- 186*762 

-46-123 


= 766*282 


^ 230*875 


4 


-191-876 


576-707 


= 574*407 


44*832 




- 147-043 


-111-061 


= 427*364 

-213-272 

- 66*229 

66-673 


= 214*092 


-0*666 


7 


- 213-928 


214-609 


= [0*164] 

[0-028] 

213*963 

mi 

-213-963 


It is required to find a set of numbers satisfying the ^erenee 
equation AV, i=o. This we do by farming a complete diffi®^ 
table. Instead' of aasigning arbitrarily the numbers at the tto 

columns, we may assign a zero enixy near dm 

and build the table by working upwards or downwards from ttee zeio 
entries as follows : 

* The student should compare the values of w*,o with the graduated values 
of Ux given in § 166. 
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A. 

A2 

A3. 

’"l = - 

10732*551 

6476-611 


0 ^ 

«>2 =- 

4255*940 

4255-940 

-2220'*67l 

224*57.7 

»8 = 

0 

2259-846 

-1990*094 

502*530 

“4 = 

2259*846 

766-282 

- 1493*564 

727*282 

-u>g = 

3026*128 

0 

- 766*282 

766*282 

^6 = 

3026*128 

0-. 

.0 

574*407 

W, = 

3026*1.28 

574-407 

574-407 

427*364 

Mg = 

3600*535 

1576-178 

1001-771 

214*092 

Mg = 

5176*713 

2792-041 

1215-863 


o 

II 

7968*754 





The numbers are not the particular solution we 

require, so we now form the quantities 


u'x, 1 ~ itJaj - A - Ba; - Ca*®, 


where the coefficients A, B, G are formed from the moments N^j, N^, 
Ng.as follows : 

NQ==^^?^ + 1^2 +... + '1^10 =13095*741, 

* • + 1<^%0 = 199347 * 494 , 

N2 = 'WJ;l+22t/? 2 + * • . + 102wJio= 1787898*698 

N 15 

P = Y5=’ 1309-574, C = ^(T-11S)= -221-245, 

N 

Q = J = 3624-500, 8 = 8-110 = 3976-979, 

3N 

E = -rr=9'^521-747, A=Q-7B-550= - 12045-878. 

00 

S = |(Q-P)= 1643-284, 

o 

2 

T= r(R- 21P)= 15560-164. 

9 

As a check on the accuracy of the computation, we note that 
10A+ 55B -t- 3850= 13095-74 = No. 
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Building up w'jc, i by differences from the above fonnula, we have 


X 

1 

2 

3 

4 

6 

6 

7 


-2442*4 

V21-0 

2106-1 

193Y-7 

718-2 

-825*0 

- 1925*8 

X 

8 

9 


10 






- 2009*7 

-649*4 

2369 





The graduated values are now obtained by assigning the values 
e = 0, 0*001, 0*01, ... in the equation o + V i* 

The results are discussed in the next article. 


155. OomparisoE of the Different Methods. — Below are 
given the results of graduating a section of the Government 
Female Annuitants (1883) ultimate table : 

(i.) By Spencer’s 21-term formula (§ 144). 

(ii.) By the method of interlaced parabolas, taking m = 6 
(§ 150). 

(iii.) By the present method, taking 6 = 0. 

(iv.) „ „ „ „ € = 0-01. 

(v.) „ „ „ „ € = 0-08. 

In each case the column of third differences is given, the 
colunms of first and second differences being omitted to save space. 



TJngraduated. 

Spencer. 

Method of 
§160. 

6=0. 

6«0*01. 

6=0*08, 









gxlOB 

gxl06 AS 

gxlO® AS 

gxlOS A» 

gXlOB A» 

3X105 AS 

60 

1019 

1278 

1298 

1244 

1219 

1048 

51 

1560 

1382 

1391 

1379 

1386 

1436 


561 

-9 

-13 

1 

4 

16 

52 

1611 

1494 

1497 

1504 

1626 

1673 


-204 

-8 

-8 

0 

3 

42 

63 

1753 

1605 

1603 

1620 

1640 

1775 


-120 

-5 

6 

-1 

8 

68 

64 

1772 

1707 

1701 

1727 

1734 

1784 


941 

2 

-4 

0 

9 

60 

56 

1548 

1796 

1797 

1824 

1816 

1768 


-1271 

6 

1 

1 

3 

47 

56 

2022 

1871 

1887 

1911 

1892 

1767 


591 

10 

10 

-1 

7 

84 

67 

1923 

1940 

1972 

1989 

1968 

1828 


560 

8 

3 

0 

1 

17 

68 

1842 

2012 

2062 

2057 

2060 

2005 

59 

2329 

2095 

2160 

2115 

2139 

2806 

Sum 

17369 

17179 

17S68 1 

17370 

17808 

17869 
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The sum of the absolute values of the differences between 
the graduated and the corresponding ungraduated numbers is : 
1576 for Spencer’s graduation. 

1595 for the Interlaced-Parabola graduation. 

1563 for the present method with € = 0. 

1438 „ „ „ € = 0-01. 

996 „ „ „ € = 0-08. 

An examination of the figures shows that so far as smooth- 
ness alone is considered, the order is as follows : 

(1) The present method with € = 0. 

(2) The present method with € = 0-01. 

(3) and (4) Spencer’s and the Interlaced-Parabola methods. 
(5) The present method with € = 0-08. 

"While so far as fidelity to the data is alone considered, the 
order is as follows : 

(1) The present method with € = 0-08. 

(2) „ „ „ 6 = 0-01. 

(3) ,j }} 39 € = 0. 

(4) Spencer’s method. 

(5) The Interlaced-Parabola method. 

In aU the methods except Spencer’s the sum of the gradu- 
ated numbers is equal to the sum of the ungraduated numbers. 

156. Ehodes’s Method. — In addition to the methods of gradxiation 
which have been described in this chapter, mention should be madti of 
a method proposed by E. C. Ehodes and described in his Tract* on 
Smoothing^ to which the reader is referred. 

* Ko. VI. of the Tracts for Computers^ edited by K. Pearson ; Oamb. Univ. 
Press (1921). 



CHAPTER XII 


CORRELATION 

157. Definition of Correlation. — Consider a definite group 
containing a large number of individuals ; let us measure some 
attribute A of the individuals, and let us also measure some 
other attribute B. For instance, the individuals might be all 
the stars of the third magnitude, and A might represent the 
parallax of the star, while B might represent its proper motion ; 
or the group might consist of all adult Scotsmen, and A might 
represent the height of a man in inches, while B might repre- 
sent his wealth in pounds sterling. Consider now the indi- 
viduals in the group for whom A lies between cc and cc + dx 
while B lies between y and let the number of such 

individuals be y)d^dy, where N denotes the total number^' 
of individuals in the group, or, to express the same thing in 
other words, let y)d(jcdy denote the prdbahility that for an 
individual taken at random the first attribute A hes between 
X and a? + cte, while the second attribute lies between y and 
y-^dy. 

Now Fermat's Principle of Conjunctive Probability may be 
stated thus : The 'probahility that two events will both amve is 
hk, where h is the probability that the first event will arrive, and 
k is the ^probability that the second event will arrive when the 
first event is Tmown to have arrived. Applying this to the 
present case, let h=^f{x)dx be the probability that for an indi- 
vidual taken at random from the group the first attribute A 
lies between x and x + dx\ and let Jc = g{x, y)dy be the prob- 
ability that for an individual taken at random from those 
jnembers of the group whose attribute A lies between x and 

817 
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a? + cfe, the attribute B Hes between y and ?/ -1- Then by the 
Principle of Conjunctive Probability we have 

Now here two possibilities present themselves. 

la the first possibility, g{x, y) is a function of y only, not 
involving x. When this is the case, if we divide the original 
group into sub-groups according to the magnitude of the 
attribute A, then the probability that B will lie between y and 
y-^dyl^ the mme for each of the sul-groups. The two attributes 
A and B are then said to be not correlated, evidently <l>{x, y) 
is ecqpressihle as the jproduct of a function of x only, multiplied 
iy a JhiThCtion of y only. This would be the case, approximately 
at least, with the height and wealth of the Scotsmen , for let 
the probability that a man is of a certain height xtox + dx^^ 
f{x)d(c ; then the probability that his wealth lies between y and 
y + dy pounds is nearly the same for tall men as for short men, 
so may be expressed in the form where g{y) does not 

involve x ; and the compound probability that his height is 
between x and x-^dx while his wealth is between y and y ^dy 
is then simply 

f[x)g[y)dxdy. 

But in a large class of cases the function y) is not capable 
of being expressed as a function of x multiplied by a function 
of y. In such cases the probability that the first attribute has 
a measure between x and x-\- dx is not the same for individuals 
with large y’s as for individuals with small y’s, and the prob- 
ability that the second attribute has a measure between y and 
y + dy is not the same for individuals with large x's as for 
individuals with small sds. In such cases the two attributes 
are said to be correlated. Thus the parallaxes and the proper 
motions of the stars are correlated; for a star which has a 
large parallax, and is therefore comparatively near to us, is 
more likely to have a large proper motion than a small one. 

Many elementary problems in Probability cannot be solved correctly 
without taking account of correlation. Por example, the following: 
“The probability that A can solve a mathematical problem taken at 
random from a certain book is and the probability that B can solve 
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one is also What is the prohahility that a prohlem tahen at random 
will be solved by one or other or both of them ? ’’ 

Here the group consists of all the problems in the booh, and the two 
attributes of an individual problem are its solubility by A and its 
solubility by B. These two attributes are correlated, since the problems 
that A can solve will be, to a great extent, the same as the problems that 
B can solve. It would therefore be wrong to assert that the probability 
of both failing to solve a problem taken at random is -I x ^ and that 
consequently the probability that one or other or both would succeed is 
1 - J or 

158. An Example of a Frequency Distribution involving 
Correlation. — As an illustration of correlation, let us consider 
two riflemen side by side firing at targets when a strong wind 
is blowing. The wind will be supposed to affect the shooting 
of both men in much the same way, so that we may expect a 
certain amount of correlation between their records. In this 
case the “ group ” consists of all the records of the two men's 
shots, an ‘‘individual" of the group is constituted of a single 
shot of the first man together with the shot fired at the same 
instant by the second man, and the attributes ” of this in- 
dividual are the deviations of the two shots. 

Let X denote that part of the deviation of the first man's 
bullet from the mark which is due to causes affecting him 
alone and not affecting the other man, i,e, all causes except the 
wind. Similarly let Y denote that part of the second man's 
deviation which is due to causes affecting him only ; and let 
X + aZ denote the total deviation of the first man's bullet, and 
Y + 6Z denote the total deviation of the second man's bullet, 
where Z is due to the wind. For simplicity, we suppose all the 
deviations to be in a horizontal direction from the mark. We 
assume that X, Y, Z are independent of each other, and that 
each occurs according to the normal law of frequency, so 
the probabihty that 

TZ' 2 2 

X lies between cc and x + dx is -y-e~^‘^dce, 

^■rr 

Y „ „ 2/ and ?/ + dy is ^e~^dy, 

Z „ „ 2 and a + is —j-e~^‘^ds!. 

s/ir 
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We HOW want to find the frequency of cases in which 
U === X ftZ has a value between % and % + and V = T + 6Z 
has a. value between -z; and 'n 4- d'v. 

Siippose Z lies between z and z + dz, which happens in the 

pro;p^c>xtion'4-^”^*^**^^ cases* Then in order to produce such 

^ pair as is considered^ X must he taken between u-az and 
'W H- (Zai - az, while Y must be between 'd-Iz and v-\-dv-hz\ 
the probability of these happening together is 

s/T jjTT 

Therefore the frequency of cases in which U lies between 
u a.nd % + d%, while V lies between v and v +• dv, is 

J-eo 

or 


h7hl 

TT^ 


or 




hkl 


■ av+m‘ + I'dudv. 


«■(«%« +6afc»+Z*)i 
If -we examine tide expression -we see that it is of the form 


<ji{u,v)dvdv=ee-^'^'-^+^dv,dv, (1) 

whieie c, p, q, s denote constants. The constant s -would be 
zero if either of the constants aoi h were zero, i.e. if no common 
influence acted on the two riflemen. The comMion is repre- 
s&n,tecL analytically by the owtirre/Me of this t&)’m in uv in the 
eo^OTiential. If this term were absent, the expression (1) could 
be regarded as the product of two factors 

Constant x,e-3>*«*d'K and Constant x 

of which the first inrolT^ v, onl^ and the second inTolves v 
so tbat in this ease (§ 167) there would be no correlation. 
The expression (1) may he regarded as the extension to two 
of the normal law of frequency for one 

va,riable %, 


h 



OOERELATION 


321 


on this account we shall call it the normal law of frequency for 
two variaMes. The constant c in the expression' (1) may be 

«QO ^00 

deteriuined from the condition that j I 'v)dudv = 1 ; this 

J-,co J —00 

gives 


c = - s^)k 


( 2 ) 


The above is a particular case of the following more general result.* 
Let w,, Wo- be variables, such that the probability of ui 

1 . -T- 


«/p M;2» - - -7 « 

lying between Vi and Vi + dvi is 


Let x^ 
equations 


and let 


s/'n- 

Xp be a set of linear functions of the u% defined by 

'^'2 = ^^2 + • • • + ^^ 2 cr ^< r ^ 

Xp = kpjU^ 4 - + • • • + ^pcr'^a- > 

kji 


Then the probability that Xj lies between and is 

where 6jife=(-iy+‘^^ 2, - • • p) and E=^, 

while D denotes a determinant of order p taken from the array 


^11^12 

<^21^22 




and Dj denotes a determinant of order (p-1) “^he 

which^s obtained by omitting the Jth row m the above army 
two determinants Dj and Dj in the product DpD*, are to be formed from 
the same columns of M. 

159. Bertrand’s Proof of the Normal Law.— It was re- 
marked by Bertrand t that the normal law of frequency for two 
variables may be deduced from an assumption resembhng the 
Postulate of the Arithmetic Mean, from which, as we have seen 

* Of. M. J. van Uveu, Proc. Ainster. Ac, 16 (1914), p. 1124. 
f Qorriptes RcndVjS, 106 (1888), p. 387. 

(D 3”) 
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(§ 112 ), the normal law of freq[xiency for one -variable may be 

deduced, 

Consider for definiteness the shots of a rifleman at a target ; 
and let the horizontal and vertical deviations of a shot from 
the oentre of the target be called A and B, It is found in 
prae-fcice that A and B are not independent, but are to some 
extent oorrelated, 

3Let us now make the following assumption, which was first 
proposed by Cotes in 1722 : that any number of Bhots ham 
BtrucTc the target in jgoints P^, P^, . , Vn^then the most prolalle 
jgosit^on of the point aimei at is the centroid [centre of gmmty) 
of tJz^ese points, 

S-uppo 80 the probability that a shot strikes an element of 
area (Zxdy at (a;, y) is 

F(X - a?, T - 

when X, Y are the co-ordinates of the point aimed at. Then 
if ttie co-ordinates of the points Pj, . . P„ are {a^, yj), 
(^« 2/z)> • • -j (®?i> ^n) respectively, the product 

IFCX-a^, T-yj)F(X -ajj, , . P(X-a!„) Y-y^) 

must he a mazunmn, when X and Y regarded as variables have 
for "Values 

yr + 0^2 4* . . , -f" 

If tlien we put 


the 


are 


01ogP{ic,^) ,, , 91oePfe.9yl 

X-ie„ = a^ T-y„ = /3„, 

functions <f> and i/- must he such that the equations 


^i) -+ Hh ^2) + • • . + j 8 J =0] 
f (“1. /Gi) + fin ft) + . . . + = of 

the necessary consequences of 


( 1 ) 


cq-f. . .+ a„=01 

• • + ft=o)- 


( 2 ) 
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Therefore 

^2 “ ^ • • * “ ■" ^2 “ ^3 ~ 

is identically zero ; and therefore differentiating partially with 
respect to and denoting the partial derivatives of y) with 
respect to x and y by and respectively, we have 

• •-%> -^2-- • •-W+'^iK' ^ 2 )“®’ 

80 y) is indepeadent of x aad y : denote it by a. Similarly 
^ 2 (^> y) ^ constant &, and so 

y) -ax-¥hj-]rc. 

Since equations (1) are consequences of equation (2), we see 
on substituting this value of ^ that c is zero. Thus 

Similarly y) = o!x + Vy, 


where a* and V are constants. 

Since <i> and tp are partial derivatives of the same function, 
we must have 6 = a\ and thus, integrating, 

log y)^^a(^ + hay + J&y + constant. 

Therefore F(£c, y) is of the form 
, Constant x 

and the mrrml law of freguemy for two variaUes is thus 
established. 


The study of normal frequency distributions in two and three 
variables was begun by August Bravais in a celebrated memoir, ^Sur les 
prohaUUt& des erriwrs de dtuation d’m povnt, pubbsbed m . 

Ex.— The dwplacmnmt of a point is the vector sum of n 
and the proUMUty that the of these displacements has a value letween 

(£C^•, Vi) (^i + Vi 


^Q~(am^+2pmi'^yiyi^'>dxidyi, 


where h = (i=l, 2, . . n). Shorn tUt 

the total displacement has a mine between (x, y) and {x-\‘dXyy+ V) 


- (ax'^+^pvy+'/y^dxdy, 

TT 

* Sav. iJtrang., Paris, 9 (1846), p. 266. 
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where a = — ^ == -y = S numbers A, B, C, A 


A’ ^-A 
defiyied by the equcbtions 


A=i| B=S§, C=2f, A = AC- 

i=lOi 


[Ji 


B2 


(d’Ocagiie.) 


160. Tie More G-eneral Law of Frequency. — In § 86 we saw that 
tLe normal law of frequency fox one variable was a special, though 
frequently occurring, case of a more general law of frequency. Denotiiig 
tte probability of a deviation between x and £C + dx^ by <l>(x)dx^ then in 
this more general law ^(cc) is represented by an infinite series, whose first 


term is— and whose subsequent terms are obtained from this 

term by differentiation. The normal law corresponds to the case when 
the infinite series reduces to its first term. 

Similarly in the case when there are two variables we may derive a 
more general law of frequency than the normal law, represented by 
y)dxdy, where 

df df ay ay ay 
y ) = y ) + ^100^ + + ^110^ + + ■ 


whiere f(xy = when the origin is suitably chosen, or 

more generally 

= 0-3)a(r8-m)2-32(V-^)2-h2s(x-7n,X2/-n-), 


where p, q, a, m, tl are constants. 


161. Determination of the Constants in a Normal Fre- 
quency Distribution with Two Variables. — ^Let h be the 
sraallest step recognised in measuring x, and let h be the 
smallest step in measuring y; and let the probability that 
the first attribute A has a measure between x and x + Ti, while 
the second attribute B has a measure between y and y + &, be 
<^(a5, y)hh, where (§ 158) 


lieb it be required to determine the most probable values of 
the constants jp, q, s, x, I, from a set of observations. Let the 
measures of the individuals observed be [x^, y^, y^), . . ., 

yj- Then the a priori probability that the observations 
will yield these measures is 

(^2^2_ g2)4ng-p22(ari-a)2+2s2(xi-aX?/i-b)-Q2S(2/i-6)2 
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The most probable hypothesis regarding p, q, s, a, I is that 
which makes this quantity a maximum when y.^, y^, . . 

(®n> 2/J supposed giren. Taking logs, we see that 

n = log - s®) - p^ip-y — a)^ 

+ 2sS(«i - a) ( 2/1 -!>)- q^2{y^ - If 
must be a maximum, and therefore 


?M.o S.o 
00 ' 34 ' 


?n.o ?5.o ?5-o 

dp • 3} ’ 3s 


The first* two of these equations are 

Q=p^{x^-a)-s2{yi~'b), 

0 = - s2(a;i -a) + - 1), 

which, since give at once 


and 


n ^ 
& = -2w,. 


The other three equations are 


0 = 


npq^ 

- s2 






Let us denote by a-f, ^^{y-^-lf by a-f, and 

— 2(£C3l-^^)(2/i“ &) ^7 so that the three numbers o-j, or^, r 


may be calculated from the observed measures. Then the 
three preceding equations may be written 




20-22 2crf 2 o-j(tp 

Each fraction is evidently equal to )’ 


therefore 


1 
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Thus the values of p, q, r are given by 

.1 ^ 2 _ ^ 

and replacing p, q, s by these values in the frequency function 
we see that the probability that the first attribute has a measure 
between m and x-\-h, while the second attribute has a measure 
between y and y + k^is j>ix,y)hk, when's 




7(1 “ 


1 f (»-< 


_ 2r(x--a)(y-h) ^ 


o-gS 




( 1 ) 


aTbd where the constaTits a, h, o-^, o-g, r are ecc^ressed in terms of 
the observed measures by the equations 


n ^ 

n 

These formulae enable us to determine the most probable 
values of the constants of a normal frequency distribution in 
two variables in terms of observed measures. 

Ex. — A man is firmg at a target, aiming at its centre. Tahing this 
centre a.s origin, the co-ordinates of the •points struck by the bullets in n shots 
are (x^, yf), \x^ ^Xn, yn)* Writing 

-(^51^1 + 3522/2 + • • * + aJ9i2/ri) = <7'iO-2^, 
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that in the long run one-half of the joints struck will lie within the 
se whose equation is 


' ^ “r c 


= 0*69315. 


2(l-r^)Vcr,2 — 

(Bertrand, GM. 106 (1888), p. 521.) 

L62. The Frequencies of the Variables taken Singly. — Let 
low find the probability that the attribute A lies between 
ud cc+cfe, when the attribute ’ B is ignored, in the normal 
luency distribution which has been studied. By (1) of the 
i article, the required probability is njia, where 


1 r 


1 r (a;-tt)8 2r(a;~a)(y~b ) (y-b)a ) 

^ 2 (l-r 2 )\ <ri® 010-2 ^ dy 


•forming the integration, remembering that 
7-00 Ja 




is equation shows that o-^ is the standard demotion for the 
Hlute A, when the attribute B is ignored. Similarly <r^ is 
5 standard deviation for the attribute B. 

Denoting by <^[x, y)dxdy the probability that the attribute 
lies between x and x-{-dx while the attribute B lies between 
md y + dy, and denoting by g[x, y)dy the probability that B 
3 between y and y'\~dy when A is known to be between x 
d £» + tfe, we have 

4,{x,y)^n^{x,y). - 

Substituting in this equation the known values of ^ and 
, we obtain g{x, y), and thus find that the prohalility that B 
s between y and y + dy, when, A is known to be between x and 
- dx, is 

lis is a normal frequency distribution about the mean 
[- ^2^^ — fJiQ standard deviation <ra7(l - r®). 
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It follows from this that if (with a great number of observa* 
tions) we find the mean of all the measured values of B for 
which the measured value of A lies between x and X'¥dx, aiul 
'if then we plot against x, the plotted points will lie on f lir 
straight line 

(*-4 

Similarly if denotes the mean of all the measured values of 
A for which the measured value of B lies between y and y+dy^ 
then plotted against y gives the straight line 


These lines were called by Galton lines of regression. 

Ex. 1 . — To find the standard deviation of the difference between 
measures of the two attributes A and B. 

The probability that (measure of A) - (measure of B) lies between 
a — 6 + as and a-^b + x + dx is evidently 


dx 






2rv(v+ai) 


dv.e 2 (ri*(l-r*r 2 aia 2 (l-ra) 


or 


27ro“. 


or 


S^ro-^o-gVl'- 

g^8.f<rg2-2roi(ra /„ ^aKr^^+rXina^ \9 

L-g «2(ori2+<ra^— 2rcri<ra) I dv , 6 2(ri®<Ta2(l-r*) \ eri*+o^*--2r<jiorj|/ 

J-<o ’ 


dx 


ga 

2(01* + tra*- SroioTa) 


‘/(S’t) J + (Tg® - Zra-jO-^* 

Therefore if <Tv denote the standard deviation of (x - y)f we have 

or,*=o-iS+<ra*-2Wi(r8, 


and therefore 


r= ^ , 

So-jcrg 


an equation which may be used to determine r* 

Ex- S .*]* — Show that the standard deviation of the sum of the measures of 
A and B is 

(<r^ -h (Tg* + Srorjcrg)^. 


Ex, 3 . — Show that the standard deviation of the product of the measuru 
of A md B is 

{ 62(7^2 ^ aVg® + Srafto-jO-g + + r) } i 

* Of. K. Pearson, Drapers' Oompawy Resmrdh Memoirs^ Biometric Serien, 
IV. (1907). 

t Of. B. Pearl, BiometriJca^ 6 (1909), p. 487. 
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163. The Coefficient of Correlation. — We now approach 
the question. How is correlation to be measured ? 

We have seen that in a normal frequency distribution for two 
variables defined by the frequency function 


y) = 


1 

2;rtri(7-g^(l - 


1 r (a!~a) 8 2r(ig - a) (y - 1>) (y - W \ 

2(1— r^) I fTio-a cTa^ / 


the existence of correlation depends on the presence of the 
term in (x - a) ( 2 / - &) in the exponential, i.e. it depends on the 
coefficient r. When r is zero there is no correlation, since 
</>(a?, y) then factorises into the product of a term depending 
on X only and a term depending on y only. 

Consider the case when there is perfect correlation, ix. each 
value of the measure of A occurs only in conjunction with a 
particular value of the measure of B, so that one determines 
the other. In this case the standard deviation of B, when A is 
known to have a definite value, must be zero ; that is, by the 
last section, - r^) must vanish, and therefore r must have 
the value unity. 

Thus r == 0 con^esponds to the ahse/nce of correlation, while 
r = l corresponds to perfect correlation. It is therefore natural 
to take either r itself or some power of it, such as or .fr, as 
the numerical measure of the correlation between the attributes 
A and B. To decide which power is most suitable,* let us 
recur to the case of the two riflemen. If we suppose, in the 
notation of § 158, that a and 6 are each unity while h, \ I are 
equal to each other, the frequency function becomes 


A2 


'27fiuv 

“ 8 8 “ 


8 



1 1 • • 

which corresponds to ^ ^ ~ g’ 

exactly half of each man’s mean error is due to the common 
element (the wind), and it would seem natural to take the 
measure of correlation to be We therefore decide that r 
itself is the most suitable numerical measure of correlation. It 
is called the coefficient of correlation. 

* Kapteyn, Monthly Notices E. A. S. 72 (1912 ), Pp, 418. 
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(^ij 2/i)> 3 / 2 )* • • ‘ ^ number of measures of the 

attributes A and B ; and let points having these co-ordinates he plotted. 
The points ■will cluster round the mean x = a, y = h; and if we draw 
rectangular axes through this mean point, the majority of the points 
will be found in the first and third of the quadrants formed by these 
axes when r is positive, and in the second and fourth quadrants when 
T is negative. 

164. Alternative Way of computing the Correlation OoefB.cient. 

— ^We have seen in § 97 that the standard deviation of a normal 
frequency distribution in a single variable may be found in many 
different -ways from given observational material; the same applies to 
the coefidcient of correlation in a normal frequency distribution in two 
variables. Thus to obtain the correlation coefficient directly from the 
ra'w material without attempting to arrange either of the measurements 
in order of increasing magnitude, we may proceed as follows : First 
summing each column, find the mean a of the afs and the mean h of the 

Tahe out all the x‘s that exceed ct, find their mean A, and find also 
the mean of the corresponding i/’s. Then 

~ A/ ^A - a), and B' - 6 = ^(A -a) or B' - b = /y - . ro-g. 

Similarly take out all the i/^s that exceed 6, find their mean B, and find 
also the mean A' of the corresponding aj’s. We have 

^ 2 = a/ “ ^)i A' - a = - 6) or A' - a = \/ - . ro--. 

These equations give o-j, o-g, and r. In fact 

B — 6 A — a 

165. Numerical Examples. — 

Mx, 1. — As a first example we shall consider the results of throws of 
dice made by A. B. Darbishire.* 

Twelve dice were taken, of which m were marked with red, the rest 
being white. All 12 dice were thi'own together, and the number of 

dice showing faces with 4 or more pips uppermost in this throw was 

noted ; this number will he called the First Throw.” 

The red dice were left down and the white dice thrown again. The 
total number of dice (red and white) now showing faces with 4 or more 
pips uppermost wa^ noted; this will be called the “Second Throw” 
corresponding to the “ First Throw ” previously made.*]* Evidently there 
will be correlation between the first and second throws.} 

* Mem, Manchester Lit. and Phil, jSoc. 61 (1907), No. 16. 

t It may be shown without difficulty that the probability of tl^e case in 
•which the first throw is p and the corresponding second throw is q is the 
coefficient of in the expansion of 

(J)24-wi(i + |g)X2-m. 

t In fact, r=^. 
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Foi 500 pairs of throws of 12 dice, of which 6 were marked red and 
were left down and counted again in the second throw, the results were 
as ill the following table, a pair of throws of (say) 2 and 5 being entered 
as a unit in the square at the intersection of the third row and sixth 
column. 


Second Throws 




0 

1 2 

3 

4 

5 

6 

7 

8 

9 

10 11 12 

Totals 


0 











0 


1 


1 

1 

1 







.3 


2 


1 


2 

3 

2 





8 


3 


2 

3 

5 

6 

2 

6 




24 

t 

4 


5 

9 

8 

11 

16 

7 

6 

1 


63 

Qcl 

W 

5 


2 

f) 

17 

24 

19 

25 

11 

2 


105 

H 

6 


1 

5 

14 

25 

24 

24 

17 

4 

3 

117 

§ 

7 



2 

2 

13 

16 

27 

12 

4 

2 

78 

§ 

M 

8 




2 

7 

13 

22 

14 

5 

3 

66 

Ph 

9 





3 

- 6 

6 

9 

5 

2 

30 


10 







2 

1 

2 


5 


11 








1 



1 


12 











0 

Totals 

0 

0 12 

25 

61 

92 

97 

119 

71 

23 

10 0 0 

500 


The means a and 6 are of course approximately * each equal to 6. 
Let denote the value of the mean of the second throws corresponding 
to the value x ‘of the first throw ; then we have from the above table 


w 1 

2 1 

3 4 

5 

6 

^ ! 

8 

9 

10 11 

3/m 3 

CD 

4-9 5-2 

5-7 

6*1 

6-6 

7-0 

7-5 

8-0 8-0 


These lie very nearly on the straight line 


so 




Similarly if denotes the value of the mean of the first throws 
corresponding to the value y of the second throw, we find very nearly 


Hence we have and r=i, nearly. The value of o-^ may he 

• The computed values of the arithmetic means are a=6-960, J=6*106. 
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found from the frequency distribution of the first throws alone, ignoring 
second tlirows, which is (adding rows in the above table) 


X 0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

frequency 0 

3 

8 

24' 

63 

105 

117 

78 

66 

30 

5 

1 

0 


For simplicity, 

we shall assume that a = & = 6. 

We then obtain 

ic. 

Frequency. 

{x - a)K 

Product. 

0 

0 

36 


1 

3 

25 

75 

2 

8 

16 

128 

3 

24 

9 

216 

4 

63 

4 

252 

5 

105 

1 

105 

6 

117 

0 

0 

7 

78 

1 

78 

8 

66 

4 

264 

9 

30 

9 

270 

10 

5 

16 

80 

11 

1 

25 

25 

12 

0 

%= 600 

36 



2 


(ra = -2(a:-a)2 = 2-98e, 


(ri=l-Y3. 


The value of o-g is found in precisely the same way from the frequency 
distribution (adding columns in the above table) 


y 

0 

1 2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

frequency 

0 

0 I12 

26 

51 

92 

97 

119 

71 

23 

10 

0 

0 


We find 0-2^=2*966, so that 0-2= 1*72. 

Lastly, let us compute the value of r from the formula of § 161, 
namely. 

We find '2{x^ - a) (y^ - 5) = 6 64, 

and therefore r = 0*002 x 0*578 x 0*581 x 664 
= 0*45, 

agreeing roughly with the previous determination. 

JEIx. 2 . — When three of the 12 dice were marked red^ and were left down 
to he counted in the second throw, Darhishirds results were as follows : 



0 1 
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9 10 11 12 


03 

3 

1 

1 

5 

2 

2 

4 

5 





4 


1 

8 

6 

21 

16 

6 

6 




6 


4 

3 

12 

15 

23 

22 

9 

3 

1 

EH 

6 

1 


10 

16 

IT 

23 

28 

22 

5 

1 

§ 

7 


1 

4 

9 

17 

18 

24 

16 

6 

3 


8 



1 

6 

6 

10 

14 

8 

7 

2 


9 




4 

3 

9 

6 

6 

2 



10 





1 

1 

1 

4 

3 



11 







1 





12 












Wi%d the coejjlcieut of correlobtion, 

Mx, 3, TVhen nine of the 12 dice were marked red, and were left down 
to be counted in the second throw, DarhishMs results were as follows : 

Second Throws 



0 

1 2 

3 

4 

5 

6 

7 

8 

9 

10 


0 











1 

1 

1 









2 

2 

6 

1 

1 






I 

3 


6 

7 

3 

1 





4 

1 

8 

18 

19 

6 

1 





5 


6 

17 

30 

32 

13 

1 




6 


1 

10 

18 

34 

26 

10 

1 


EH 

7 



4 

17 

26 

30 

18 

7 



8 





7 

28 

16 

11 

5 


9 





3 

6 

16 

9 

7 


10 






1 


4 

3 


11 









1 


12 











Find the coefficient of correlation. 


Fx. 4 . — In the following table, which is due to Weldon,"^ x denotes the 
length of the carapace of the common shrimp, y denotes the length of the post- 
spinous portion of the carapace, x,^ denotes the mean of the mines of x 
corresponding to a definite mine of y, and y^ denotes the mean of the mines 
of y corresponding to a definite value of x. The mean value of x is 249'63, 
its standard deviation is 6‘7Z ; the mean value of y is and 

its standard deviation is 5*18. 


Proc. P.S. 47 (1890), p. 445 ; 61 (1892), p. 2. 
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y- 


Over 186 

262-11 

186 

258-25 

185 

256-15 

184 

256-84 

183 

254-88 

182 

254-18 

181 

253-28 

180 

251-73 

179 

251-34 

178 

249-78 

177 

249-10 

176 

248-53 

175 

246-79 

174 

245-73 

173 

245-02 

172 

243-89 

171 

243-67 

170 

241-28 

169 

241-06 

Under 169 

239-88 


X. 


Over 260 

188-41 

260 

185-41 

259 

183-25 

258 

182-25 

257 

182-34 

256 

182-22 

255 

181-14 

254 

179-98 

253 

179-50 

252 

179-17 

251 1 

178-68 

250 

177-71 

249 

177-39 

248 

176-64 

247 

176-36 

246 

175-20 

245 

173-56 

244 

173-31 

243 

173-33 

242 

172-81 

241 

171-30 

240 

169-57 

Under 240 

170-33 


From these data show that 




!^ = 0 - 67 , 
^1 


^=^0*975, and consequently 

rcTj 


Eos. 5 .* — An urn containing white and black halls is so maintained 
that in drawing a. hall the probability of getting a white ball is a constant 
and that of getting a black ball is q= I -p. The first drawing of a pair 
is to consist of s balls taken one at a time from the urn. The second draw- 
ing is to consist of s balls of which t are taken at random from the s first 
drawn, and s — t are drawn one at a time from the um. Show that the 
coefficient of correlation between the number of white balls in the first and 
second drawings of a pair is tjs. 

166. The Coefficient of Correlation for Frequency Distri- 
butions which are not Normal. — The theory may be extended 
to frequency distributions which are not normal in the following 
way.f 

* H. L. Rietz, Annals of Math. 21 (1920), p. 306. 
t Cf. G. U. Yule, Pros. May. Soo. SO (1897), p. 477. 
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Let 03 and y denote deviations from the means of the 
measures of the two attributes. Let denote as usual the 
mean of all the values of y which are observed in association 
with a given deviation x of the attribute A from its mean. 
Then in the case of normal frequency distributions we know 
(§ 162) that if the values of are plotted against the corre- 
sponding values of cc, the representative points lie on a straight 

QT 7^ 

line, namely, ?/m = lx, where I has the value — . 

In the case of non-normal frequency the points will not in 
general lie on a straight line, but let us try to find a constant 
I which will satisfy all the equations 

y-ux ~ 

2/m2 ^ 


as well as possible, when XyX^. . . the observed values of 
and y^i, ... the associated values of ?/„. ^ We shall 
suppose that to the equation a weight is attached, 

equal to the number of observations on which it is based, say 
From these equations of condition we have at once the 
normal equation for 5, 


where the summation is over aU the distinct values of ®. This 
equation is evidently equivalent to the equation 


where the summation is now not over aU the distinct values of 
£c, but over aU the observations, so that the same value of 
occurs n. times in the sum. 

If as before we write for the mean of a?, vj® for the mean 
of and w for the mean of xy, we see therefore that the 
straight line which best fits the points {x, y„) is the straight 
line 


2/m 


(T^r 




■X, 


just as in the case of normal frequency distributions. Similarly 
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the straight line which best fits the points y) is the 
straight line 


We may then call the number r defined in this way the 
coefficient of correlation of the two attributes, even though the 
frequency distribution is not normal. 

167. The Correlation Ratio . — A more satisfactory method 
of estimating the degree of correlation in a non -normal 
frequency distribution is by means of the correlation ratio * 
which is defined in the following way. 

Let the total number of individual observations be N, and 
let N^(r, y)dxdy be the number for which the attribute A lies 
between x and x dx, while the attribute B lies between y/ and 
y 4- dy. Let where 




y)dy, 

00 


be the number of individuals for which A lies between x and 
x + dx, and let denote the mean value of y for this set, so 
that 





There will be high correlation if the of this set are always 
clustered closely around the value y^,LeAi the standard devia- 
tion of these y’s is always small. Denoting this standard devia- 
tion by 0 -^, we have 

y— 00 

If <rj is to be small for aU values of ce, its weighted average 
must be small. We shall denote this weighted average by so 

J — aa y—oo y — 00 

Now the standard deviation o-g is given by the formula 

"■2®= f f (y-Vf’^{^,y)<ficdy. 

y - 00 y — 00 

* Cf. K. Pearson, “On tlie Theory of Skew Correlation,” Zh-aners’ Resm-iA 
Mem. 2 (1906). 
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If in this we write {{y- j/m) + (.Vm - obtain 

a-2^=02+f [ 2{y-y^){y,,-'b)'i>{x,y)<^y 

J~<X> J — CP 

+ r r Cvm - y)^^y- 

7 — 00 7 —00 

Since f [y - y)^y is zero, the first of these double 

J —CO 

integrals vanishes. So if we define a new number rj by the 
equation 

= —2 r r (2^“ " y)^y> 

0*2 7 — CO 7 —00 

the last equation becomes 



Since high correlation is associated with very small values 
of 6, we see that high correlation is associated with values of 
nearly equal to unity. If, on the other hand, there is no 
correlation, there is no reason why the mean of the j/’s for each 
separate value of x should differ systematically from the mean 
of all the y% and we may therefore expect [y^ - Vf to be small, 
and consequently rj to be small. 

The number rj is called the correlation ratio.^ From the 
definition, we have 

^2 7 — 00 

so that rf is the weighted average of (j?m - 6)® divided by <r^. 

168. Case of Normal Distrfjiations.— We shall now show 
that when the freguewy distraction is normal the correlation 
ratio is identical with the correl<^ion coefficient r» 

For in the case of normal frequency distributions, as we 
have seen (§ 162), we have 

yM-5 = — (®-a). 

where a is the mean of all the cc’s, 

so 7)2 = 

* There is, of course, a second correlation ratio obtained by interchanging the 
parts played by x and y throughout. 

CD 311 ) 


23 
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Since / - a^dx = o-j®, 

J -CO 

this gives which establishes the proposition. 

169. Contingency Methods. — It frequently happens that 
the attributes whose correlation we wish to discover are of 
such a nature that they do not ac^it of quantitative measure- 
raent — e.g. different colours, — and the groups into which they 
are classified cannot be arranged in a sequence possessing a 
logical order. To meet this case, what are known* as contingency 
methods have been devised by K. Pearson.* 

Let A represent any attribute, and let it be classified into 
groups Aj, Ag, . . ., Afi ; let the total number of individuals 
examined be N, and let the numbers which fall into these 
groups be n^, respectively. Then the probability 

of an individual falling into the_pth group is Now let the 

same population be classified according to any other attribute 
into the groups Eg, . . and let the group frequencies 
of the N individuals be respectively, so that 

the probability of an individual falling into the ^th group is 

Then by the theorem of Conjunctive Probability, if the 

two attributes were entirely uncorrelated, the probability of 
an individual falling into the group A^ and also into the group 

would be so the number of individuals to be expected 
satisfying these conditions would be which we shall 


denote by vpq. Let the number actually observed as satisfying 
these conditions be n^q. Then the differences in so 

far as they are systematic, represent the correlation of the two 
attributes, and some function of them may be taken as a 
measure of the correlation. Pearson introduced two of these, 
namely, the Toot-mean-sguare contingency <!> defined by the 


equation 


★ 


^ -w — 



Drapers’ Co. Ees. Mem., Biom. Series, i. (1904). 
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and tho mean contingewy tf/, defined by tbe ec[uation 

where 2' denotes summation over the positive contingencies 
only. 

170. Case of Normal Distributions. — We shall now show 

that when the fregneTicy distribution is normal^ the root~memr 
square contingency is connected with the correlation coefficient r 
hj the equation 

= = 5 , or arc sin r = arc tan 

1 


For when the frequency distribution is normal, taking the 
origin of x and y at the centre of the distribution, we have 
(§ 162) 


-S=:. 


"w 


^ ^ g ” 20*2^ 


SO 


and 


N 


"■2012" 20-82 




27rcri(r2 

XT 1 / a:2 ^Irxy y2 \ 

2(l-r2)\oi2 


Vy-2^o-,<r,V(l-rf 


Therefore 


lH-y2 2rxy LtlL.J? 

”2(i-r2) <yj2+o^o-2(l-’’*) 2(1 -r2) org® 


(n g - 1 J 1 - r® 

= — -— I 1 /ga Srxy , sL 

■^'^2 2 ^ 2(l-rS)\i7i2”<riir2'*'<7'aV +e 2iri* W 

I 

rco r'jo _ y ^2 

Substituting this expression in = j j ^ ds^dy. 

and remembering that 


we have 


1 * 

<jf)® = -I n “ 2 + 1 = 


’ 1 - 7*2 




which is the required result * 

* For other deductions, of. W. P. Elderton, Fregumey Curves and OorrOaiim, 
(London, 1906), p. 148. 
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171. Multiple Normal Correlation. — We shall now extend 
the theory to the case when more attributes than two are con- 
sidered. ' For simplicity we shall suppose the number to be 
three, but the formulae admit of an obvious generalisation to 
the case of any number. The frequency distribution will be 
supposed to be normal, so the probability that the attribute a 
has a measure between x and x-\-djx, while the attribute /3 has 
a measure between y and y-^dy, and the attribute y has a 
measure between z and z + dz, is y, z)dxdydz, where 

<l>{x, , (1) 


and K, a, &, c, /, g, h denote constants, the origin having been 
taken so that the mean values of x, y, and z are zero. The 
constant K may be determined at once from the equation 


/ oo TOO reo 

I / <^{x,y,z)dxdydz = '. 

-CO/— ooy— 00 


for, remembering that if xj is a positive 

quadratic form and A its detexmmant, then 


/ oo roo roo roo 

I / .../«■ 

-00 y — 00 y — 00 y — 00 


F(xi,% . . .,Xn) 


^dx^dx^ 


dx -~ 

Ai’ 


we have 


i 


where 


A = 


aha 
A 5 f 
9 f c 


= ale + 2fgh Ig^ - chK 


( 2 ) 

( 3 ) 


By integrating the expression (1) we readily obtain the follow- 
ing results ; 

The probability that a is between x and x + dx, while /? is 
between y and y + dy,y being disregarded, is 

1 -l(Ba!2+A2/2-2H!r2/) 

- -^e dcAy, (4) 

where A, B, ... axe the co-factors of a, 6, . . , in the 
determinant A. 
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Comparing (4) with the usual form of the frequency function 
for two variables, namely, 

2(l-r2)\ff? C7i<r2 


Sw^o-gVCl - ’■*) 
H 


v = - 


dady, 

B 


we have , '■2A’ ''® “2A' 

The coeffiderd of correlation of the attributes a. and j3 is therefore 

I I 

We shall denote this by Introducing similarly 


OA-IWAJ- ^^(JLIV^UO UXJLJ.O / 22* 

the coefiBcient of correlation 7*23 between /3 and y, and rjg 
between a and y, let us consider the determinant 


R = 


'12 


'13 


'21 

^31 


and denote by the co-factor of the element in the _pth row 
and gth column. We have 

R-l . H G I 

'ABO' 


Rn,= 


1 

H 

G 

^(AB) 

V(AC) 

H 

1 

F 

V(AB) 

1 

V(BC) 

G 

E 

1 

7(AC) 

s/(BC) 

1 

— R — 
BC’ *2 

hA 

T? _ 

GfiABy 



9^ 


c, etc. 


These equations may be written 

^ ~ SAcr V V ~ 2R(r2^f^, Rj 2 = etc., 

so we have a = h — etc., 

,^i:icr2 ZjXGT^p'z 

and thus finally expressing the frequency function in terms 
of the correlation coefficients and standard deviations, the 
'probability that the attribute a has a measwre between x and 
X + dx, while /3 has a measure between y and y + dy^ and y has a 
measure between z a'thd z + dZj is 

y> dxdydz, 
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where 

1 „ ' /Hik* I I j 'iKjvrwV 

^ ^ 1 aKv iri* tr-i* tra* tr^jirg tfgttt tfitrg / 

Similarly in tho goneral caBe* whe/i fhrir ft re n rttrhUrn 
• • •) 'i^*hosr Hftmdttrd drrittliom ttrr <rj, »rj|, , , *» ir,,, ft mi 
whose correlaliarL rorfficimts in pttirs are r^^ . , .» ihr prah^ 

ahilUy that the first atfrihitte httstt wrasorr hrttrrrn ttnd 
vdiile the second aUrihuie has a meftsttre hrttrrrn nud f dr^, 


and so on, is 

'^'a» • • •* tr 

where 




1 

(27r)%j(rjj . 







■■). 


Here li denotes the determinant 


^ ^'la 

' ai ^ '*88 • ' * ^'tii : 

• « fr « a 

'Vi ^ »a '‘ii3 • • • 1 


denotes the oo-faotor of the element in the ;#th row and 7 th 
column. 


Ex, 1 . — In the case of three attributes, sujijmse that y is known to hare h 
measure between a and tt + dz: show that the proliuhility that a hue a 
measure between x and tr-fc/ur, while (i hue a ineastire between y and 
y + dy, is 






SO that when the measure of y is known h hr «, the wean value of a is 
and the mean mine of (i is 

<^3 

Ex, 2 , — In the case of three attributes, sujijwse that y is known to have a 
measure between z and z-\-(h, and ft (0 hftm a mmsure het^mm y and 
y^dy, ilhow that the probability that a has a measure betwmi x and 
x + dx is 





^t^l9 





so that when the measure of y is hmm to he a, and the mmsure of fi is 
known to he y, the mean value of the measure of a is 


(Tglln 


K. Poarson, Phil. Trans. 187 A (1895), p. 263 ; 800 A (1902), |*. 1. 



(JIIAPTER XIII 

THE hEAIKMI KOU rSKIOUlCITIBS 

172. Introdootion. — In Chapter X. we have been concerned 
with NUtna uf tri({onotuotric terms of the type 

»», ooa (it/ t f ,) + II, ctiH {'ltd + «,)+• fij coa {Sni + * 3 ) + . . . ( 1 ) 

As explaiittHl in S i:i2, the vibration of a violin string may be 
roproMuttMl by a seriee of this kind when I denotes the time and 
II,, II,, . . . iiru oorlaiii functions of position on the string, the 
ituliviiliial torms of the series oorrespondiug to the fundamental 
note of the string and ite various overtones. 

It is shown in works on the Theory of Sound that if instead 
of a violin string we oonsider a bar vibrating laterally {e.g. a 
tuning fork), we obtain for the motion at a definite point of 
the bar a serius of the ty]K) 

«, 00s (ft,/ •» «,) + 11, CUM (n^ + f,) + Og COB {n^ + *3) + < • • (2) 

whore o,, u,, Ug. . . . are certain functions of position on the 
liar, but whore we now no longer have 71 , equal to twice Wj, or 
a, eiiual to three times n,j in fact, the ratios Wi:n,:7»8: • • • 
are equal to tho ratios of the squares of the roots of the 
fN)uation DOS m oosh m + 1 - 0, so that 
:bfi2 . . 22*0.'l . . 61*70 The sum of a series 

of the ty|» (2) is evidently not a periodic function of t, 
but wo can s)Hiak of it as constituted of elements which are 

periodic, the periods being etc. 

In many branches of physical soienoe, especially in meteorb- 
logy and astronomy, phenomena are observed which may be 
raprosentod by sums resembling (2) : for example, the height of 
sea- water at any instant depends on a number of eonstitutnt 

348 
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iides, of wliioh one (the semi-diurnal tide, which is the largest 
constituent tide along the British coasts) has a period of half a 
day, another (the diurnal tide) has a period of a day, anotlier 
(the fortnightly tide) has a ][)eriod of nearly a fortnight, ami so 
on. Each constituent tide produces its own eiloot iudeptuid- 
ently of the others, and the ttotual height, tif water is the sum 
of these effects. The height of water can therefore be repre- 
sented by an expression of the form 

y "• rto + rtj cos («j/l + «,) + rtf cos (7*g/ ■)€,) + . . . •+ rtj. roH (n/ * f^), 

each of the trigonometrical tenim corrosponditig to one of the 
constituent tiiles. 

In the case of other phenomena, r.ff. the spottednesa of 
the sun, the variation of the observed quantity appears to 
consist of an accidental or capricious part, whicfi cannot be 
represented by any analytical expression, superposed on a 
systematic part, which tho mathematician may attempt to 
represent by an expression of tho form (2). The area covered 
by spots on the sun certainly fluctuates in a way which 
suggests a certain amount of regularity in tho variation, 
maxima occurring at intervals of (on the average) mther 
more than eleven years. 

If a series of observations of any (inantity are taken, and 
there is reason to expect that they can Ijo mpnjBontod by a 
sum of trigonometric terms, or that they involve (untangled 
with an irregular variation) a regular variatioti which can lie 
represented by a sum of trigonometric terms, then the first 

task of the mathematician is io diiaovfr /hr yrtiodn . 

flji 

of these constituent terma This must always }« done before 
we attempt to find the amplitudes ntj, o,, a^, ... ov the phases 
<i> «jj ^a. . . . In many oases the periods are known a priori 
from theory or from some reasonable ground of expectation : 
for instance, we should naturally expect tho periods of the 
regular terms in the temperature at a given place to be a day 
and a year. But in many other oases, r.ff. the spottedness of 
the sun, the periods are quite unknown. We shall show in the 
present chapter how they may be discoveretl. 
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173. T«rtinf for m Aumaed Period-Let the observed 
mftwunw of tltu {ihonowt'iion. made at otjual intervals of time, 
lio (ioiiuUiil by 

"o. «|. »S. . . . (1) 

and Huin»«>«n that it ia demred to test this sequence for a 
IwrimliiMly wIumhi jiariml nxt^mds over p consecutive numbers 
of th« HOi|uoiu-« ; miKht, for instance, mean the number of 
Barllnjimkw* in i ho year .*•, and we might wish to know whether 
lli« liability Ui oarthquakos is greater every p years. Let 
ib'nnle the nmuiindor when an integer r is divided bv p, so 
that the MN|uencit 

» 8 . • • • ( 2 ) 

is Him|)ly 

0 . 1 . 2 , 1 ). 0 . 1,2 0 , 1 , 2 , ... ( 3 ) 


Then the question " Doos the sequence (1) involve the assumed 
IHjritxlioity ? ” may Iw expressed more precisely thus: “J)oes 
turrrUlion f.riat brtwern thf arqmnct (1) and the sequeme (2) ?” 
As the fn«|ueney distribution with which wo are dealing is not 
likely to Im normal, tho correlation ratio (§ 167) is a better 
methoil of osliiiiating oorrelatiou than tho correlation coefficient. 
To find the cnrrolation ratio, we must first arrange the u’b in 
oolunins, «• that all tho h's which correspond to the same value 
of r are in the same ooltinin. This may obviously be done by 
merely writing down the k’s in order in horizontal lines, each of 
which oontaina p »'s thus ; 


1% 



■ «p-l 







« ■ ■ 

. W^-1 

iV 

’'(ill iV+» 



I's 


■ tf. 



All the H*8 in th« flmt column oorrespond to the value aero of 
I*, all the «'s in the second column correspond to the value 
unity of e, end so on i we have taken enough of the observa- 
tional material to fill w horizontal rows, and we have denoted 
the sums of the individual columns by Uj, Uj, . . ., Up-i. 
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Dividing thGso last numbers by m wo obtain the niiyms Mp, 
Ml, . . M -1 of tho values of u in the individual coIuiiiuh. 
Then (§ 167) the mrelntinn ratio i/ m the etamtard deiHatum of 
the M’s, divided hj the standard dnualion of the n'e, Tho vnluo 
of ij is oaloulated in this way for a largo niiiulter of valtuw of j>, 
and the results plotted as a curv(' in wliich p is tlw' abwiissa 
and the corresponding value of y is the ojHlinato. '1 his eiirvi' 
will be called a pe nodog ram.* 

It is easy to see why the ratio of the standard deviation of 
the M’s to the standard deviation of the m’s is a sniuble 
indicator of periodicity. For in the course of one hori»»ntal 
row of the above scheme, the part of the phenomenon wliich is 
of period p will pass through all the phases of one complete 
period, so that this periodic part is in the same phase at all 
terms which ore above or below each other in the same vertical 
column, e.g. it is in the same phase at the terms i/,, , 

. . The part of the phenomenon which is of iicrioil 

p therefore appears with wi-fold amplitude in the row Ug, U,. . . 

and therefore appears with its own projier amplitude in 
the row of means Mq, Mj, • . Any accidental disturb- 

ance on the other hand, or any periodic disturbance of ]iorio«l 
different from p, will be enfeebled by tho process of forming 
means, since positive and negative deviations will tend to 
annul each other ; and therefore, when a periodicity of periisl 
p exists, the standard deviation of the M’s has a value much 
larger than when a periodicity of this period does not exist 
in the phenomenon. 

174. The Periodogram in the Keif hhonrhood of a Trne 
Period. — Suppose now that each of the terms of the sequence 

2»r.r 

Ug, consists of a simple periodio part of period T, say a sin 

together with a part which does not involve this periodioity, 
say 6„, so 

. 2700 . 

* The Urm periodogram wan intrmluaed by Hrhimtor, TttrmtfifU MngmtUm, 
8 (1898), p. 24. SohuHtor'H iwriodogi^iim diirnrw tVm»» tlmt iiilroduciMl almvi', 
but the similarity of form and purpose is m groat that it haw ieemrd Iwst tu 
retain thu name. 
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I)4«not« by <fk tho Rtaniliinl deviation of the ft’e, and denote 

by if llio Hlainlard deviation of the ii'i. Since the atandard 

. 2ir , 4ir . Bit .1 
dovtalinn of iJie U, mn , hiu ,j, .am is 

‘Im" 

ami them i* no <'orrelation lattwoon and n ain ^ , we have 

- -5"* * ‘h*’ 

Next, let I', di'HoU' aa liofom the auin of + • . . 

+ |), ... and let denote tho aum + + 

,, f . 2in- . 2ir(/< ♦ ^) ain 2ir(m - 1)p + 2?r.vM 

lJ,-nJain .j. +aiii ' + ...+ ' T 1 


mwji 

or 1,-0 ain^,j. + ,j, ^ + B,. 

aiii .j,' 

Ihmoto by ibn akuidard deviation of tiie U’a and by the 
atandanl deviation of tho B’a. Ttion in tho aaino way aa we 
found IT, we litid 


, «»«■ 


4. V » 


- airfTf' 

Now. ainoo H, ia the amn of w of tho /<,'a, wo may write 


V a. 


and ihereforo 


ain*'"*^’ 

« t , T 

VI ^ «l . .. 


•in* Tj/ 


+ WUf 1*. 


Tima if -« donotea tlin ataniiani deviation of the means 
M,, . . .. of tho individiiai oolurana, wo have 


VI* ^ NW 

Mm AM 

in* 

ll« 

2i/i* 


mtv 


sin* 


mwp 

t b,-. 

irp ni " 
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Therefore, if ij deootee na umi*! Ihu corrulnlion rntm, w« Imvo 


This it the equation of the whoii ;» nml ij are 

taken aa rectangular 00 H>rdiitaU<« ; or to M|Mutk iiioitf mxjuratiily, 
it is the form to which the e({ualioii of ih« imriiNiograiii Uiiulit 
aa the amount of obeervational material, tiaed in eonalmi'ltng 
it, is increased indefinitely. The tiuinlwr m will, in imwi oaam, 
be taken greater than 20 if there ia annioient oluMtrvational 
material to provide so many horianntal rovrn. 

From the above equation it ia nliviotiN tiiat with atieh a 
value of m, is a rather small frautiim. exiwia wh«n /> ia inwrly 
equal to T. Let;p<BT(l - a), whore a ia a atiiall nitnilier; then 
as a tends to sero, the above viUue of lands to tlie value 


and as m is a large nunaber, this is nmrly 


It falls 


away rapidly as a passes away from aero in eitlmr dirmlion, 
and when a- i beconws 


2 ®* + 

which is the smallest value it can take for any value of p. 

There are maxima of q again near the values of /• given hy 

Stt , . . 'I 

j * ntff ± ^ , that IS when a ia nearly wjual to • ‘ • t Villnet- 
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iiiK otir rimulu*. wo iimy Huy that irhen i/te phenomenon dndied 
M *1 rnmidr pnuult* tikAhulmmr vj period T, eujierjmmd on a 
nuH nij^i niOtu difiinrhitftt f , uml ihe penoitimritni tH r.omjiuted 

ir%(h ii ea!ur oj m , the pfriothijettfii eorff in vlone to the axis 
of p ejetpf udien p i*<i i/i fitr fieitfhhottrliouti q/* T, tr/u ro the (mm 

has a p*oi of ionidth , jlnnked hif amollee pmfce on hofk sides, 

Thi» tif iluua’ \makn in thu jjeriodogram i» the means 

liy wliioh w« ilim'ovor Itiililoti prioilioithm, 

17 ^ 1 . An Kxampte of PiriodogrMti Analysis.- Tlui table 
UAnw ^ivi'a tlio iiuigtiiluiio (<,#•, a tnoaHnro of the brightuima) of 
a varialilo t*iar at muliiiglit on 000 HUcoesHivt^ days. (Theso 
itijigtutudi*a wrro uhuinoil by reading ulF from u curve, on 
which all lh*» iilm<’rvatii»nii of the atnrn hrightncsH were plotted ; 
they Imve l»eim rmluoial to a HC4ile miiUiblo for ])enodogram 
aiialyaia) It ia re^iuinnl to fltui a trigonometrical function 
which will n«|iri^*tit the Miagiiitude at any time /. 


I».)r 1 

1 

■ Il 
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thiy. 
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20 
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51 

13 

71 

11 

91 

20 

12 

IH 
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H4 

52 

10 

72 

10 

92 

20 
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14 

i :i.H 
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53 

10 

73 

10 

93 

20 

14 

10 
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54 

22 

74 
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94 

20 

15 

7 

.H5 
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75 

12 

95 
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Day. 

Mag. 

Day, 

Mag. 

l)»y. 

Mag* 

Day. 

Miik, 

Day. 

m«k. 

101 

18 

142 

12 

183 

19 

224 

15 

2(ia 

27 

102 

17 

143 

16 

184 

15 

225 

15 

206 


103 

16 

144 

19 

185 

12 

226 

\{\ 

207 

30 

104 

15 

145 

23 

186 

J) 

227 

17 

208 

DO 

106 

13 

146 

27 

187 

7 

22H 

17 

209 


10(i 

12 

147 

30 

188 

5 

22D 

17 

270 

2D 

107 

11 

148 

112 

189 

4 

230 

17 

271 

27 

108 

10 

149 

33 

190 

4 

231 

18 

272 

26 

109 

9 

150 

34 

191 

5 

232 

18 

273 

*}*} 

M M 

110 

9 

161 

33 

192 

5 

233 

19 

274 

19 

111 

10 

152 

32 

193 

7 

234 

H) 

275 

10 

112 

10 

153 

30 

194 

9 

235 

20 

276 

12 

113 

11 

164 

27 

196 

12 

236 

20 

277 

9 

114 

12 

165 

24 

196 

14 

237 

21 

278 

(i 

116 

14 

166 

20 

197 

17 

238 

21 

279 

4 

116 

16 

167 

16 

198 

20 

239 

22 

280 

2 

117 

19 

168 

12 

199 

22 

240 

22 

281 

1 

118 

21 

169 

9 

200 

24 

241 

22 

282 

1 

119 

24 

160 

6 

201 

25 

242 

»>•> 

MM 

283 

2 

120 

25 

161 

3 

202 

26 

243 

22 

284 

4 

121 

27 

162 

1 

203 

27 

244 

21 

285 

7 

122 

28 

163 

0 

204 

27 

215 

20 

286 

10 

123 

29 

164 

0 

205 

26 

246 

19 

287 

14 

124 

29 

166 

1 

206 

25 

247 

17 

288 

17 

126 

28 

166 

3 

207 

24 

248 

16 

289 

21 

126 

27 

167 

6 

208 

22 

249 

14 

290 

26 

127 

25 

168 

9 

209 

20 

250 

12 

291 

29 

128 

23 

169 

13 

210 

18 

251 

11 

202 

31 

129 

20 

170 

17 

211 

17 

252 

9 

293 

33 

130 

17 

171 

21 

212 

15 

253 

8 

204 

34 

131 

14 

172 

24 

213 

14 

254 

7 

295 

34 

132 

11 

178 

27 

214 

13 

265 

8 

290 

33 

133 

8 

174 

30 

216 

13 

256 

8 

297 

31 

134 

6 

176 

32 

216 

12 

267 

9 

298 

29 

136 

4 

176 

33 

217 

12 

268 

10 

290 

26 

136 

2 

177 

33 

218 

12 

259 

12 

300 

22 

137 

2 

178 

32 

219 

13 

260 

14 

30! 

19 

138 

2 

179 

31 

220 

13 

261 

17 

302 

14 

139 

4 

180 

28 

221 

13 

262 

20 

303 

11 

140 

6 

181 

26 

222 

14 

263 

23 

304 

7 

141 

9 

182 

22 

223 

14 

264 

25 

306 

4 
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l)<ty. Huy. Mu*;. 

Afif. 12 r.8:t :m 

f)li() 8 fiKJ 34 

6(17 ti a8A :!;i 

6(18 3 I r.8(> 31 

A(J1) 1 687 2!1 

r»7() 0 f.8H 2ii 

fi7l 0 680 22 

672 1 6U0 18 

673 3 601 16 

674 U 602 1 1 

676 10 693 8 

67(1 13 604 6 

677 17 606 3 

678 21 69(5 2 

670 25 607 2 

680 28 608 2 

681 31 600 4 

682 33 000 6 

We have first to find the moan valiio and Btaudani doviiitiun 
of the observations. By the inotliodH of Chapter VIII, we find 
Mean value - 17, 

Standard deviation » 8'63. 

As there are on the whole aliout 21 maxima and 21 mininin 
in the 600 days, we suspeot that ono of the moat important 
periods will be not far from 600/21 days. Wo shall therefore 
take tiial perioda ranging from 20 days to 324 i that is, we 
shall give to p in sucoession the values 20, 204 , 21 , 214 , *®>d so 
on to 324 . Taking ra- 17, the summation process for, 24 
days is as follows : 


Day. 

Mag. 

Day. 

Mag. 

Day. 

Mag. 

611 

14 

629 

26 

647 

8 

612 

14 

630 

26 

648 

10 

613 

13 

631 

26 

649 

13 

614 

13 

632 

26 

660 

10 

615 

13 

633 

24 

661 

20 

616 

13 

634 

23 

562 

23 

617 

13 

636 

21 

063 

26 

618 

13 

636 

19 

664 

‘JD 

619 

14 

637 

16 

656 

31 

620 

14 

638 

14 

666 

32 

621 

16 

639 

12 

667 

32 

622 

16 

640 

9 

668 

32 

623 

18 

641 

7 

659 

31 

524 

19 

642 

6 

660 

29 

626 

21 

543 

6 

661 

26 

626 

22 

644 

4 

662 

23 

527 

24 

645 

6 

663 

20 

628 

24 

646 

6 

664 

16 
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The sums at the foot of the onluinnH are tho ntiuiborti 
Ug, . . . correspondintj to this trial loriod. 

When the trial period is not a whole nunilter of dayH, 
modify the arrangoment slightly so uh lo soonre that leniiM in 
tho same phase are still in tlin saino vortienl enhinni ; tlnw if 
the trial period were 31 J dayH, we sliotild wriu» tin' valiina 
corresponding to days 1 to 31 in the first horizontal mw, aijii 
the values corresponding to days 32 to 02 in the mfonil 
horizontal row, then we should omit altogetlier the value 
corresponding to day fi3 in order to firing the value eormB}i«ind- 
ing to day 64 to the beginning of tho third rriw. atnl so on. 

The table of values of the «’a obtained by tho summation 
process with the different trial jHirioils is as follows : 


[Table 
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We have next to find the standard deviation of each of 
these columns and divide it by vi ( » 17) in ortler to obUuii the 
standard deviation of the corresponding column of moans 

Mj, .... 

Now dividing these standard doviatioim of the M's by the 
standard deviation of the u\ wliioh was fonml t<» Ito K.03, w»< 
liave a taido of valuos of tho correlation ratio 1 / corrcHiKaiding 
to tho different values of tho trial {HTio*! p, 'I’hi' values of y 
may evidently be obtained at onoo l»y dividing tho corrospimd- 
ing standard deviations of tho ooluinus by 14(h7l { - 17 x H-lili), 
The residts are as follow : 


Period, 

ArlthmeUo 

Meen. 

SUndird i 
DavUtion. 

1). 

Pnrloil. 

AHthmellff 

Mwin, 

HUindenI i 
IfevUMuii. 1 

n> 

20 

201-4 

4*042 : 

n'n2K 

201 

294*4 

10 H37 

O' 115 

aoi 


10*171 

0-0(l9 

27 

290 3 

22-132 

n 151 

21 

204*0 

10*018 

O-OOK 

27A 

203*0 

0-51M) 

Of) 15 

aij 

20.3*7 

7*947 

0-054 

2H 

203*9 

5H-U»7 

O', 39 7 

22 

295 

17*0,34 

0-110 

2Hi 

202*2 

lOD-Olll 

0*74.3 

224 

29.3 

(1*772 

0-040 

211 

202*3 

120-481 

0*802 

23 

294*9 

,31*0.30 

0-2 HI 

21) j| 

30 

201 

inO-OMlJ 

0*72s3 

23J 

294*7 

09*389 

0-473 

202*0 

eil'5H7 

0*420 

24 

291*2 

8,3*850 

0-572 

30A 

201*0 

15-1)18 

OMMl 

24i 

294*3 

02*507 

0-420 

.31" 

202 

17-481 

0*119 

25 

29.3 

23*198 

0-15H 

34 

203*2 

29-034 

0*198 

25i 

290 

7'097 

0-052 

32 

201*5 

10-972 

one 

20 

204*H 

23’ft(n 

0-101 

32^ 

201 

4-020 

0*027 


Those valixos of t], plotted against tho corresjiontiing valuos of 
p, give tho poriodogram shown on p. ,367. 


In^ the praclice of periodognou analyHis, itinon miviiig of IslHinr i» 
more iinportoiit than great aoouraoy, it U not unusual to omit altogether 
the calculation of the etandard dtiviationi, merely plotting the periodo- 
gram from polnta obtained aa follow#. An almiiMa Uke p, and M onlinate 
take tho difference between tho greatest and Inaat nninbem of tho wriuonco 
Uq) Uj, Uj, . . ■|Up..j j this differenoe i« called tho oieillation oomopomh 
ing to the trial period p. Tho table on p. 3ftB givm the owilUllont 
corresponding to the various values of p, Iwtween 19 days and SXi days, 
the number m being taken to be 17 throughout. 
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Trial Parlod. 

Ogclllatiun of Hum. 

Trial rnrltal. 

ONttllaltuU til Hum 

Dayn. 




19 

30 

5t«j 

20 


30 

2(t/. 

fiO 

iiO 

10 

v»7 

03 

SiOi 

32 


30 


30 


22 


27 

2M 

109 


ni 


305 


3A 

aw 

300 

22J 

20 

«!Wi 

303 

23 

H9 

30 ' 

170 

23^ 

204 

3ilj| 

5fi 

24 

23(1 ; 

31 

49 


177 


HO 

25 

74 ! 


53 

25 i 

29 


15 

25I 

23 

33 

5H 

2<J 

25 j 

3:‘4 

19 


It will be aeeu <m iilotting the cmoillation ngiiiniit ;> timl the riirve wi 
obtained cloeely reHemblee the periudi^miti ohUiined l>>‘ the mom lu-ctimU) 
and laborious method of oomputing the utAndanl devintiona, 

It will Im Been that the {wriudograin in oitr (•xniii|il(< hIiowh 
two high peaks at ^ 24 and p » 29, with the sidu-iteaks Iwlong- 
ing to these as in a diffraction-patterit in optics. Wo are 
therefore led to infer the existence of two oonstitneiit oscilla- 
tions, one of which has a period of approximately 24 days anti 
the other of approximately 29 daya In order to find those 
periods more exactly, we repeat the work so far as oonoums the 
neighbourhood of «« 24 and p - 29, but taking a larger value 
of m — say about twice as great — and also taking values of p 
separated from each other by smaller intervals. Thus wo might 
now calculate the correlation ratiM cormpoading to 23-6, 
23-8, 24'0, 24‘2, 24-4, when 84 horizontal lines are taken. 
This will give a much better defined peak in the neighbourhood 
of y - 24 ; the peak will in fact Iw only half as broad as in the 
previous periodogram. 

It may be remarked that if two periods are found (from an 
inspection of the first periodogram) to be so close together that 
the peaks corresponding to them run into each other, it will in 
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Huy U- iiiH'i'iMwry i<> th«' wcirk with a larg('r value of 

III. Ill <>r<l''i t" tliiiiiiu*li till' l>n’aillli of I'lifli jieuk and uo briug 
till- iwi> I li'iir "f ivu'li iiilu r, TIum in aiudogutm to the 

riirn'''|"'iiiliiij,; dcvu-n iii HiKM^lrinHiKi'y, nl' uitiployiiig a grating 
willi ii I iiiiiiiU'r of riiliujfa ui urdiT to roMolvn two linuB 
wliii'li iin* ll•>i diiiliiinlly wimriiliHt hy ii loimUi'r iiiHlrumout. 

Ill ■•nlor l«i g«»l llin {NiriiMin atili mnro exactly, we must atudy 
llwi iiliiiM Ilf ilio rdiiMiiiuflut nMiillationa (an found hy Fourier's 
analyaia) at dtirun’iit ii|»nclia ; for if ihoro ia a alight error in 
the iiiMiiiiiml iM'ritMl. ilm t'oiiaeiinonco will lie that the phases 
of tho omiltalioii, aa ilnterminoil from diiferent " stretches ” of 
itmU'rial. will not lit uigplhnr aoourately — the oaoillation will 
appear aa if it ware continually lieing atx'oleruted or retarded 
in pliaae , an iinpttiviHl valtn* for the period is then suggested 
hy ihn amount of acoelamtion or retardation of phase. In 
thia way wn lind that in tlio pruaent example the periods 
ani axHcily 31 and 39 daya Wo then add together the two 
oacillatioiia (if. write down the niimliera M|, M|, . . . for 
the flrat lan'iUatioii in otin horisoiital line, and write down the\ 
niimlwni M,, M,. M,. ... for the aecond oacillatton in a hori-; 
sonlal line lielow tliein, and add) and aiihtract the reHult iVom 
the given nlaMirved valuea, in onlor to nee what is loft still' 
unaooounted for. Thua 


Miy 

1 

3 

3 

4 

fi 

fi 

7 

8 

9 

24 w/ity f^tm 

Ifl-H 

1H.« 

208 

21-8 

22.9 

2.3.9 

23*9 

24 

2.3.1 


36-7 

30'7 

37:H_ 

37-7 

27-7 

3fi.6 

26.4 

24.2 

22.1 

eVwfll 

13'ri 

jXn 


40.6 

fiO.fi 

60.5 

49.:r 

48-2 

46.2 

ffirrn in fffitph 

36 

28 
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32 

33 

33 

.32 

31 

28 

iPif, 

17-6 
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I7.fi 

17.6 
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if-s 

17:2 

17*2 
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10 

11 

13 

13 

14 

15 

16 

17 

18 

hnn 

23. 1 

211 

in.2 

17.3 

lfi.2 

14.2 

12.2 

11.2 

10.2 

Irrm 

in 0 

17.H 

16 6 

13.fi 

11-4 

O.fi 

8.4 

7.5 

8.6 

*Vii r/i 

43.U 

:»H.n 

34-8 

.30.8 

36.6 

23.7 

20.6 

18-7 

16.8 

(/iivn 

26 

33 

1H___ 

14 

10_ 

7 

4 

2 

0 

Ihff 

17.0 

lun 


lolT 

l6.6 

10.7 

16.6 

I6.7 

16.8 
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Day 

19 

20 

2i 

22 

2:1 

24 

2f. 

26 

27 

24 day term 

10.2 

10-1 

11-1 

12 

14 

14.0 

lU-H 

18*8 

20-. S 

2%-day term 

(i.8 

(i.9 

8.1 

0.2 

11-4 

13.6 

16.7 

17.7 

WhH 

Sum 

17-0 

17-0 

19-2 

21.2 

26.4 

28.fl 

32*6 


40-0 

Given in graph 

, 0 

0 

2 

4 

H 

U 

ir. 

10 

23 


17-0 

17-0 

17*2 

17-2 

17-4 

17-6 

17-6 

17..3 

17-6 

Day 

28 

29 

30 

31 

32 

33 

34 

36 

36 

24i-day Urm 

21.8 

22-6 

23-0 

23.0 

24 

2.3. i 

22. 1 

21-1 

10.2 

2Q-day term 

21-7 

23.7 

25-^ 

2(5.7 

27-8 

27-7 

27-7 

26-6 

2ft.4 

Sim 

43-6 

46.6 

49“."6 

60.6 

61.8 

"60.8 

40.8 

47-7 

4-1.6 

Oimningraph 

26 

20 

32 

33 

34 

33 

32 

30 

27 _ 

m 

17-6 

1'7.6 

17-6 

17.6 

17-8 

17-8 

17.8 


17 d} 


The niimbera in the last lino are nearly eonatant, tho 
deviations from constancy being no more than might U? 
expected from tho inaccuracy of tho numlwra taken to ropro- 
sent the 24-day and 26-day terms ; so tin' ffirrn otmrtvnlinn* 
may be accounted for n* the resultant of tiro ronetitiient nerilla- 
tions of periods 24 and 29 days rrejierlivrlf/, togrthn- inth a 
constant term, "Wo thereforo write 

w, - « + 18 COB + 7 Bin 2j) + ^ cob 24 24 ’ 


the constant a must have the value 17, since this is tho mean 
value of 11 ^, and the constants y, fi, « may be determine*! by 
least squarus. The final result is 


We 


17 + 10 sin 


2ir(/ + 3) 
29 


+ 7 sin 


2ir(/ - 1) 

24 ’ 


where t denotes the time in days. 

176. Bibliographical Hots.— MetluKln for Uie dUnovory of hidden 
periodicitlea have been given by many vrriU'ra, Iioginning with Legrangv * 
in 1772 and 1778. Lagi«ngeV niethnd, wliirh haa Ikhui impnived i>y 
Dale, 7 is quite dilTeretit from the nietliod deHcrilieil nlmvo. 

In the latter half of the ninetemith century attention wan given 

• (Ewores, 6, ji. 606 i 7, p. 6'I6. 

t Monthly Not. Jl.A.S. 7* (1914), )t. 828. Carar and Hhrarer, Sdin. Math, 
Traote, No. 4, p. 41. 
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rliirfly in fill llif that (in the nntatinn nf 

J 1 73 tin 1 ’ I (|» i'n . . .. U^, I |»i*‘m»rv(*H any juM iulicity of period 

;« ihul Mu»> tx’ }>ti*xi*til in I lie ulima va) Initx^ Hiid iUh^h n«M prmu’vo other 
|x*rn»in iiK’if. Meih<«lx nf ihi*« kiinl were «iriKiiJaUMl ]>y iiuyH-iiallot * 
iiiid <leveln|x’«i hy Strn< hey f ami hy Hiewarl uinl l)<Hlgxon,t 8tokiiH§ 
ihui ill nnler l«i |f»xi an nlixervixi fiini^tiou n{d’) hit a period 

nU) e»»H nW/ might Int e^ileulatiHl ; 

if a inir )HiifMlit ity nf ♦<(<) ix repremailiMl tiy tim ti»rm rxin (aV4-a), 
ilieii whrii fi if4 mar t/ the integmix will involv** lerniK 


^ lh<’ iiilegrali 


M J'* 


) fiin njih ami 


r 



^ hill jlii' - fiyr 1 fi } ami 


I' 



ly - V),r i u}, 


wliieli art’ nf large ainplitmle iiml Imig iH’rinfi^ ami are therefore rcMwlily 

delfx’lixl. 

Hrliiixler ilifM'iixwxl I he malii’r in a immhi»r of important mumoirH,|| 
in wdiudi ihe ixThuhigram wiw inlmdiuaHl. l/'t a fniwtiou u(j) of the 
lime r take the valitixt iijj, ttj, iij, itjn , . i *tt iM|ui(liHlant vahien of the 

time ♦ a, /|| r sin* . . ‘a * IV* 


Ul 


ami il't 


A 


• jiiTit 

i n, eon , 
--^0 /* 




n t 

III. Min 

» -a 


tirr/c 
P ’ 


H 


(A« I ll«)n^ 

H 


Then ihe value of H in I he mdghVairluHKl of n pnrtirular value pa 
wiy* ilelimxl hy Va he llie ortlhmte of the |KU*io(logram fiir 

llml |H*ri*iih It wan rrtnarkijfl hy (TaigH tlmt 8 rhimU»rV formulae were 
ef|iuvalenl lo ||io*m- arriveil at in finding tlm correlation eoeftkdont r 
iN^tweaii the MHpielioe lipi «|, . . .f t iKjqUfUioeii 
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am 1 
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4ir 

etiM . 
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flTT 
eon , 
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• dr Utmaht (1847), p. 84. 

t /Yo^, //..V. «i(IH77). p. *i4». 

J /Vfir. A..V. at (la71»), p. lOrt. 

f /V.X-, a» (IH79), p|». aoa. 

P 7Vrr*'*#riri/ S (1808), |i. 18; iMinh, Phtl, Tfftuni* 18 (1800)» 

p. lo7 1 //..S\ tt (l»0*l), p. 188 ; TrnM, a08 (1906), p* tl0, 

% //ril. .fiH. ftrp p. m. 
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H. IL Turner’** hm publbhwl for fatulitatiiig tin* o(UMjititn!iniiH 
of BchuHlor’M procusa, 

A motluxi (lopondinj( on llto formation of ililforonro oijualiotiH ban 
boon Huggested by Opponheim,'j’ niMi iitoohanityd imlbiH|« huvn Ikmui 
described by A E DouglasH J and W. L JbillH.J 

** Tables for Faciliiatinff the Usn of Harmon h by H. Hi Turner 

(Oxford University Press, 

t JVten BUznmjsbff, X18 {2a) (1009), p, H'i.M ; rf. R Hopfnrr, ibitL lit Oi) 
(1910), p* 8/51. 

t Astrophysiml I. 40 (1914), p. 31irt ; « (19in\ p. 173. 

§ Pfoc. RB. 99 (1921), p. 283. 



Tint SltMKIIli AI. HOI,tlTH)N OK lUKl'KUKNTIAI. KQUATIONH 


177. Thwry of tho Method. — Tlio ImHt rmsthod df iule- 
griilmt; iliiri'rutitiiil luitnoricially in nn» duviHecl l)y 

.1. C. Aiiuiim;* it m n]i|itic»iilu to oiimitioim of any order, Ituti 
fur Hiin}<litMty wo HhuU doscrilH* its u}t|)Iicutiun to otiuutiuus of 
tho llrat order. 

l/’t the dilluroiitiul aiuiitiou tie 

( 1 ) 


with Uu> initinl oimditioti ihul // in to huvo Iho vuhie % when 


Imim ilm viiiut! 


IjiSt *''0, >» || 


.*0, , . , lui H Hefjuunco of 
of r fit iutorviilH ir ujMirt; wo Hhall lUmote the 

oorrt*KiM)tuling valtton of // by //0, //j, //g, . . , aud tho corre- 

H|H)tuling viiluoH «if hy i/q, . Tho diiroroncos 


(/h //q), (V| .yi)i «tC5., will l»o iloiiuted hy A// 0 , A//j, etc., aa uauah 
It will geimmlly \m found oonveniont to uhooHo the interval w 
mt atimll that difTuroiioea f»f order alfovo tho fourth (or, l)etter 
aliU, tlilTerencm of ortlor alaive the third) may be neglected* 
The value //p being given, tlie problem i» to determine 


?/i, f/p 

The flmt four of theae values aro determined in the following 
way ; by differentiating ecjuation (1) we liave 




( 2 ) 


• Th*ari*$ (4 Vafitlary Action, by F. Ikwhrortli and J . 0. Adsnii i Ownbrldge, 
J88.1. Tin nintliml liiM b*en iiltloo dovoloH in Kumimj moraoir* by A, Kriloff. 
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which oxproBSos in fcenim of .<• ami //. Uy ilinbit'iitiul.iii^ 

(2) we can similarly obtain in tiirnw of .<■ aiul //, ami w* mi. 

In this way all the suoceHsivo tleriviitivoH of >/ with ruHiHKa to 
X are obtained as known fuiictimiH of .<■ anil //. Thiis iti Taylnr’H 
expansion 

the quantities // q, . . . an- all known, ami tlioro- 

fore y can be found for any value of x near to By sub- 
stituting «>, 2/1’, 3//>, 4vj for {x-x^) in equation (3) we obtain 
the values of ;//j, //,, y,, with as great aoouratiy as may be 
desired ; or alternatively, we may compute Ay^, A*//o. . • • from 
the equations 


I> 

1 


11*1 A* 

11* fit^\ 

~<*)a' ISoViM/o 

A*yo" 

--(SVKS)/ 

’’A- 

2)/ H2V 

A\- 


MS' 

M2). 

A*!/o- 


< 

S/ M2l 


AX- 


and then calculate yj, y,, yg, by building up the difference 
table of the y’a. Then from either the equation 

or the equation 


fj !■ ■//' 




21 V/LV„ 


+ . . 


we obtain the values of //j, //,, r/g, ff^. 

Now with these computed values we form a dilfereuoe table 
thus; 
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»• 




'/« 

•^/o 



Vi 

A./, 

^*Vo 

^*Vb 

'/• 


A*y, 

^*'/o 


A«/, 


A*y, 

'/• 

Af/g 

A*«/g 


74 




The furtlwr 

{iroeemi 

COUHiHtH 

in extending, this table by 

adjoining new (Hluping) linee. To effect thia, we remark that 

to the aymtiotio formula 






jAE ' f '’^'',y^A»K-» + . . . 


Ihori' tuirrOHitondw lh« itiUir}>olution litmula (the backward form 
Ilf the Oregory-Newton formula) 


</(•'•» ♦ »*«') - . I I ' ^ ^M/„ , + ' . g 


1. 2.3.4 


Now 


y»+i 


».-/'■ 


,lz 


i/0 



■» f 7(®)i + rr/'}dr, 

Jo 


SuImtUuting the value of 7(x^ + r«>) from (4) and performing 
the integratlann with renpeot to r, we liavo 

I 6 

//» H - ?/» - 7» + 2 » 

+ i^q'2‘V-4 + < . • (6) 

and in {lartioalar ^ 

y* " + 2 ^ 12 '^*^* 8 ^ 720 
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Every term, ou the right-liaiul side el this ei|tiiiUoii in knnwti, 
so by moans of it wt' can ootnimto //j, Tlio eijimtien 

enables ns now to compute (/j, and so tt* adjoin a new sloping 
line to the dillbronce table of the //’«■ 

Next we put w-H in ot|uatioii {ti) and uw Uuh wjiiatiun lu 
coinputoyg’, then from the et| nation 

'/« ““ ^ 

we compute and so obtain another sloping line in the 
dilTerenoe table. 

Adams’s prooess consists simply in the rojmtition of this 
operation. It may evidently 1 ki uxtende«l b* any nnnils^r of 
simultaneous oiiuations each of the first order, mii-li as Iho i«nr 

-•/>(.'/. *. 4 

and so to any system of ordinary ditfereutial ispjatinns, 

ihn dijlnrential mfUittmi 


with the iniiiid valure *“ 0, //^ «. 1 , tfthniate iht^ mint tan Jrmn .# 
Wo hftvo by aucceiwivo tliiforeiil inl r<»ii 


\vf i ^ 

I/'* ♦ m*' ^ V' ♦ I 

+• *♦” Y t - 

u)f ir + + vf ♦ •n/'' < - 

+ I + V?/^’ + '^|y' *** 


n, 

*N 


II 


whimoe tho initial valuo« 


and lienco tlui Taylor mvim in 


II 




:r* “f 




!Ct 




A I 



HH Ml, 


HO 2 1 

with / wi 1 - 2a: -f 4ir*-* 10/*+ « 4 . 

<> 1$ 
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wo luivi* frtiiii m^riun 


) IHIIHHMI, 

t/j I iMlHUtn 




V| 

•it 

Vs’ 

•u 


o-oiTHni, 


V 3 1 

I MT UHn. 

munnanK vulurM ifp . , , nn* liHujitjUMl fntui n ililf^runco 

tiit.li Ilf lUr iii'ing iMjuaiiiiM ifu ; th»» t!«irriK|M>iuii)itg valium t/p . . . 

Ih hq 4 gtvi’ii l>y tl»o fiiruitiln 


iii, If’ 

\V»i iirrivi’ rii llir fullowtug riniilU : 





X 

Ai 


0-" 

1 IIOUOIMI 

V „~008 

-770 




, 10 Jim III 

./,-iHiiii 8 :to 

-714 

Mi 

-7 


y, ~ 1 UnH47l» 

7 ,-. 0 UIHftlU 

- 

49 

-7 

r, — II <H1 

a 

yj- 1 (I.MHl.MI 

i/j-lHll 7 Hftl 

- aan 

4ii 

- ft 

II IIH 

■/,- 1 o741«fi 

7 ^ -.0-017888 

-AHO 

.37 

-3 


y^- ) ll»l IXII 

7,-001(11118 

- r»5si 

34 

-ft 

,,-11 1 a 

y,- MiiT lim 

7,».o-oinotii) 

- n23 


- 1 

l l 

tl 8.1:1 17 

7,-.0-OIOMI7 

- 40ft 

28 

-4 

^,-0 III 

I t. 181118 

7,-0-010078 

-471 

24 


-.Ota 

I•|h34«» 

7,-0014801 




*-» II* sfO 

y„-. 1-187848 






0 

-Ji 

4 

-3 


Tlin »»"*vr vnlii.- I.f y,o t» «»rrBcl t.' the Iwt digiU 
I7H. BtbUocnpblw Kott.— Of Ih" other mtahode which liave beea 
for iiiU'Kreliiig lUffeiftitlal equation*, t!io l>o*t known ia that of 
ItuiV, Math. /!..« 4e (IHiift). ji, !«7, iniprovod and extended by Kutta, 

XnU /. Moth. U, I'k^t. 46 (n»ni), !». ^ . 

A whl.'li iwnniU llie determination of an upper limit to the 

■•rnir iuviilv.d ha* Ih-aii diwcrihed by Htclfeniwn, Hfirtryrk ur BAandtnavtd 

/|*»Mrtrt'»fry.*r./l, HISS. p. 80. , . , , , „ , j t. * 

A HinuUtr <»f graphiml muthorlf* Imvu 1i6«n publiahea j put 

,l...i.«? rar ai they hav“ lUn trW in the l-yinburgh Mathematical 
LiiUimiliryi infurior to th« alwve. 



CHAPTER XV 


BOMS VUUTIIEU I'UOHLKMH 


In this chapter we shall give u hriiU' tniiituiont of various 
topics which oaunot be discusseil iiioru fully here uu uccuual 
of limitations of space. 

179. The Summation of Slowly - Oonvergent Series. 

Many of the commonest series of Aimlysis cunvorgo very 
slowly. Thus with Brouncker’s sories for log, 2, 


log, 2 


1 1 1 
1.2'*'3.4'^n:6 



1 

0.10 ^ ■ ’ 


a hundred terms are required to give the sum aecurnUdy t« 
two digits; 10,000 terms are reijuired to give it utxjuraUdy to 
four digits; aud 1,000,000,000 Utrnm are roquirtid to give it 
accurately to nine digits. 

Stirling,* in 1730, Hhow<td how a wsrios of this kind may Iw 
transformed into one which is rapidly convergent. 

His method is to expand the general ttirm of the given 
series as a series (jf inverse factorials ; thus tlie general term 

of Brounokor’s series is where .'’-J, |, J. . . . 

and this may be expanded as n series of inverse factorials in 
the form . 

„ » l_+ ^ . 1-8 

“ 2V'(ifi+l) 2V(a:+l)(^"+2)’*'2<tr{,r+l)(»- + 2)(j' + 3) 

l.n.B 

2V(.i;+ ])(,r.f2)(ar + :l){.r+4) '‘‘ • ■ 
Now form the sum «* + «^+, + w*+i + ^*8 + « • ■ The sums 
* Melh. IHff. (1780), Prop. II. K*. 6. 
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nrwiiig from the iiuiiviiliml invortm fuottnialH can each be 
RUiiitiKHi liy Iho woll-kiuiwii iiliii hrukial foriimla, and thus we 
ohuiti 






ii 






•»-(.. + I) ' a) 

+!%>■+ 2)i.>- + i) • 


III UiiH foriiiiila ]iul 13.J. TIiiih 


I 1 1 

27.‘-'8 * liU.IMj ' 31.32 ^ 



4 ^ A.1.3 

a*.v«V 3<.v.V*V 

+ + 
:?rv.V-V-¥ ■ ■ 


Till’ Heriee mi llu' right in rapidly ooiivergoiit and yields the 
•tiiii U-OIHHUi2IO . . ■ ; and the sum of the tiral thirtouu tonus 

of Ilratttioker's siunes 4 . . . + 2(j *“ f*>*i**‘l l*y addition 

Ui In) U>0742K5UQi . . . Adding those sums, wo have finally 
fur iho sum to iuliiiity of lirounokor's series 

Iog,2-0.m)3l47180. 

HittliiiK# iiiulliial WRK oxii'iiiloil liy liiiiiMilf (Moth, Diff, (1780), 
Prop. III.) (ii tliK m*- Ilf aDriiw wIiihhi hiIi turiii itiviilvtwnn nth power. 

^ Ariotlii'r ini<tiiiiil ww givi’ii liy Kmiiitn’r in Jmirnnt Jiir Mitih, 16 (1887), 
p. son. Min furilii-r Ciiialsn, Mtfvt, IMy, rmtr. 33 (IHflfl)j Markoff, 
M^m. rf* fU-l’il. (7) 87 (IsnO); Anthiyor, Hull, ilf In Sor, Math, lit 
f'msw, 38 (IBOO)^ ji, 3W ; ami Ihx^kwinkel, Niruw Anitiff voor If'ukunde 
(U) 13 (lOat), p 3S8. 

1 80. Proay’i Mttfaod of I&torpolation by Xxponentlali.*— 
We sIiaII now show how a funotion N(.r)i whioh is spooified by a 
table of nnninrical values, may I* repreaetited approximately hy 
a lain of exponentials 

«{.r) * lVl« f Qr<>* > Rs** + . . . + Vs**, 
whore P, Q, H, . . ., V, p, q,r, . . „v are constants which are 
ohosnn so as to give the closest powible representation of the 
given nitinerimi values. I.et the given values of k(®) be 
“oi *). «». corresponding respectively to the values 

0, »\ 2m, 3m, ... of the argument .r. 

• A. Ii. Prony, Jnur, tit Pal, Oiih. 3 (an IV.), p 23. 


<l»)iO 


28 
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If k{x) could be reproHontiui tmctl// uh a muiii of ft 
exponentials, say 

IVP* + + Kn" 4- . . . + V<!". 

then K{a>) would satisfy a liiiuar dillitreiUHi I'liuattuii nf the furin 

AKl|+^+BK„f„.l j I . , ,1 

where the roots nf tht) algoltniic e(|iiiili<iii 

+ +. , . I M-U 

would be aP", I'rony's molluKl, wbirh i« ImiimxI on 

this fact, is to write down a set of iin«>ur o(|tmtioiiH 

Ak^ + _( + Ck,, . j + . . , + Mao**0, 

Ak^+i + B«n +C#(j,., i + . . . + M«|**0, 

■A *(,»+$ + + Ck,, +. . .+ M(«|“0, 


(where the quantities Kj, k,, k,, are known, sinoe K(r) ia 

a known tabulated fiinction), and by the ordinary nietli(Hl of 
Least Squares to find the values of A. B, C, , . M which 
best satisfy these equations; then with those vahies of 
A, B, C, . . ., M to form the al^ehraio e(|nntion 

Ajr.i^ + Bi!»* - ' + . . . + M 0 

and find its roots; these roots will l» /'•*', and 

thus p, q, . , V are determined. Knowing p, we 

have a sot of linear eijuations to determine the cooHloionls 
P, Q, . . "V, and these also are to solved by the method 

of Least Squares. 


Ex, 1 . — If from ih$ data 


X 1 

10 

20 

1 »«> 1 

40 

j no 

1 60 I 

i 70 

1 ftO < 

»0 

k(x)\ 

6460 

6090 

1 0648 

3049 

4417 

S623 j 

2401 

; OHS I 

142 


m rspfnmt «(») in tht form 

P«*+Q/J* + Ry», 

fTovt that tht belt values of «, /i, y art the roott tf the euhir 

a® - 3-02»23a« + 3-78770r - 1 - 0. 

(W. 8. H. WoolliouMt.) 
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Kr. i. • Frtim Ihr ilaUi 

I* » 1" 5)4 j I 40 

«((/i '.MM 34.’t 45)1 -IHlIft!))) f,flO 

f/ofii’ thilt 

K(\r.~ll!ilt 37113 X |•^»014■t3H* 

- 3H 1 rJiO? X 0'»(t704 1 
+ O (tO(»40O04 X 1 'SiSd 1 U07'* 

(K. Ht'Ilijig.) 

IHl. IsMrpolation Formulae for Functions of Two Argu- 
ments.* Tlio f'driiiiilM of iiitor)>nliition for functions of ft single 
ftrgunn'iil. whioli imvn lieon tislttbUahcd in ( 'Inipters I.- 1 1 1 ., niiiy 
Ix' t'xt*>iitU*d to functionH of two <ir nion* indojicndcnfc argti- 
niciiUi Tiiuii wo can ititnMltio«< ifivit/fil dijjrrmMs (of. § 11 ) for 
u funrtioii J\j\ If) of two (irgiimontH by tlio definition 

.V-.VA 

m-ir, 

ftiiit nLuin a foriiiula uiiftIngouH to Nowton’H forniulft for tine(|ual 
iiiU-rvnlH ({ 13), namely, 

+ (* - + in - ;'/il/oi(»i..’/) 

+ (* - *il/io(*'//j) + ip - .'/i )./«(»-.'/) 

+ {» - «il/ioK..'/|) + i^' - ®i)(» - 

+ ip - PxVmi^vPt) + - '•‘‘\)iP ” ;'/il/ii(®>?/) 

+ {.'/-.Vi) (.»/-. ViVwC'i.y). 

otO. 

Frtnii this all tho interpolation forniuUm for a function of two 
argnmentM may Ih' dorivtul. I’luia tho polynotnial of the second 
decree, which iit tlio phuum 

(•'•i.-'/i) (*j..'/,) itBvPt) 

io^vPx) i^vP^ 

KVi) 

• Cr. K. IVunmii, Trnftn far aamfiHtrrB, No. III. (Oambridga, 19S0) ( 
||•>lll|>)*lnl (by th« dliKHiiwloti of noma nmlttad Ottana) tm pp. x rl uq. of tlia 
i nl ohI iiallnii to Tnhtr$ nf Ihr IncavxpMr Ottavnut Fwxriiafi \ S. Naniml, Ttihohu 
ihuh. Juur*. IS (11)30), {I. 80a 
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takes the values 


*/n 

Via Vis 

Vti 

Via 

Vai 

respectively, is 


A«.V)“Vu+G.”!^r + a;;-.. 


1 ( Vii . 

Vai Vai \ 

''(*l“''’ 8 )(‘^i“''s) (' 

'a " *’'t)('''a ~ *'’a) (‘*’3 ” ^i )(^’8 “ •'a) 

■ {» - i«i)(-« - *’a) 

4 . / V »1 - . + . 

Vll + ’/II 

^M«i-®i)(//i-Vi) (' 

- a;,) (//, - ;/,) (ie, - - ;/,) 



4 . A Vu . 

Vi» _ . Vm _ ^ 


Va + Vit + _ ) 

bh - Wt/i - .Vs) (//a - //j)(.'/a - Vs) (Vs “ //i){//8 “ UiV 

■ (.v-.yi)(//-.yi). 


In particular, taking 1. - I, we 

have the formula 

/f®> y) “A 0 + i®( A, 0 ”■/- 1, o) + J//( A. i - A. i) 

+ 0 “ 0 +/- 1. o) + *'/{ A. 0 “A. 1 - A. e + A. i) 

+ iv*( A. 1 “ ^ 0. 0 +A. - 1 )> 


which is the best for general use when x and y are positive and 
less than 

Similarly we may determine* tlio i«)lynomial of degnai m 
which at the J(m + l)(?n + 2) plaais 

(‘'i> .Vi) Vi) * ’ * .'/j) Ui) 

(“'v Vi) (‘^'a* -Vi) • • • (®>m> ?/|) 


(^1' Vm+l) 

takes the values 

Vll Vu • • * Vmi 
Via Vaa • • • VmS 


Vi> nt+r 

♦ Cf. 0. lllflrmaun, Mamt$h^tt/tr Math. UflOOS), p. 311. 



SOMK KUUTHKH PROBLEMS 


373 


C'onHiiioriiig imw tlm «miho wlioti tlm entries arc given at 
otjuul iiitervalH £ uf .r unci ucjual intervals if <if y, and introducing 
the nntiitiiin 

\t •"A ' ' '/) -yl'. ,v). 

\f -A>, It ♦ >i) -./i', (/), 

"^*1%/ If + '/) ~A‘'' If +■ '/) ~A‘' +■ t*< //) +./{■'■• ?/)' 

nle,, 

till' uImivo geiinmlisalion at Newton's rormulii for nneiiual 
intorvuls boaonii's 

j(x I f«f, ,1/ f n>f) 

.'/) + «iAf/ f ' 

* W' ‘.ll'"' ■ ■W/'+ ’“‘T 

Thin, which may bu rcgunh^ uh cxU^UHion of the Oregory- 
Newtdfi formula to fiiuctiouH of two arguiiuoitH, is due to 
LamlnTt.* Symlmlioally it may l>e writUm 

/(x + wf, 1/ f nil) (1 4 Af)'"(l f A^)'*/l[a^iy). 

U ii» •onuftiiiiim pitnaitaililn and wIviitOagtsiniH to iinlmio interpolation 
of ftmciiotti of two argutiuniU to liiuiar i!iU^rpt)ktion*f For example, 
if »i(/, y) li UbuktiiU for quiimry valntw of tr and j/, Urn u csorrenponding 
t 4 i any intoKml vaiuei of tr and y may, by a proper choice of origin, bo 
ti^huxtii to the form t (, ± #»), where t and » take one of the values 
I and i. The value of « can he found l)y interpolation along the line 
of values of the form a( f t ft*) 5 for example, u(- 1, 2) may be 
found by Humr inter|>olation along the line of values . . . u(-B, 10), 
»*{0, 0), H<n,»10) , . . 

ihM arcompanyiny iabU on ih» aMaufnption that third- 
order differmtrM are eperyu^here isro, and eoBpre$$ the tabulated function ae a 
pitlyntmial in iv»o mriablee 

* Beyir^t Part III. Cf. Lagrange, M^m, de Berlin (1772), rsprinted 
8, p. 441. 

t Kldsrtort, Bitnneirika^ I (1908), p. 94 \ Spenoer, J,LAi 80, p. 299 ; Burn 
»nd Hwwn. Kftmntt Finite DiffirenaB, H 148-164. 
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« (I 

i/«o i i\ 
1 1 2 
2 


n 




\ li ;i 

ft : i> 

: 


/# ^ :i i y- 'Ji/ } y// i //*,] 


Ex> folloiHvif Uthlf tfitTH flit* fiwrf [in hvutu^ viitnifrg^ iiiif/ 

CiiTfe»}\ondintj to curtain altituthu («) ij/ ihn nan in rnninuM »/ri7Vfi»ifi'<»ii« 
at a plactf in a certain latitude. 




a ur 

1 

ir 



IK’ 



rr 


8-20* 

0^' 

11 

20* 

'ft^» 

ftO'” 

ivi 

ftA 

20'” 

27* 

ft^ 

8»” 

4H* 

in* 

ft 

ftft 

41 i 

ft 

3ft 

ft 1 

ft 

14 

30 

4 

fti 

17 

10* 

ft 

40 

10 

ft 

19 

50 ! 

1 

ftO 

37 

i 4 

30 

17 

n* 

ft 

u 

ftO 

ft 

4 

30 

4 

44 

4 

4 

23 

iO 

0* 

ft 


ft 

'4 

4H 

20 

4 

27 

30 

4 

0 

2H 

Find the 

time 

correepondinfi to a 

- HI' 

, film 1 2 






[^Anmrrr^ 5^* 1ft*” ft(>^.] 

Find aUo the tmn corretipmdiny to a •» acf, Sm 14". 

rd* i»” HO".! 


Ex, 3, — Tho canati'uction of iMuljfttK on titotuoroltigical uhiirtu 
involvoH itivomi interpolation with two urguimnilM. Th«* ooliniiry ron- 
Rtruiition a«Humi»8 tlmt, within Hinall intorvaK the IwroinulHc pnvwurtt in 
a linear fnnctioii of the ccM)r(linrtti« of tho plnw. A umv nreumus oo«. 
Btniotion duo to Thiele [TidMkrJ^^ 4 (lH73h \\ H7], whlrli in npciiilly 
useful near nmxiina and mlniinnj in thin. Throe noighlMiuring phiw« of 
obaervation are cionnoctod by lineis ami on ihom» iho jH)inU an» found 
where, according to the ordinary tnethod, there wouhl be a certain Uro- 
metric pressure u, The line joining any two of tht^ iwintii eutu the 
circumficribing circle of tho triangle In ]»ointa which Ho on the isoliar 
belonging to tho preseuro u, 

Show that Thi$ld» comtnicHon may he derived frtm the ammptum that 
the barometric prmure may be expreeted hy a function of the form 

w » a 4- &jf! + r|/ 4- d(x^ -f y*), 

182. The Numerical Oomputatlon of Double Intefrali.-- 
It is easy to construct formulae for the evaluation of double 
integrals on the same principle as the Newton-Cotes and Gauss 
formulae of single integration (§§ 76, 80). Thus when difTerenoes 
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of Uie fourth ordor (ifi the two veriablea combined) are neglected, 
wo hiivo (by a double ap{dicution of Simpson's formula) 


f A^> - ")('/ - '■) '■) +/(". <f) ^ JV>^ «) 

vvJo ^ vV-' vc 2 ‘ ^)] 


16 /( 


« » /» r f li 
• 2 


)!■ 


This formula iudiHul is Irtio even when some of the differences 
of onlem 4 U> f) are nof negligible, «.;t. 

A ‘A • A *A • A ‘A^*. 

When dillbrenooB of the sixth order are neglected, we have 
llurnside'a formula,* 

f ^ /(*. - ZUQW O) sJl) 

■ s/ iV ®) ■ si rf.)) ill •^'( n/s’ sll) 

This is exact to long as ./'(a-, »/) is a polynomial of degree not 
flxoeoding R. 

A r»rimiln nindlttr to nunioidi'V limy 1 h< iibliiiiHd Ity a double applien- 
tii)ii i.f llauiw'ii llirin-U'nii (lirth-ilin’on'HUf) furiimln. 'Phis alHo » valid 
evi'ii when many of tlm liiglifi diffiifeiicwi nio not lu-gligilila 

U U urt«n RilvaiilagooiM to lin«k up tbu fluid of tliu doublo iutegratiun 
into mwtfonu, and apply a (ornmla to uauh Kuution wparatuly. 

For otliur fiirmiilM of. W. K. Hliuppnnl, Pror, Lund, Math. Hoc. 31 
(IHimj. p. 48fl 33 {l»00b p. «7fl j A. Alikun and O. b. Frewin, Pm. 
Kdin. Math, Hoc. 48 (IBX3-4). 

n i H^dy 

^(3 _ J- y*j h/ 

[ Th$ (rut> iHiim %$ 0*fl(i3H to 4 d%yiih\ 

Kt. i. Hhmi that the value of jf ' £ «”"?«*** ^ 

tiumtiddn fvrmuh^ u 

[TTur tru 0 mlu 0 {$ 0'920lsi to 4 dtgtU] 

* jl/ifjw, of Mnlha, (U) 87 (1908), p. 166. 
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183. The Numerical Solution of Integral Iqnatio&f.-— 
In recent years Integral Equations have proved to l>e of great 
importance in Applied MathtimaticH ; thua it was by the 
numerical solution of an integral equation that Knott was 
enabled in 1919 to deduce the fonim of the seiatnic raya in 
the earth’s interior by a rigoroun mathematical method from 
the observational data of earthquakes. 

Some types of integral equation which occur in Applie<i 
Mathematics are as follows : 

(i.) AbtVa Original Sguation. — This is 

(o-=)^<i.y(o)-o) (I) 

where <|b(a)) is the unknown function which is to be determined, 
and /{x) is a given function. The salu/ion o/ this equation, which 
was given by Abel himself, f w 

(2) 

When /(a!) is given, the values of /(a) and of this integral may 
be obtained without diflloulty by the ordinary processes of 
interpolation and numerical integration. 

(ii.) Integral Eqmtiom of Ahtl'n These, which may 

be regarded as a generaUsation of (1), are of the form 

f <^(«)/c(.« - e)dH (:t) 

JQ 

where «((») is a given function called the melnu, /{m) is also a 
given function, and 4>i<B) is the unknown function which is to be 
determined. We need only consider the case when the nucleus 

* me. Ji.S.JS. S» (1919), p. 157. It hm H. Ratnnisn, PkU. Uag. (6). 19 
(1910), p* 676, who diioovored th« integral equation* 

t ah*wti (ad. 1881), p. 11 (1888) «id p. 97 (1896). Th*. fUndsmanUl 
meaning of Abel's remit in moet clearly aoeii If the integrala wbi«)» occur in it 
WB interpreted u In the theory of gaiiereliied dilTornnlintioii j if vt{j-) ti written 
for l'(l -p)ip{»), Abel'* foriiiule raduoee to thn Nimple etateinant I hat if 

( il \ 

rfj /I'l. 

Am). 


then 
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k(j^} becnmol iiitiaito at ir»0, for io the aimpler case, when 
the iiudeua in linite at d:«*0, the ecjuatioD oaa be reduced 
iiutneduilel}' (hy ilifrerentiating it) to Poiseon's type (iil) and 
(lisalt with hy tiiu methods appropriate to that type. We may 
then sup|NWif air) to he such that ari'K(j') ie tiuite and not zero 
at X - 0, where ;* lies between 0 and 1 ; and for the purposes of 
tiuinerioal integraliim we can represent it, by the methods 
of ('liapteni l.-l II., with as great a degree of accuracy as may 
be demmd, by an analytical expression of the form 

k(j) + fi,a: + fi^ + , . . + «„*"). 


Then • /As tolutinn of (he inteffrnl etjunlion (3) is 

^ /O 

ithrrr 

uwt u here a, /I v are the roota of the algrhraic equation 


F(j:) ■ + ( I - p)«,a!* ■ ‘ + ( I - jf») (2 - fi)u^" * + . . . 

+ (l -p)C*2“P) • ■ • {« -7'K-0. 


and where y,,(*’) ifenatee thr fnroinjilrie (hmmii. Funolion 





This may be regarded as a direct extension of Abel’s original 
formula (2), which may be derived from it by ta,king n- 0. It 
expresses the solution of the integral equation in a finite form 
in terms of the Incomplete Gamma Function, of which tables 
have been published.t 

(Hi.) Inteffral Squationi of Poimn'e Tfipt . — These are of the 
form 

<h¥) + ~ 


where «(*) andy(*) are given functions, end ^(») is the nnknovm 
function which is to be determined. Several dififerent methods 
for the numerical integration of this equation are given tn 

• WhlttaW, /V<«. JI.S. M (1918). p. 887. 
f K* PcfcTioiti Tahl$$v/th^ Inmupi^te Omma Funaiion C1&32;. 
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Whittaker’s memoir of 1918,* and have iaKin applied to tho 
solution of ourtain problems in viscous ihiid tnolinn by MaveUxsk.f 
We shall here indicate the moat useful of tluuii. 

Since the nucleus k{.v) is supposed to bo B{ieoifie(i by a table 
of numerical values over tlie range of values of ^ cutisidered, 
we may apply Prony’s method of interpolation by ex]ain«iitiula 
in order to represent it analytically in the form of a sum of 
ju exponentials 

K[ai) - + Qex* + . . . + W*. (6) 

where (P, Q, . . V, p, q r) are mnstanUi which are 

chosen so as to give the closest pussiblu representation of the 
given numerical values. Taking then this form (6) for the 
nucleus k{x), we shall show that the integral equation (4) may 
be satisfied by a solution of the form 

<f>{x) -/(ic) - 1‘^Kix - (0) 

where the solving function K(x) is also a sum «»f /* exponentials, 
say 

H«'*' + C<»x' + . , . + Ne'*. (7) 

To prove this we remark first that certain ctxistenoe-thoorems 
established by Volterra justify us in assuming for the solution 
the form (6), where K(r8) is now the funotion to be determined. 
In (6) put K(aj) for ./(a) : thus 

(^(a) •• «(a) - j* K(a - s)«(a)rfs, 

whioh gives the value of <ji(a) oorresjwnding to this value 
of ./(a). 

Putting (a) - «) for a in the integral, we have 
m k{io) - j^K{a)K{m - a)tia. 

Comparing this with the integral equation (4), after replacing 
/(») by k(x) in the latter, we have 

d>(a) - K{»), 

* Lite, fiU, 

+ Phil. Mag, « (I9ai), pp, 630. 62S. 
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and liii'refora thn fiair of riinotiona 

./.U)-K(jp), yla-)-„(a) 
a^liaf)' lliu iiiU'^mt <’<|Uulioii ; timt ia tn say, 

KW » ( 8 ) 

h 

In ihia oi|italion sulwtitute tliu vulua (Q) for h{x) und the 
viiln*' (7) f'T K(jr). Thua we have 

Ai^ 4 4 + . . • + 

4 f |A«" 4 4 Utf>* 4 . . .4 Na"} 

/M 

lIVP* P' 4 Qr?'^"''' 4 . . , 4 V«™"'’*}fte 

«. 1 va» 4 4 , . .4 V/'"'. 

Equating ooellloiento of r*" on the two aides of the equation, 


wo havo 


4 f. . .4 4 1-0, 

u -- P tt f/ U - 7) 


and aintilarly etjualing ooelllcionta of 


I’ . '■i 


^ ,y 5 '"O- 


li-i> li-'i /i-^’ 

and no on ; and tlioroforo <«, (i, y, , > f are the roots of the 
algohratu o<|uation in 

4 ^ + 1 - 0 . ( 9 ) 

oj-p aj -(7 

This onuhtoa ns to determine «, A 

Next, wjuating ooeftloienta of on the two aides of the 
equation, we havo 

7^ + 4 . . .+ ^ +i-o' 

n~p*fi-p V-p 

Similarly 

^ +• • . + -~ + l-oL ( 10 ) 

a~ 1 / P~iJ v-q 

. , . i • • * 

+JL.+. . . 4 -^ + 1-0 

a-v'^li-V V-V 1 
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Siuoe (o, y, . . y) and {p, //, r, , . v) uro known, thiwe 
equations (10) enable ua to determine A, U, . . N ; and wo 

see that if the constants (a, y, . . r) and (A, It N) 

are determined by equations (0) and (10), the «i|iiaUnn (H) is 
satisfied by the value (7) of K(.i). 

The value of K(.»^) may be obtained in s nio«i ux|>lioiL form 
in the following manner. If wo elimiimtu A, 1$, . . N 
determinantally from the equations (7) and (10), wo have 


1 

1 

J ! 


1 

1 

1 




a — p 

/i~p 


]i -p ■ 

' V- p 

1 

1 

, j ! 

i 

1 

1 

1 i 

a~tj 

fi-g ‘ ' 

' r-ej 


li-g • 

•'-Vj 

J. 

J 



1 

1 

J 1 

a — V 

fi-v 

r — V ■ 


/i - tJ * 

••-el 


mm 

^ 1 . . . 

a V 

1 





-p 





I.L- 1... 

1 





a-y 

l» 

-7 





.‘.1^ ■) 

• 

L * . . ^ 

« 

J 





a - r 


- V 




The determinants which occur in this uquation are of the 
kind known as alternants, and may Ihj faobirised by known 
methods.* Performing the factorisation, we have 


{(i-o){p-y) • • • (fi-v) (r-a)[v-fi) . . . (,,1^ 


Combining our results, we have the following theorem : 
The solution of the integral eqwdion 


- s)ds -./(a)), 

where the nuoleus K(ce) is supposed to be given nutnericaltg and 

* The eraluetioB of elternente of thU tyi* ii doe to Ceuohy, tijotreimt 
^analyn, a (1841), p, 161, 
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(a hrtPf itfrn rttpi'MMfd tippiixeimatdy by Prony's method in the 
form 

i,{x) ~ + Qi-vf + . . . + V/"**, 




{v-Jl){v-<{) . . . {v-'o) 
{y-n){v-fi) . . ' 

II ni/ ii'/M'fli a. /I, y, . . alyehmio equation 


>■ « +..., V 1 . 0 , 

J p X - - f ,J* - 

Tho milution of tho intOftral equation ih tlms obtained in a 
liniu* form wldoli iidmitii of computation. 

(iv.) /n^^i/fri/ /C^im(*on< o/ Pr0ilhtiliH*t itntl Htiberitt ‘The 

nutmriM) i«iimi«n "f int«Kr*i m|imlioim of tlm type 


\j df.i, «"/(•' 


whi-oi Kf i, •) niitl /(Jf) nw kIvuh ruiinlinitK, A. U n ramutRiil, awl <f){3r) i* tli« 
iinkiixwii finiotiim, Iw* Ihwh tllmmuwil hy Hiiltnimu, Prae. R.8. 100 
(Itiiil), p. 44l| who rIvoii ri'fiTeiiMw U> tUu HlomUirB of the quraition. 
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ft, - l l(/ - S!) + - 1) + f'.' -t I* 

«, «. 

7. 1. 

H, {17707.17, 41147. 

II. Cl7Hin78,»HWl, 
la. fl• 414 lll 3 ,(i«li.'^ 74 . 

la, H7fla 11040, «H7. 

14 /(|•llft)-0■^0H4Ml, /(I'?/!)"!!-!!!!?!!??. 

Ift, («) 0 43ai70,4H3O2H,7H!J, 

(k) 0-433<flft.874S»7,«33. 
lU. 110480 It, 4011330, i!4. 

17. 0 8011(33,11. 


33 


(lllAITKIt II 

I. /rt, h) - - (.1 1 '-)/«•**• : M '■) - i 

/n, A, f, rf) - - {ttlie + ahd + acd + 

3 . /( 3 )- 18 , / 1 1 4 ) - 8 ( 148 . 

4. (rt) + y. (A) «4, 
ft. 081478. 

0 . 130330 . 

7. /(ll)— 810! /(fl-ft) — 31fl*87n. 

8. (0) /* + 0. (7) + •f*' 

883 
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F«g*. BXMtjA*. 

OHAI-fKIl HI 

fil 1. 0-43370i,70»fta‘J,4H. 

ii. 7-07107S,8»BO. 

». 0>433:2«ft, 874287,832. 


4. 3-028273,8. 



<!hai-tkii IV 

1. 2-002060,0. 

2-0<l746fi.l. 

8*603144,4. 

8-608620,1. 

2-004880,1. 

2-60116114,4. 

2-006.306,1. 

2-010060,2. 

2-606381,4. 

2-61 1723, .3. 


9, 8387. 

4. (a) R82U4. (6) 84040. 

6. A-8R«,})-24-Al. 

7. ji- 14-23, fl-100*-ft0. 

8. 1-213411,0. 

0. ((1) 0-003333,333333. (/i) 0-003311,238270. 

10. -0-00 1 1178,807. 

11. -0-001 1180. 

13. 8470624: 147868: 8064: 24. 


Cbaptrr V 

76 1. (a) 0. (jS) 181. (y) 7/46. 

3. («) -10/780. (/?) 278. (y) - |.7.fl». 

6. (a) a-y, y mSj, l(p 8f), ip- J(y - 39). 

(/j) iTj* — 6, 1, j-^mm - 2, 

llRAtTKR VI 

83 8, 0-67830. 

3. 0-86866. 

80 8. 4-0044. 

91 8. 0-67889. 

98 4-861. 

90 8. 0-180614,83. 

106 8. 4-860806. 

112 3. -6, -8, -8. 

4. -6, -4, -2. 

116 81 2 ±1-782/^, 8-880, -1-886. 

118 2. 6-994. 

180 2. 3-14161186. 

183 1. 0-196601. 

8. 0-6866. 

126 8. a- 1-898. 
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pac*. BauMia. 

A^i^r^lUtn^uu^ fUttnifth* — 

130 I. 

li, (a) 1 «. H 411, (Jh ,1 1 MHMiTMU, 

a. 4 •^4■l 

4. riiasHH i.ifi. 

t>. H'HWi 

7, / «t I fiH. 

H I lift. I "O. ••■Tii. 

ifi) ^ '* ““‘l I <"< 

H, - 3i 74. 

III. I aHitioo, a aiH(ia4, 

n I-7' ir «a". 


C.'HArTRH Vlt 

137 3. 0 004ft)J,4'»l"ft 

Ua 3 l,7<H,|l4,ft77,HOO. 

4. 0 lHltagl,Mt. 

intI 3. o 7H33linO (Wctlillt'). 

Mi*r*llttn*ntui Kwamjilu — 

133 4 . (•Oil47lt4,3. 

6. 


t'lUITKH V!ll 

190 *. «- 11'376, If «6'08. 

a. If ~ a on. 

194 I If <• A ON. 

B. ii«i|7* N04, if*>-94. 

SaamplMh— 

907 I it • 39 83S. tt » 1-69. 

9. a • «t AOa in., ff • t'30. 


0RAI*rNR IX 

/•O-0097, »-« 0010 
H-83 3At + 0 ASSK. 

xm 131, 9** lO S, (■•37-A, n«S0'0, »• 19 7. 

26 


914 9. 

3. 

934 9.] 

9311 9. V 

93U 9. 1 

III 
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